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Correlation function

Definition of the correlation function R(pa,pb)

dP R ( )dPa dP,
—R{(P.> P
i p, > d*pydi
dp, dpP, N - . . o
—, — - probability densities to observe a particle a or b in a collision final state
d pa d pb
dP,,

d3p e " - probability density to observe a pair ab in a collision final state
a b



Correlation function - nonrelativistic Koonin model

Nonrelativistic model of the correlation function developed by Koonin*

R(pa’pb):f d3rad3rbD(ra)D(rb)|l/}(ra’rb)|2

D (1‘1> - ‘effective’ single-particle source function; the probability distribution of
emission points of a particle i

| &rD(r)=1

y(r,,r,) - the wave function of the two particles a and b

*S. E. Koonin, Phys. Lett. B70 (1977) 43 4



Correlation function - nonrelativistic Koonin model

Change of variables
R(Pa,Pb):f d3rad3rbD(ra) D<rb)| lp(ra’ l'b)|2

mara+mbrb
R: 5 l‘:l‘a—l‘b,
M
mapa_mbpb
Ppop, a="P :>

M=m,+m,

Center-of-mass
and

relative coordinates R(q):f dBrDr(r)|¢q(l“)|2

py(r,r,)=exp(iPR) g, (1) D,(r)=[ ¢’RD(R+

r)D(R—%r)

‘relative’ source function



Source function

Parametrization as simple as possible — isotropic Gaussian form of single-particle source function

gives (r’)=3r;

Gaussian form of the ‘relative’ source,
also spherically symmetric

Point-like ‘relative’ source: D (r)=3 *(r)
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The momentum integral of correlation functions

] — any new information?
5 ﬁ
= limR(q)=1
r | q=> o
0.5j j
i ] We consider
oo

0 20 40 60 80 100

q [MeV/c] deq(R(q)_l):?

*S. Mrowczynski, Phys. Lett. B 345 (1995) 393 7



Sum rule

[ 49 (R(q)- qu ([ @5D, ()] gy 1) 1)

(27) R(q)

The source function is normalized

[ 49 (m(q)-1)=[ 9 [ &, (r)[|g,(r)F-1]

(27) (27)
changing the order of integration
I 5w a)-1=f om0 - oy e

Both integrals must exist !



Sum rule

Quantum mechanical completeness condition of quantum states

féjf)g o () g 1)+ 2 ¢a<r>¢2<r')=5<3><r—r'>i

Integral representation of Dirac delta distribution

Proper
d3 q *0 (3) }/' N (3) ' symm(;t_ré/ int?hel
f (27_[)3 ¢q(l“)¢q(l“ )—5 (1“—1“ )+Za: ¢a(r> qﬁa(r )_15 (r+r ) Casi)grt;cliglca

Limit r'=r

81207 2x) -2 o e




Sum rule

[ (0= 1= (2r) = 3 g (r)f “eongition of
(27) N Y @ Y, quantum states
d’ d’q
I s m(a-y=f oo o) [ S o) e
sum Rule: fd?’q(R(q)—l):th?’Dr(O)—Za: aul

Aa:<2ﬂ')3f d’rD,(r)|¢,(r)] - the formation rate of a bound state
dP dP, dP
3 a:AOf 3 3 -
dP d'p, d p,

10



Test of the sum rule

f d’q(R =+ D ( )—Z A,
Sum rule predictions ’

: d’q(R(q)—1)=2"D,(0) - identical bosons

| d®q(R(q)-1)=- Za: A, - nonidentical particles forming bound states

| ¢®q(R(q)-1)=0 - nonidentical particles which do not form a bound state

Function showing how fast the integral saturates

s<qmax>z4an daq’(R(q)-1)
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S( Qmax) [fm_g]
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E Sum rule works! }
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S( qmax) [fm_B]

gl Test of the sum rule

Identical pions 7' 7', 77  Expected result: | d3q(R(q)—1):n3 DF(O)

90008 —mm™

r,=5fm
. 2y il e
0004* 2
0.002:*
0.000 : : gl 20 i cz;o 100
—0002 - The integral diverges ! - d’q d’q )
i ] J'(2J'L')3 2]t>3fd ].“Dr(l“)(|¢q(l“)| 1)
s s e s e &q 3 oq 2
9dmax [MeV/c] f(Zﬂ)3 (R(q)_l)_fd rDr(r) f(Zn)3(|¢q(r)| _1)]

E Sum rule does not work ]
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Test of the sum rule

Pions 7 n', & & treated as nonidentical particles

S( Qmax) [fm_3]

0.008
0.006 -
0.004 -

0.002 -

0.000

—-0.002

-0.004

Expected result: f d’q(R(q)—1)=0

|||||||||||||||||||||||||||

dmax [MeV/c]

R(q)

r,=5fm

ax, T treated as
nonidentical particles
q [MeV/c]
d3q d3q 3 2
R(q)-1)= d’rD,(r r)—1
apR(@-1=[ [ e rge)f -1

Sum rule does not work

Rig)-1)=] a'rD,(x)| [ d3q3(|¢q<r>|2—1)]

(27)
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S( Qmax) [fm_3]

Test of the sum rule

D,(r)=0"(r)
2 Expected results:

0.00002

0.00001

- 0.00001

—0.00002

5 C(3)
dp
r,=0fm
=c0)
The integral diverges ]
JEE R R e L s e

dmax [MeV/c]

- point-like source

S( Qmax) [fm_3]

| dq(R(a)-1)=0

0.00002

0.00001 -

- 0.00001

r,=0fm |

7070 treated as nonidentical particles

The integral diverges

1 i L L L L L |

1

-0.00002 -

0 2 4 6

dmax [MeV/c]

Sum rule does not work
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Improved sum rule

The sum rule can be improved if we consider sum or difference of two correlation functions:
R(q) - correlation function of interest

~~

R(q) - appropriately chosen correlation function - “regulator” which cancels out
ultraviolet divergence

We should choose the “regulator” function in such a way that the difference or the sum
of two correlations functions tends to zero faster than q °as qgrows:
G max

S(Qpa)=4 | dqq’(R(q)-1)

If we choose as a “regulator” the correlation function for pair of nonidentical particles
which do not form any bound states, that is:

Rlah S5 bana =0 (er) s [ S5 -1)=

- the “regulator” does not change any information carried by the sum rule.
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Improved sum rule

‘Reqgulator’ ensures existence of the integral — it allows to change the order of integration

Difference:
I 8 Rla)=1)~Rla=1]= |, (0] o1 B )] S e
Sum:
(a1 o(R o)1= 00, (] S e ) 1
Assumption: D (r)=D,(r)
Difference: | ¢®q(R(q)-R(q))=+7’D,(0)-> A,

Sum: fd3q(R(q)+ﬁ(q)—2)=iﬂ3Dr(0)_ZAa
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Test of improved sum rule

Identical pions 7 7, ¥ ¥  Expected result: fd3q(R(q)_

o

S(Gmax)

~

0.030
0.025}
— 0.020
0.015
0.010
0.005

0.000 Lu

~y

R(q))=7"D,(0)

R(q) - Is the correlation function of the pions treated as nonidentical particles

Jmax [MeV/c]

New sum rule works perfectly well !
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Test of improved sum rule

Pions T T Expected result;

Point-like source D, (r)=6 /() [ &q 4 _ 87
r a(G"(q)+G " (q)~2)=—"5-£(3)

B
R(q)=G''(q) -the correlation function for point-like source and pions treated as

nonidentical particles

Problem: integrand expanded in powers of |——| reveals divergent term.

It has to be removed from integrand. (aq) 6

1.x107°

5.x1077 F

2 2 o

27T 8 = o

f d q +G <q)_2_ 3&2 2 —— a3 §(3) Ex -5.x1077 |
p B S 10 _822 &(3) ;

" a
SRA0T O M

New sum rule works perfectly well ! I T R R T

max [MeV/
Imax [MeV/c] 19



Improved sum rule as a tool to test models

Neutron - proton (singlet and triplet spin states) [ d*q(R'(q)—R*(q))=—A,,

Triplet state — deuteron formation

Gaussian wave function of deuteron

2 3/2
|¢D(r)|2:(43;2]3)3,2 exp _4rr]23 o AD:(réfrzD)?’/z’ r,=2fm
Hulthen wave function e A e R 6 R S B
OC/J)(O{+/J’) 12 p TPt 13 i Hulthen
olr)= 2 7(a—p) 2 TE B
e
a=0.23fm', f=1.61fm™" 001 |
pelieEt e e R e e



Improved sum rule as a tool to test models

Neutron - proton

S{gmax) [ ]

0.02

0.00
-0.01 -

-0.02 -

Expected result:

R’(q) r,=6fm
EU: ,,,,,,,,,,,
R'(q)
Deuteron is formed
q [MeV/c]
5 S
R(q)=R’(q)
r,=6fm
_AD
0.‘..50...‘100....150‘...200

The improved sum rule allows us to check

100

10

Ap[fm™]

0.100

0.010

0.001 4

| da(R'(q)-R*(q))==A,

the various models

expected result (Hulthen

expected result (Gaussian)
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The original sum rule works only for non-interacting identical particles.

The improved sum rule is shown to work for interacting particles as well.

The sum rule can be used to test an accuracy and range of applicability of the
approximate models.
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