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Outline

Part 1: numerics

> Probing the photon rate: a calculation in lattice QCD with dynamical up
and down quarks.

Part 2: theory aspects
> Interpretation of the vector spectral functions for spacelike momenta;

> Dispersion relation of momentum-space Euclidean correlators at fixed,
vanishing photon virtuality.

Work done in collaboration with Marco Ce, Tim Harris, HM, Aman Steinberg,
Arianna Toniato; see 1710.07050 (LAT2017) and 1807.00781 (EPJA).
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Lattice QCD and vector correlators

Gluons: Uy, (z) = e@904u(®) ¢ ST (3)
Y ‘link variables’
Py Quarks: 1/)($) ‘on site’, Grassmann
v Ma
T—*u Gauge-invariance exactly preserved.

Imaginary-time path-integral representation of QFT (Matsubara formalism).

Imaginary-time vector correlators ({y*,~"} = 2¢"* = 2diag(1, -1, —1, —1)),

—BH

6w k) = [ d'a et Gt @ o)) =2 Qi

Spectral representation (u is a real four-vector):

v T dw (upp"uy)(w, k)
" - i Sf A St A
u#G Uu(movk)_/o 2T smh(ﬂw/Q)
—

>0

cosh[w(8/2 — z0)].
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Physical significance of the spectral function for 2 > 0

» Rate of dilepton production per unit volume plasma:

2 d'K —p"u(K)
632 eBKO — 1

dlp+ - (K) = o

» Rate of photon production per unit volume plasma:

&Pk —pu(k, k)

dry (k) = o dr2 k. ePr -1

\ w<k, K2<0 \ w>k, K2>0 —w
photons dileptons

What about K2 < 07
More on this later.
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Alternative expression for the photon rate

> current conservation: w?p% (w, k) = k'K’ p™ (w, k).

» = (K'kp" — p)/w has the same sign as K2 = w® — k2,

and vanishes at w = k (photon kinematics).

Therefore, introduce (k = |k|, k' = k'/k)
plw, k,A) = (67 — k'R p" + X (k'K p7 — p°°).
In particular,

_ [ =P"ulw, k) =2pr + pL A=1
plw,k, A) = { (07 = 3K'K7)p 4+ 2p°0 = 2(pr — pr) A= —2.

Photon rate can be written (V)

B pk, kN
dr, (k) = a An2k ePk -1
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Choosing a favourable \: weak and strong coupling spectral fcts
Spatial momentum k = 77"

PT PT — PL

AdS/CFT

AdS/CFT ]

----- Free quarks

Free quarks

(-2/xs) pr(w, k=1t T) / tanh[w§/2]

(-2/xs)(Pr-pL)(w@, k=re T) / tanh{wpi2]

0.0 0.2 0.4 0.6 0.8 1.0
wl(2nT) w! (2nT)

25

AdS/CFT

Free quarks

Spatial momentum k = 7nT'/2:

- -1
At strong coupling, hydro works: Hydro, D=(27T)

4y s DE?

—2(pr — pr)(w, k) /w = o2 + (DI2)2

Refs: hep-th/0607237 and 1310.0164.

1) I I ; L. I ===
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

w/ (27T)

(=2/xs)(pr-pL)(w, k=7t T/2) | tanh[wp/2]
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New NLO weak-coupling result sackson & Laine 1910.09567

T=12T ,N.=2
c f
. . —
NL0+LPML°,H:HW |

k=xT 08

—— NLO+LPM“’,u=2 M
AdSICFT

----- Free quarks

. NLO+LPM", u= Mo | 1

(=2/xs)(pr-pL)(w, k=7t T) / tanh[wp/2]

0.0 0.5 1.0 1.5 2.0 25
w/ (27T) N | . | N | L 1 L

» at finite coupling, the kink on the light cone gets smoothened out,
resulting in an O(a, log1/a,) photon rate.
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Summary: properties of p(w, k) = p(w,k, A\ = —2) = 2(pr — pr)

» non-negative for w < k
pluo, k) “2 k2 Ju?

sum rule: fooo dw wp(w, k) = 0 (so p(w, k) must go negative somewhere for w > k)

v

v

» effective diffusion coefficient Deg(1,k) = % o photon rate.
030~ R : : : : .
PG Ny=2 QCD LO @,=0.25
0251

_____ N=4 SYM AdS/CFT

0.20
=
< 01
Qﬁ 0.15
0.10
0.05
0.00 L L L L L L
1 2 3 4 5 6
kT

Results from Arnold, Moore, Yaffe hep-ph/0111107 (JHEP); AdS/CFT from hep-ph/0607237.
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Lattice set-up with Ny = 2 O(a)-improved Wilson fermions

T (MeV) T/T. Puar B/a Lja mymsegevy (MeV)  Nmcas

250 1.2 53 12 48 12 8256
" " 55 16 64 " 4880
" " 5.69 20 80 " 25000
" " 5.83 24 96 " 9600

» enables continuum limit at 7" = 250 MeV

VR~ T —
1.95 }
20 +
i Bla=12 1.90 +
5 he-a
0
=5 } Ic_site
—10 155
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150
5+ Bla=16 le—4
3 4ol
. r W c_link
- 155 4 t =
—10 |
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5k Bla=24 fLe—4
N o
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—10 L I " L L ' 4 1
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1ol

» only weak dependence of observable on topological charge
> impact of long autocorrelation time on vector correlator under control.
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Continuum limit 1/3

There are four independent discretizations of the A = —2 isovector vector

correlator

3k'k7
k2

where G** (0, k) = [ d*z e~ (j*(x)3¥(0)) using both the local or
exactly-conserved lattice vector current.

Project to all spatial momenta, on and off-axis, with k8 < 2.

In the chirally-symmetric phase, the matrix-elements of the O(a)-improvement
counterterms are suppressed, so we perform a continuum limit in aZ/BQ.

Static susceptibility: xs = [ d*z(j°(2)5°(0)) = 0.880(9)stat (8)syst - T>
(this quantity is unity for free massless quarks).

Harvey Meyer QGP photon rate from lattice QCD



Continuum limit 2/3

Tree-level improvement: G(xo, k) —
P (20, k) Gat.s.1(zo, k)

G(.’L‘o, k)

A piecewise spline interpolation is used before taking the combined continuum
limit of the four discretizations of G(zo, k)/xs. For xg = 5/2:

x0/Lo =0.5,k/T = n\/3/2

0.74 —r
0735 |- LL &+
. LC link
073 |
' L] LCsite +—e—
= 0725 |-t LN cc
e '
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Continuum limit 3/3 using tree-level improved at k& = 7T
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» Coarsest ensemble N; = 12 is not included in the continuum extrapolation.

> In the subsequent analysis, we use the continuum-extrapolated correlator

at xo > B/4.
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Can the lattice distinguish a weak- from a strong-coupling p(w, k)?
In the “transverse minus longitudinal” channel, consider the ratio

_ 167 G(l’o, k)
Rlwo k) = G [G(ﬁ/z,k) -1
_ 167 fooo dw p(w, k)(cosh[w(B/2 — x0)] — 1)/ sinh(wB/2)
(B — 2x0)2k? Iy dw p(w, k)/ sinh(wfB/2) ’

This observable differs by a factor ~ 1.5 between the extreme cases of
AdS/CFT and non-interacting quarks. Lattice data lies in between.

30 XolB =8/24
free quarks
k=aT o N=4SYMA=wNc=e

gr ' ' ' ' 25 §  lattice T = 254 MeV
34 AdS/CFT
=
§ Ny T Free quarksi 20
= .
i 2 < L et e ®
s S15 .
3 X .
31 I3 ° ° [ XX XK] LI ]
T s 8 % 3l ¢
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w! (2nT)
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Comparison with recent NLO calculation (7" = 250 MeV)

T=12T ,N.=2
[ §

| T
L6 el .
) TThesllioo k=347
12~ B
m[q L S \\\ . 4
T S
o 08 Sy -
o X=58777

| = o --u.j:::..‘_.‘..‘—

oal NLO +LPM™, p=p_, - j
—— NLO+LPM™, u=2 Mo
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tT

» difference between continuum-extrapolated lattice data and NLO
calculation is small. Figure from 1910.09567.
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Padé fit ansatz for the spectral function

plw k) A(1 + Bw®)
tanh[wB/2]  [(w— wo)? + b?][(w + wo)? + b?][w? + a?]’

> p(w, k) ~ 1/w? at large w (consistent with OPE);
> sum rule = B = B(a,b,wo);

> assume piece-wise linear dependence of (a,b,wo) on k2, i.e. locally
a(k) = ao + azk? etc.

» scan in the non-linear parameters (ao,az,bo,b27wé0),wé2)), A chose to
minimize x?
> accept all solutions that satisfy:
1. p(w, k) >0 for w < k;

2. p-value above 32% (using the full, regularized covariance matrix);

3. "there can be no arbitrarily long relaxation times":

min(a,b) > min(Dags,crrk? Dpoy)

Dpas/crT = 527 D3l = 0(a?)T = 0.46T, s = 0.25.

per
1 Arnold, Moore, Yaffe hep-ph/0302165
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Typical spectral functions resulting from the Padé fit

kB

=my 3/2

N=4SYMA=wNc=w

——- free massless quarks
Nr=2 QCD T = 254 MeV:
large Defr solution

)
>< . .
= —— median Des solution
&) .
‘§ . — small Des solution
Q AN
2 .
£ N
[o] AN
v hY
— \
X N
e L . = —————e
E \\ a””
ﬁsh ‘»"
—11 e -
=21
0 2 4 6 8 10

» All three describe the lattice data, fullfill the positivity requirement and do
not have singularities too close to the real axis.
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Result at 7' = 250 MeV

| Group1 |

Group 2 | Group 3 |
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DerilB
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—— Nf=2QCD LO as=0.25
—— N =4 SYM AdS/CFT

[ lattice T=254 MeV
l
[
N — m m ||| II____ I nmmmn III
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kB

1.15

0.94

0.73

0.52

0.31

0.10

» Near-final result. Used covariance matrix C' with modest amount of
regularization.

» Results very much in line with weak-coupling prediction; lattice data
presently unable to exclude large values of D at momenta k < 2.57.
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Interpretation of the spectral function for spacelike momenta

Cross-section per unit volume for a lepton scattering on the medium through
the exchange of a space-like photon (¢# = 2(p*p'” + p”p'* — g*"(p - p'))):
co SV, P k)
L3dp®dQ  —  32m3K4 M1 —e—sR0

with p and p’ respectively the initial and final lepton momenta and k = p — p/'.

More generally: vector spectral functions measure the ability of the medium to
convert the energy stored in external electromagnetic fields into heat:

> Couple the plasma to a harmonic external vector potential
A(t,z) = Re(Age'®=~Y) via Hamiltonian AH = —¢ [d®z j - A.

» If energy of external electromagnetic fields: Fom. = %fd% (E* + B?),
—1 dFEecn. 27w (6” — lAcilch)pij (w, k)
A Lk : =
k EeAm. dt @ UJ2 + k2 ’
—1 dEem. Ak pi (w, k)
Ar |k : = J
el Eom. dt w
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Dispersion relation for a Euclidean correlator at zero virtuality

> Let o(w) = pr(w, |k| = w) be the relevant spectral function proportional
to the photon emission rate;

> let Hg(wn) = Gg(wn, k = iwy) the momentum-space Euclidean correlator
with Matsubara frequency w, and imaginary spatial momentum k = iwn;

» once-subtracted dispersion relation: (o(w) ~ w'/? at weak coupling)

1 1
w4 w? w24 wzl’

n,r # 0.

Hg(wn)—Hg(wr) = /:0 d?wwa(w)[

Recall photon rate:

[HM, 1807.00781.]
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Conclusion

» Photon rate: first lattice calculation in dynamical QCD with continuum
limit.

» The transverse-minus-longitudinal combination cancels a large ultraviolet
and admits a super-convergent sum rule.

» Euclidean correlators show only small differences with weak-coupling
prediction; results for dI'y (k > 7T") compatible with weak-coupling
prediction.

» Dispersion relation at fixed photon virtuality ¢> = 0 can be used to probe
exclusively the photon rate (rather than the full (w, k) dependence).
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What the dispersive

integrand

might look like for 7' = 250 MeV

08f
06
0.4f
0.2

0.0

—— N=4 SYM AdS/CFT |

(w Tlxs) o(w) [1(w?+(27T)?)-1/(w?+(41T)?)]

4 6 8
w /| GeV

> the lattice observable [Hg (27T) — Hg(47T)] is mostly sensitive to the
rate of emission of multi-GeV photons.

Harvey Meyer
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A sum

ii.

iii.

rule for p = p\—_

. Lorentz invariance and transversity = Gg(wn, k) = 0 in vacuum and UV

finiteat 7" > 0

OPE: from power-counting one expects GE(wn, k) ~

<(9£1>
Furthermore, charge conservation demands GE(wn, k) —0ask —0and
wn, # 0, so actually

~ k*(O4)
GE(wn, k‘) ~ T%
From the dispersive representation:
dUJ UJ k) u,,—)oo
UJn, / m / dwwp w, k)

The two expressions are only compatible if the super-convergent sum rule

’ 157 dwwp(w, k) = 0‘

holds.
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Choosing a favourable \: non-interacting fermions

Spectral function Euclidean correlator with A = —2
10 . .
: A=-2kB=m/2 — ‘ ‘ ‘ ‘ ‘
O 8 I . ﬁ2n’§2 1_37‘."..““"’.."
S~ ]
S ’ 3n/2 — feaa,
a ¢ | . 16 faa,
z ) am/2 — “aaaaan
] L]
= . = = - ~ a4 *®
L s A=1,kB=nm/2 < ...
=< EAEPLE o
2 2 © " . S oo
E 1r - [ ] -
a o0 08| " ]
] T,
) 1 1 1 1 06 [| k3712 »
. k=2aT =
0 5 10 15 20 : : : : :
0 0.1 0.2 0.3 0.4 0.5
(Dﬁ TXg
» We choose A = —2 from now on: UV-finite correlator even at xo = 0.

> for k = O(nT), p(k,k,\) = O(as log o) in perturbation theory.
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Sketch of the (standard) derivation of the dispersion relation

k2

Gr(w, k) = i(0y — 5L [ diz eX70(2) <[jf(x), jl(0)1>. But

[*(2),5"(0)] =0 for a* <0,

= the retarded correlator Hr(w) = Gr(w, k = w) at lightlike momentum is
analytic for Im (w) > 0. Similarly, the advanced correlator H4(w) is analytic
for Im (w) < 0.

Hp(w) Im(w)>0
Hi(w) Im(w)<0
It is analytic everywhere, except for a discontinuity on the real axis:

Define the function H(w) = {

H(w+i€) — Hw — ie) = Hr(w) — Ha(w) = io(w),

Write a Cauchy contour-integral representation (using two half-circles) of H(w)
just above the real axis, where it coincides with Hg(w):

> dw’ (w,)[ 1 1 ]
o — .
2 w—w—1 W —wp—1i€

Hp(w) = Hr(w,) +/

—o0

The dispersion relation for the Euclidean correlator follows from the
observation Gg(wn, k%) = Gr(iwn, k?), n > 0.

Harvey Meyer QGP photon rate from lattice QCD



Representation through non-static screening masses

- B . (r)
Gg(wr,m3) = 72/ dxg 'm0 /dmldm (J1(z Z \Am|2 —En e
0
= Hg(wr) dﬂcg G (wr, x3) €7 = 22 Z |An 2 ﬁ
—_—— n=0 By’ (Ern°? — wi)
=0(g?) M
=0(g%) =0(g—2)

This helps explain the connection observed in [Brandt et al, 1404.2404] between
non-static screening masses and the LPM-resummation contributions to the
photon emission rate [Aurenche et al, hep-ph/0211036].

In lattice regularization, Lorentz symmetry is absent = Hg(w,) does not
vanish in vacuum as it does in the continuum. Explicit subtraction of the in
vacuo Hg(wy) from the thermal Hg(w,) is necessary.
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