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Motivation: Osaka/Stavanger approach

Quarkonium in HIC – EMMI RRTF – December 16th – 20th 2019 – GSI, Germany

THE STOCHASTIC SCHRÖDINGER APPROACH

Main goal: derive a potential based e.o.m. 
for quarkonium wavefunctions from QCD 

Deterministic Schrödinger
i@t =

h�r2

2mQ
+ Re[V ](R; T )� iIm[V ](R; T )

i
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QCD

Lindblad equation

weak coupling
“quantum Brownian motion limit”

Nonlinear stochastic 
Schrödinger

quantum state diffusion

Stochastic Schrödinger

recoilless limit

adiabatic approximation

technical: range of validity of phenomenological 
models
practical: provide path for incremental 
improvement of current approaches 

conceptual: connect imaginary part of the EFT
potential to microscopic quarkonium dynamics

Based on open-quantum-systems picture
(avoid semiclassical approximation)

i@t (t) = F [ ;Re[V ]; Im[V ]; : : :]
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Why quantum dynamics?

Quarkonium in HIC – EMMI RRTF – December 16th – 20th 2019 – GSI, Germany

THE STOCHASTIC SCHRÖDINGER APPROACH

Stochastic SE in the recoilless limit including SU(3) color d.o.f.:

H(r; t) = � 1

2—
r2

r + V (r)(ta ⌦ t
a⇤) +⇥(r; t)
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⇥(r; t) = „a(R+ r=2; t)(ta ⌦ 1)� „a(R� r=2; t)(1⌦ ta⇤)
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h„a(x; t)„b(x0; t 0)i = D(x� x0)‹(t � t 0)‹ab
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Based on single gluon exchange: noise governed by D function
always corresponds to a singlet <-> octet transition. 

color singlet color octet

thermal equilibrium
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Experimental results

SU(3) stochas7c poten7al model3

H(r, t) = � 1

M
r2

r + V (r)(ta ⌦ t
a⇤) +⇥(r, t)
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h✓a(x, t)i = 0
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⇥(r, t) ⌘ ✓a(R+ r/2, t)(ta ⌦ 1)� ✓a(R� r/2, t)(1⌦ ta⇤)
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⇥(r, t) = ✓a(R+ r/2, t)(ta ⌦ 1)
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H⇠(r, t) ' �r2
r/M � iCFD(0) + [V (r) + iD(r)](ta ⌦ t

a⇤) +⇥(r, t)
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i
@

@t
 QQ̄(r, t) = H⇠(r, t) QQ̄(r, t)
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Noise property: ,

① SU(3) color effects

② Noise effects

H(r, t) ⌘ �r2
r/M + V (r)(ta ⌦ t

a⇤) +⇥(r, t)
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for color octet state 

for color singlet state

thermal fluctuaCon

potenCal termkineCc term
(relaCve moCon)

V (r) = �↵e↵

r
exp (�mDr)
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lcorr � l lcorr ⌧ l 

!"#$$: Noise correlation length
!% :  size of quarkonium wave function

SU(3) 1D numerical calcula7on (preliminary)
◇ Time evolu7on in a sta7c QGP (T=400 MeV) 

Initial state: Ground state of Debye potential

NX: 512 / T: 0.4 GeV / 1000 events

In Cme evoluCon operator, the noise rotates wave funcCon randomly.

Wave func7on decoherence
State mixing due to 
local rotaCons of the noise. 

Open quantum system

Q. How should we understand these phenomena 
in a unified manner? 

d

dt
⇢sys(t) = �i [H, ⇢sys] +

X

n

�
2Ln⇢sysL

†
n � L

†
nLn⇢sys � ⇢sysL

†
nLn

�
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d

dt
⇢sys(t) = �i [H, ⇢sys] +

X

n

�
2Ln⇢sysL

†
n � L

†
nLn⇢sys � ⇢sysL

†
nLn

�
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Sequen7al suppression Recombina7on

residual interaction

where                  is a.racCve potenCal

itself does not mix color states.
Color state mixing occurs due to noise.

Wave func7on decoherence4

Parity symmetry of thermal fluctua7on term

・derived based on framework of open quantum system 
・unitary time evolution
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◇Time evolu7on 
in a Bjorken-expanding QGP

Bo.omonium

Consistent with experimental results.
Behavior of occupation of 2nd excited 
state at late time is owing to projection 
from Debye unbound states 
to vacuum states.

CorrelaCon b/w different posiCon is lost 
because of decoherence.
Diagonal(& = (): 
only same-posiCon correlaCon remains.
AnC-diagonal(& = −(): 
long-distance correlaCon remains due to 
ini7al parity conserva7on.

NX: 512 / T(iniCal): 0.4 GeV/ 1000 events

Conclusion and Outlook

⇥8i8j = #1(✓
a(r/2, t) + ✓a(�r/2, t))fiaj +#2(✓

a(r/2, t)� ✓a(�r/2, t))diaj
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�1

6
V (r)
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4

3
V (r)
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▷We invesCgated dynamics of a quarkonium in a staCc/Bjorken-expanding QGP 
through SU(3) stochas7c poten7al model.

A. Quantum treatment is necessary!
suppression … quantum dissociation (screening + noise)

recombination … wave function decoherence
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Tensor structure of Θ:
parity odd

octet 

singlet

r
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repulsive

a.racCve

Vs/o(r)
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ta
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: SU(3) generator

▷ The FIRST numerical simula7on in color singlet and octet states w/o invoking any 
semi-classical approxima7on.

a = 1 ⇠ 8
<latexit sha1_base64="exTp6HU3G7XnH4qVsK452/vZerM="></latexit>

▷

H(r, t) ⌘ �r2
r/M + V (r)(ta ⌦ t

a⇤) +⇥(r, t)
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SU(3): no parity
SU(2): parity even

,

0

odd

odd

even

+,(.)

+0(.)
1 lim56→8

1
Δ.

Δ+,
Δ+0

=

(i) (ii)

(iii)

For SU(2) , subsCtuCng them into (noise only) Schrödinger eq. 1
;+ (, .
;. = Θ (, . + (, . ,

Singlet always becomes octet(triplet) after Δ. due to noise.
Only for SU(2), fluctuation term keeps initial parity.
For SU(3), initial parity is gradually lost as time.

Initial state(t=0):

(

Given an initial state, we can confirm that initial 
parity is kept for SU(2) even after time evolution.

even

0

=>?

 0.001

 0.01

 0.1

 1

 0  1  2  3  4  5  6  7  8  9

OC
CU
PA
TI
ON
 P
RO
BA
BI
LI
TY

TIME [fm]

lcorr = 0.96 [fm]
lcorr = 0.48 [fm]
lcorr = 0.32 [fm]
lcorr = 0.16 [fm]
lcorr = 0.04 [fm]

Survival probability

▷ Not only Debye color screening, but dynamical wave function decoherence due to noise 
is also important to understand quarkonium dynamics.  
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Cf. under constant diffusion coefficient 

Octet density matrix

Octet Wigner distribution R =
x+ y

2
, r = x� y
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⇢8(x, y) = h 8
i (x) 

8⇤
i (y)i
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i = 1 ⇠ 8
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W8(R, p) =

Z
dr⇢8(x, y)e

�ipr
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▶ Comparison between quantum-mechanical and classical distribuCon of octet states 

trace out 
environment d.o.f.

Noise gives energy ∼ AB to a quarkonium 
at every sca.ering. The (anC)quarks gerng 
momentum move away from each other in 
repulsive potenCal. 
It moves like a classical parCcle except for 
origin while its evoluCon is genuinely 
quantum mechanical.
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Experimental results

SU(3) stochas7c poten7al model3

H(r, t) = � 1

M
r2

r + V (r)(ta ⌦ t
a⇤) +⇥(r, t)
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Noise property: ,

① SU(3) color effects

② Noise effects

H(r, t) ⌘ �r2
r/M + V (r)(ta ⌦ t

a⇤) +⇥(r, t)
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for color octet state 

for color singlet state

thermal fluctuaCon

potenCal termkineCc term
(relaCve moCon)

V (r) = �↵e↵

r
exp (�mDr)
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lcorr � l lcorr ⌧ l 

!"#$$: Noise correlation length
!% :  size of quarkonium wave function

SU(3) 1D numerical calcula7on (preliminary)
◇ Time evolu7on in a sta7c QGP (T=400 MeV) 

Initial state: Ground state of Debye potential

NX: 512 / T: 0.4 GeV / 1000 events

In Cme evoluCon operator, the noise rotates wave funcCon randomly.

Wave func7on decoherence
State mixing due to 
local rotaCons of the noise. 

Open quantum system

Q. How should we understand these phenomena 
in a unified manner? 

d

dt
⇢sys(t) = �i [H, ⇢sys] +

X

n

�
2Ln⇢sysL

†
n � L

†
nLn⇢sys � ⇢sysL

†
nLn

�
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d

dt
⇢sys(t) = �i [H, ⇢sys] +

X
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�
2Ln⇢sysL

†
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†
nLn⇢sys � ⇢sysL

†
nLn

�
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Sequen7al suppression Recombina7on

residual interaction

where                  is a.racCve potenCal

itself does not mix color states.
Color state mixing occurs due to noise.

Wave func7on decoherence4

Parity symmetry of thermal fluctua7on term

・derived based on framework of open quantum system 
・unitary time evolution
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◇Time evolu7on 
in a Bjorken-expanding QGP

Bo.omonium

Consistent with experimental results.
Behavior of occupation of 2nd excited 
state at late time is owing to projection 
from Debye unbound states 
to vacuum states.

CorrelaCon b/w different posiCon is lost 
because of decoherence.
Diagonal(& = (): 
only same-posiCon correlaCon remains.
AnC-diagonal(& = −(): 
long-distance correlaCon remains due to 
ini7al parity conserva7on.

NX: 512 / T(iniCal): 0.4 GeV/ 1000 events

Conclusion and Outlook

⇥8i8j = #1(✓
a(r/2, t) + ✓a(�r/2, t))fiaj +#2(✓

a(r/2, t)� ✓a(�r/2, t))diaj
<latexit sha1_base64="DM9AXtfoBj6PQnnnpfW3pISGz2k="></latexit>
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4

3
V (r)
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▷We invesCgated dynamics of a quarkonium in a staCc/Bjorken-expanding QGP 
through SU(3) stochas7c poten7al model.

A. Quantum treatment is necessary!
suppression … quantum dissociation (screening + noise)

recombination … wave function decoherence
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Tensor structure of Θ:
parity odd

octet 

singlet

r
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repulsive

a.racCve

Vs/o(r)
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: SU(3) generator

▷ The FIRST numerical simula7on in color singlet and octet states w/o invoking any 
semi-classical approxima7on.

a = 1 ⇠ 8
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▷

H(r, t) ⌘ �r2
r/M + V (r)(ta ⌦ t

a⇤) +⇥(r, t)
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SU(3): no parity
SU(2): parity even

,

0

odd

odd

even

+,(.)

+0(.)
1 lim56→8

1
Δ.

Δ+,
Δ+0

=

(i) (ii)

(iii)

For SU(2) , subsCtuCng them into (noise only) Schrödinger eq. 1
;+ (, .
;. = Θ (, . + (, . ,

Singlet always becomes octet(triplet) after Δ. due to noise.
Only for SU(2), fluctuation term keeps initial parity.
For SU(3), initial parity is gradually lost as time.

Initial state(t=0):

(

Given an initial state, we can confirm that initial 
parity is kept for SU(2) even after time evolution.

even

0

=>?
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Survival probability

▷ Not only Debye color screening, but dynamical wave function decoherence due to noise 
is also important to understand quarkonium dynamics.  
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Cf. under constant diffusion coefficient 

Octet density matrix

Octet Wigner distribution R =
x+ y

2
, r = x� y
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⇢8(x, y) = h 8
i (x) 

8⇤
i (y)i
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i = 1 ⇠ 8
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W8(R, p) =

Z
dr⇢8(x, y)e

�ipr
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▶ Comparison between quantum-mechanical and classical distribuCon of octet states 

trace out 
environment d.o.f.

Noise gives energy ∼ AB to a quarkonium 
at every sca.ering. The (anC)quarks gerng 
momentum move away from each other in 
repulsive potenCal. 
It moves like a classical parCcle except for 
origin while its evoluCon is genuinely 
quantum mechanical.

(Absolute value)
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color singlet density matrix color octet density matrix

Wigner distribution around origin
shows non-positive contributions

Genuine quantum nature of quarkonium remains relevant

W (R; p) =

Z
dr⇢(x; y)e�ipr
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TABLE I. Numerical setup, parametrization of V (x) and D(x), and center-of-mass momentum

�x �t Nx � `corr ↵ mD xc PCM

1/M 0.1M(�x)2 254 T/⇡ 1/T 0.3 2T 1/M 0

The parametrization for the functions V (x) and D(x) are given as follows:

V (x) = � ↵p
x2 + x2

c

e�mD|x|, D(x) = � exp(�x2/`2corr). (26)

From perturbative calculations (7), we have

↵ =
g2

4⇡
, mD = gT

r
Nc

3
+

Nf

6
' 2

`corr
, � = D(0) =

g2T

4⇡
, (27)

so that we choose ↵ = 0.3, mD = 2`�1
corr = 2T 4, and � = T/⇡. Since the one-dimensional

Coulomb force is singular at the origin, we regularize the potential by a cuto↵ xc = 1/M

corresponding to the validity of the nonrelativistic approximation |p| < M . In the simula-

tions in the next section, the temperature of the QGP is chosen to be T/M = 0.1-0.3 or

T (t) = T0 · [t0/(t0 + t)]1/3 with t0 = 0.84 fm and T0 = 0.47 GeV for the case of Bjorken

expansion. The center-of-mass momentum is set to PCM = 0 as the dependence of the

quarkonium dynamics on its values is found to be small (see Appendix A for the details).

To simulate quarkonium physics with this setup, we discretize space and time by �x =

1/M and �t = 0.1M(�x)2. The spatial discretization �x is chosen much finer than the

typical medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T . We also take the system volume

L = Nx�x = 254�x much larger than the medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T .

These parameters and the lattice setup are summarized in Table I.

Finally, let us remark on the boundary conditions used for the noise field d⇠(x). To

simulate on a finite size lattice [�L/2, L/2], we impose periodic boundary conditions on the

wave function  (x). Then the boundary condition for the noise field is given by

d⇠

✓
�L

4

◆
= d⇠

✓
L

4

◆
, (28)

requiring that the noise field d⇠(x) obeys a periodicity of L/2. Correspondingly, the noise

correlation function D(x� y) for �L/4  x, y  L/4 should be interpreted as D(rxy):

M[d⇠(x)d⇠⇤(y)] = D(rxy)dt, rxy ⌘ min

⇢
|x� y|, L

2
� |x� y|

�
. (29)

4 mD ' 2/`corr in (27) is obtained by equating the full width half maximum of D(r) in (7) and that in (26).

13

D(x) = ‚exp
ˆ
� x2=‘2corr

˜
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expansion. The center-of-mass momentum is set to PCM = 0 as the dependence of the

quarkonium dynamics on its values is found to be small (see Appendix A for the details).

To simulate quarkonium physics with this setup, we discretize space and time by �x =

1/M and �t = 0.1M(�x)2. The spatial discretization �x is chosen much finer than the
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D ⇠ `corr/2 ⇠ 1/2T . We also take the system volume

L = Nx�x = 254�x much larger than the medium length scales m�1
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These parameters and the lattice setup are summarized in Table I.

Finally, let us remark on the boundary conditions used for the noise field d⇠(x). To

simulate on a finite size lattice [�L/2, L/2], we impose periodic boundary conditions on the

wave function  (x). Then the boundary condition for the noise field is given by
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requiring that the noise field d⇠(x) obeys a periodicity of L/2. Correspondingly, the noise

correlation function D(x� y) for �L/4  x, y  L/4 should be interpreted as D(rxy):

M[d⇠(x)d⇠⇤(y)] = D(rxy)dt, rxy ⌘ min
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|x� y|, L

2
� |x� y|
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4 mD ' 2/`corr in (27) is obtained by equating the full width half maximum of D(r) in (7) and that in (26).

13

V (x) = � ¸Sp
x2 + x2c

e�mD |x|
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m=4.8GeV



ALEXANDER ROTHKOPF - UIS

Towards Lindblad based dynamics

Quarkonium in HIC – EMMI RRTF – December 16th – 20th 2019 – GSI, Germany

Lindblad Equation for the quantum Brownian motion regime at high temperature

HQQ̄

ˆ
Re[V ]

˜
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THE STOCHASTIC SCHRÖDINGER APPROACH

Derivation in weak-coupling: phenomenology possible with a lattice vetted potential

L
ˆ
Im[V ]

˜
<latexit sha1_base64="gvs/5N3Hc9kRypU3eVVKYIRZ15I="></latexit>



ALEXANDER ROTHKOPF - UIS

At the moment adiabatic approximation deployed VQQ = Re[V]-i Im[V]
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At the moment adiabatic approximation deployed VQQ = Re[V]-i Im[V]

Towards Lindblad based dynamics

Quarkonium in HIC – EMMI RRTF – December 16th – 20th 2019 – GSI, Germany

Lindblad Equation for the quantum Brownian motion regime at high temperature

K
ro

up
pa

et
. a

l.,
 P

R
D

D
97

 (2
01

8)
 0

16
01

7 
[S

TA
R

 C
ol

la
bo

ra
tio

n]
 Z

. Y
e

N
uc

l.P
ar

t.P
hy

s.
Pr

oc
. 2

89
-2

90
 (2

01
7)

 4
01

� ��� ��� ��� ���
���

���

���

���

���

���

�����

� �
�

���/�=�
|�| < ���

��� = ���� �	

� < �� < �� �	



�� ����

�(��)

�(��)

At RHIC: bottom not equilibrated & good agreement. At LHC: underestimates yields

HQQ̄

ˆ
Re[V ]

˜
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THE STOCHASTIC SCHRÖDINGER APPROACH

Derivation in weak-coupling: phenomenology possible with a lattice vetted potential
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The stochastic potential
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Lindblad Equation for the quantum Brownian motion regime at high temperature

THE STOCHASTIC SCHRÖDINGER APPROACH
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Inclusion of fluctuation and dispersion lead to increasing survival  

Indications that quantum coherence remains relevant over time 

Currently only proof-of-principle dissipative QSD computation

Adiabatic approximation may overestimate suppression 

Ongoing work: beyond the adiabatic approximation in full dynamic model


