
Quarkonium masses and 
spectral functions from 

lattice QCD 

• Bayesian Approach

• Maximum Entropy Method

• FASTSUM approach/parameters

• Lighter quarks (new-ish)

• Finer lattices (new-ish)

FASTSUM Collaboration 
  



The Task

Given data D

Find fit F by maximising P(F |D)



∩=  P(D   F)

Bayesian Methods

“priors"



∩=  P(D   F)

Bayesian Methods

Implicit prior:     P( F=elephant ) = 0

So we always have “priors” ….

 


E.g. for T=0  we have:    

“priors"

F(ω) = ∑
i

δ(ω − Mi)e−Mit



∩=  P(D   F)

Maximum Entropy Method

“priors"

αSP(F) ~ e

Shannon-Jaynes Entropy: S = ∫
∞

0

dω
2π [ρ(ω) − m(ω) − ρ(ω)ln ρ(ω)

m(ω) ]
Asakawa, Hatsuda, Nakahara, Prog.Part.Nucl.Phys. 46 (2001) 459

(using minimal assumptions)



Maximum Entropy Method Tests



Theoretical Free Lattice Spectral Function (NRQCD)

⇢(!)theory =
X

kx ,ky ,kz

�(! � Ê(kx , ky , kz))
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MEM Result - S-wave

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

atω

0
10
20
30
40
50
60
70
80
90

100
110
120

ρ(
ω
)

MEM
exact free lattice

MEM Result - P-wave

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

atω

0

50

100

150

200

250

ρ(
ω
)

MEM
exact free lattice



T=0 spectral functions
Zero Temperature Spectral Functions
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Results



Lattice Parameters - Generation 2

J
H
E
P
0
6
(
2
0
1
7
)
0
3
4

Ns Nτ T [MeV] T/Tc Nsrc Ncfg

24 128 44 0.24 16 139

24 40 141 0.76 4 501

24 36 156 0.84 4 501

24 32 176 0.95 2 1000

24 28 201 1.09 2 1001

24 24 235 1.27 2 1001

24 20 281 1.52 2 1000

24 16 352 1.90 2 1001

Table 1. Ensembles used in this work. The lattice size is N3
s × Nτ , with the temperature

T = 1/(aτNτ ). The available statistics for each ensemble is Ncfg ×Nsrc. The sources were chosen
randomly in the four-dimensional lattice. The spatial lattice spacing as = 0.1227(8) fm, the inverse
temporal lattice spacing a−1

τ = 5.63(4)GeV, and the renormalised anisotropy ξ = as/aτ = 3.5.

G4,m are then no longer (anti)symmetric around τ = 1/2T , but satisfy instead

G4(1/T − τ,p;µ) = G4(τ,p;−µ), (2.56)

Gm(1/T − τ,p;µ) = −Gm(τ,p;−µ). (2.57)

Again explicitly, if the spectrum is dominated by single groundstates, eq. (2.42) is modi-

fied as

G+(τ ;µ) = A+(µ)e
−(m+−µ)τ +A−(−µ)e−(m−+µ)(1/T−τ), (2.58)

−G−(τ ;µ) = A−(µ)e
−(m−−µ)τ +A+(−µ)e−(m++µ)(1/T−τ). (2.59)

Finally, in the case of unbroken chiral symmetry, Gm(x) = ρm(x) = 0 still holds and

G+(τ,p;µ) = −G−(τ,p;µ) = G+(1/T − τ,p;−µ) = 2G4(τ,p;µ), (2.60)

ρ+(p;µ) = −ρ−(p;µ) = ρ+(−p;−µ) = 2ρ4(p;µ). (2.61)

3 Lattice setup

We have computed baryon correlators using the thermal ensembles of the FASTSUM collab-

oration [15, 16, 27]. These ensembles are generated with 2 + 1 flavours of Wilson fermions

on an anisotropic lattice, with a smaller temporal lattice spacing, aτ < as; the renor-

malised anisotropy is ξ ≡ as/aτ = 3.5. The lattice action used is the Symanzik-improved

anisotropic gauge action with tree-level mean-field coefficients and a mean-field-improved

Wilson-clover fermion action with stout-smeared links and follows the Hadron Spectrum

Collaboration [47]. Details of the action and parameter values can be found in refs. [16, 27].

The choice of masses for the degenerate u and d quarks yields a pion with a mass of

Mπ = 384(4)MeV [48], which is heavier than in nature, while the strange quark has been

tuned to its physical value. Configurations and correlation functions have been generated

using the CHROMA software package [40], via the SSE optimizations when possible [49].

– 10 –

T = 1/L 

           =1/(a  N  )$

$

$

FASTSUM set up

I anisotropic lattices a⌧ < as
I allowing better resolution, particularly at finite temperatures

since T =
1

N⌧a⌧

τ

x

τ

x

I "2nd" generation lattice ensembles
I moving towards continuum, infinite volume, realistic light

quark masses

FASTSUM set up

I anisotropic lattices a⌧ < as
I allowing better resolution, particularly at finite temperatures

since T =
1

N⌧a⌧

τ

x

τ

x

I "2nd" generation lattice ensembles
I moving towards continuum, infinite volume, realistic light

quark masses
M% = 392(4) MeV

(2+1) flavour
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Gen2L Results
Preliminary

Mπ

aτ

392236

35

18

140
0

[am]

[MeV]

Gen2Gen2L

Gen3



0 0.1 0.2 0.3

p
2

0.32

0.325

0.33

0.335

0.34

0.345

0.35

m
as

s

Upsilon
η

b

Dispersion Relations

En
er

gy

p2



0 10 20 30 40 50 60 70
0.99

1

1.01

1.02

1.03

1.04 32
3
x8

32
3
x12

32
3
x16

32
3
x20

32
3
x24

32
3
x28

32
3
x32

32
3
x36

32
3
x40

32
3
x48

32
3
x56

32
3
x64

Upsilon Ratio

$

G T
(τ)

/G
T=

0(τ
)

Correlation Ratios:  Upsilon



0 10 20 30 40 50 60 70
0.95

1

1.05

1.1

1.15

χ
b1

 ratio
G T

(τ)
/G

T=
0(τ

)

$

Correlation Ratios: χb1



0 1

ω

0

100

200

300

400

ρ(
ω
)

16
20
24
28
32
36
40

Spectral Functions: Gen2 vs Gen2L  [Upsilon]
Raw: un-renormalised



9 10 11 12

ω [GeV]

0

100

200

300

400

ρ(
ω
) [

ar
bi

tra
ry

 u
ni

ts
]

N
τ
=40,  T=150 MeV

N
τ
=36,  T=167 MeV

N
τ
=32,  T=187 MeV

N
τ
=28,  T=214 MeV

N
τ
=24,  T=250 MeV

N
τ
=20,  T=300 MeV

N
τ
=16,  T=375 MeV

Upsilon

 [FASTSUM Collaboration]

M
π
=236 MeV (Gen 2L)

M
π
=392 MeV (Gen 2)

Spectral Functions: Gen2 vs Gen2L 
Renormalised

Spectral Functions: Gen2 vs Gen2L  [Upsilon]



9 9.2 9.4 9.6 9.8 10

ω [GeV]

0

100

200

300

400

ρ(
ω
) [

ar
bi

tra
ry

 u
ni

ts
]

N
τ
=40,  T=150 MeV

N
τ
=36,  T=167 MeV

N
τ
=32,  T=187 MeV

N
τ
=28,  T=214 MeV

N
τ
=24,  T=250 MeV

N
τ
=20,  T=300 MeV

N
τ
=16,  T=375 MeV

Upsilon

 [FASTSUM Collaboration]

M
π
=236 MeV

M
π
=392 MeV

Spectral Functions: Gen2 vs Gen2L 
Renormalised: Close-up

Spectral Functions: Gen2 vs Gen2L  [Upsilon]



Gen3 Results
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the end…



the end…



Slides to help me answer dumb questions



Slides to help me answer tricky questions



Free Lattice Correlation Functions (NRQCD)

I Use FASTSUM Collaboration’s “2nd generation” parameters
I Set links Uµ(x) = eigaAµ(x) ⌘ 1 i.e. free
I Use computer code to generate C(t)
I Use same stat errors and t-correlations as interacting case

Normalisation (Sum Rule) for NRQCD:

C(t) =
Z

⇢(!)e�!td! �! C(t = 0) =
Z

⇢(!)d!



Nt systematics - S-wave
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MEM: more than you ever wanted to know
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