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Heavy-quark potential at T>0

Non-perturbatively: 
static singlet to singlet 
evolution appears
to be amenable to 
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Main goal: derive a potential based e.o.m. 
for quarkonium wavefunctions from QCD 

technical: range of validity of phenomenological 
models
practical: provide path for incremental 
improvement of current approaches 

conceptual: connect imaginary part of the EFT
potential to microscopic quarkonium dynamics

Based on open-quantum-systems picture
(no semiclassical approximation)

i@t (t) = F [ ;Re[V ]; Im[V ]; : : :]
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Quarkonium Lindblad eq. at high T
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iSIF½ρ1; ρ2"≃ −g2
Z

∞

t0
dt
Z

d3xd3y
Z

∞

0
dsðρa1; ρa2Þðt;~xÞ

×
! GF

ab;00 −G<
ab;00

−G>
ab;00 G ~F

ab;00

"

ðs;~x−~yÞ

#
ρb1
ρb2

$

ðt−s;~yÞ
:

ð23Þ
This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:

Z
∞

0
dsGðsÞρðtÞρðt − sÞ

¼
X∞

n¼0

1

n!
½ρðtÞði∂tÞnρðtÞ"

Z
∞

−∞

dω
2πi

∂n
ω
~GðωÞ

ω − iϵ
; ð24Þ

where ~GðωÞ ¼
R
dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
Using GFð ~FÞ

ab;00ðs; ~rÞ ¼ G>ð<Þ
ab;00ðs; ~rÞ ¼ − i

2 ð
i
2ÞG

R
ab;00ðs; ~rÞ þ

1
2G

S
ab;00ðs; ~rÞ for s > 0, Eq. (23) can be expressed with

GR
ab;00ðs; ~rÞ and GS

ab;00ðs; ~rÞ. For the couplings with the
retarded propagator, the analytic structure of ~GR

ab;00ðω; ~rÞ in
the complex ω plane leads to
Z

∞

0
dsGR

ab;00ðs; ~x − ~yÞρaðt; ~xÞρbðt − s; ~yÞ

≃
X

n¼0;1;2

1

n!
½ρaðt; ~xÞði∂tÞnρbðt; ~yÞ"∂n

ω
~GR
ab;00ð0; ~x − ~yÞ:

ð25Þ

For the couplings with the symmetrized correlation func-
tion, we obtain
Z

∞

0
dsGS

ab;00ðs; ~x − ~yÞρaðt; ~xÞρbðt − s; ~yÞ

≃ 1

2

X

n¼0;2

1

n!
½ρaðt; ~xÞði∂tÞnρbðt; ~yÞ"∂n

ω
~GS
ab;00ð0; ~x − ~yÞ

þ ½ρaðt; ~xÞi∂tρbðt; ~yÞ"
Z

∞

−∞

dω
2πi

1

ω
∂ω

~GS
ab;00ðω; ~x − ~yÞ

≃ 1

2

X

n¼0;2

1

n!
½ρaðt; ~xÞði∂tÞnρbðt; ~yÞ"∂n

ω
~GS
ab;00ð0; ~x − ~yÞ;

ð26Þ

using the fact that ~GS
ab;00ðω; ~rÞ ¼ cothðω=2TÞσab;00ðω; ~rÞ

is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
t0

dt
R∞
−∞ dsGðsÞρðtÞρðt − sÞ. Then GA

ab;00ðs; ~rÞ would

also contribute in GFð ~FÞ
ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:

Vð~rÞδab ≡ −g2Re ~GR
ab;00ð0; ~rÞ; ð27Þ

Dð~rÞδab ≡ −g2T
∂
∂ωσab;00ð0; ~rÞ; ð28Þ

Að~rÞδab ≡ −g2
#

1

6T
∂
∂ωþ T

3

∂3

∂ω3

$
σab;00ð0; ~rÞ

≃ −
g2

6T
∂
∂ωσab;00ð0; ~rÞ; ð29Þ

where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:

Z
∞

0
dsGðsÞρðtÞρðt − sÞ

¼
X∞

n¼0

1

n!
½ρðtÞði∂tÞnρðtÞ"

Z
∞

−∞

dω
2πi

∂n
ω
~GðωÞ

ω − iϵ
; ð24Þ

where ~GðωÞ ¼
R
dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
Using GFð ~FÞ

ab;00ðs; ~rÞ ¼ G>ð<Þ
ab;00ðs; ~rÞ ¼ − i

2 ð
i
2ÞG

R
ab;00ðs; ~rÞ þ

1
2G

S
ab;00ðs; ~rÞ for s > 0, Eq. (23) can be expressed with

GR
ab;00ðs; ~rÞ and GS

ab;00ðs; ~rÞ. For the couplings with the
retarded propagator, the analytic structure of ~GR

ab;00ðω; ~rÞ in
the complex ω plane leads to
Z

∞

0
dsGR

ab;00ðs; ~x − ~yÞρaðt; ~xÞρbðt − s; ~yÞ
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X
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ω
~GR
ab;00ð0; ~x − ~yÞ:
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For the couplings with the symmetrized correlation func-
tion, we obtain
Z
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0
dsGS

ab;00ðs; ~x − ~yÞρaðt; ~xÞρbðt − s; ~yÞ
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using the fact that ~GS
ab;00ðω; ~rÞ ¼ cothðω=2TÞσab;00ðω; ~rÞ

is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
t0

dt
R∞
−∞ dsGðsÞρðtÞρðt − sÞ. Then GA

ab;00ðs; ~rÞ would

also contribute in GFð ~FÞ
ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:

Vð~rÞδab ≡ −g2Re ~GR
ab;00ð0; ~rÞ; ð27Þ

Dð~rÞδab ≡ −g2T
∂
∂ωσab;00ð0; ~rÞ; ð28Þ

Að~rÞδab ≡ −g2
#

1

6T
∂
∂ωþ T

3

∂3

∂ω3

$
σab;00ð0; ~rÞ

≃ −
g2

6T
∂
∂ωσab;00ð0; ~rÞ; ð29Þ

where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:

Z
∞

0
dsGðsÞρðtÞρðt − sÞ

¼
X∞

n¼0

1

n!
½ρðtÞði∂tÞnρðtÞ"

Z
∞

−∞

dω
2πi

∂n
ω
~GðωÞ

ω − iϵ
; ð24Þ

where ~GðωÞ ¼
R
dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
Using GFð ~FÞ

ab;00ðs; ~rÞ ¼ G>ð<Þ
ab;00ðs; ~rÞ ¼ − i

2 ð
i
2ÞG

R
ab;00ðs; ~rÞ þ

1
2G

S
ab;00ðs; ~rÞ for s > 0, Eq. (23) can be expressed with

GR
ab;00ðs; ~rÞ and GS

ab;00ðs; ~rÞ. For the couplings with the
retarded propagator, the analytic structure of ~GR

ab;00ðω; ~rÞ in
the complex ω plane leads to
Z

∞

0
dsGR

ab;00ðs; ~x − ~yÞρaðt; ~xÞρbðt − s; ~yÞ

≃
X

n¼0;1;2

1

n!
½ρaðt; ~xÞði∂tÞnρbðt; ~yÞ"∂n

ω
~GR
ab;00ð0; ~x − ~yÞ:

ð25Þ

For the couplings with the symmetrized correlation func-
tion, we obtain
Z

∞

0
dsGS

ab;00ðs; ~x − ~yÞρaðt; ~xÞρbðt − s; ~yÞ

≃ 1

2

X

n¼0;2
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n!
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≃ 1

2
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ω
~GS
ab;00ð0; ~x − ~yÞ;
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using the fact that ~GS
ab;00ðω; ~rÞ ¼ cothðω=2TÞσab;00ðω; ~rÞ

is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
t0

dt
R∞
−∞ dsGðsÞρðtÞρðt − sÞ. Then GA

ab;00ðs; ~rÞ would

also contribute in GFð ~FÞ
ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:

Vð~rÞδab ≡ −g2Re ~GR
ab;00ð0; ~rÞ; ð27Þ

Dð~rÞδab ≡ −g2T
∂
∂ωσab;00ð0; ~rÞ; ð28Þ

Að~rÞδab ≡ −g2
#

1

6T
∂
∂ωþ T

3

∂3

∂ω3

$
σab;00ð0; ~rÞ

≃ −
g2

6T
∂
∂ωσab;00ð0; ~rÞ; ð29Þ

where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:

Z
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0
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¼
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where ~GðωÞ ¼
R
dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
Using GFð ~FÞ

ab;00ðs; ~rÞ ¼ G>ð<Þ
ab;00ðs; ~rÞ ¼ − i
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S
ab;00ðs; ~rÞ for s > 0, Eq. (23) can be expressed with

GR
ab;00ðs; ~rÞ and GS

ab;00ðs; ~rÞ. For the couplings with the
retarded propagator, the analytic structure of ~GR
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the complex ω plane leads to
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For the couplings with the symmetrized correlation func-
tion, we obtain
Z
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dsGS
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≃ 1
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using the fact that ~GS
ab;00ðω; ~rÞ ¼ cothðω=2TÞσab;00ðω; ~rÞ

is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
t0

dt
R∞
−∞ dsGðsÞρðtÞρðt − sÞ. Then GA

ab;00ðs; ~rÞ would

also contribute in GFð ~FÞ
ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:

Vð~rÞδab ≡ −g2Re ~GR
ab;00ð0; ~rÞ; ð27Þ

Dð~rÞδab ≡ −g2T
∂
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Að~rÞδab ≡ −g2
#

1

6T
∂
∂ωþ T

3

∂3

∂ω3

$
σab;00ð0; ~rÞ

≃ −
g2

6T
∂
∂ωσab;00ð0; ~rÞ; ð29Þ

where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:
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where ~GðωÞ ¼
R
dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
Using GFð ~FÞ
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ab;00ðs; ~rÞ for s > 0, Eq. (23) can be expressed with

GR
ab;00ðs; ~rÞ and GS

ab;00ðs; ~rÞ. For the couplings with the
retarded propagator, the analytic structure of ~GR
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For the couplings with the symmetrized correlation func-
tion, we obtain
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using the fact that ~GS
ab;00ðω; ~rÞ ¼ cothðω=2TÞσab;00ðω; ~rÞ

is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
t0

dt
R∞
−∞ dsGðsÞρðtÞρðt − sÞ. Then GA

ab;00ðs; ~rÞ would

also contribute in GFð ~FÞ
ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:

Vð~rÞδab ≡ −g2Re ~GR
ab;00ð0; ~rÞ; ð27Þ

Dð~rÞδab ≡ −g2T
∂
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$
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6T
∂
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where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:

Z
∞
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¼
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where ~GðωÞ ¼
R
dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
Using GFð ~FÞ

ab;00ðs; ~rÞ ¼ G>ð<Þ
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S
ab;00ðs; ~rÞ for s > 0, Eq. (23) can be expressed with

GR
ab;00ðs; ~rÞ and GS

ab;00ðs; ~rÞ. For the couplings with the
retarded propagator, the analytic structure of ~GR
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the complex ω plane leads to
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For the couplings with the symmetrized correlation func-
tion, we obtain
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using the fact that ~GS
ab;00ðω; ~rÞ ¼ cothðω=2TÞσab;00ðω; ~rÞ

is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
t0

dt
R∞
−∞ dsGðsÞρðtÞρðt − sÞ. Then GA

ab;00ðs; ~rÞ would

also contribute in GFð ~FÞ
ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:

Vð~rÞδab ≡ −g2Re ~GR
ab;00ð0; ~rÞ; ð27Þ
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where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
t0

dt
R∞
−∞ dsGðsÞρðtÞρðt − sÞ. Then GA

ab;00ðs; ~rÞ would

also contribute in GFð ~FÞ
ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:

Vð~rÞδab ≡ −g2Re ~GR
ab;00ð0; ~rÞ; ð27Þ

Dð~rÞδab ≡ −g2T
∂
∂ωσab;00ð0; ~rÞ; ð28Þ

Að~rÞδab ≡ −g2
#
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6T
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∂ω3

$
σab;00ð0; ~rÞ

≃ −
g2

6T
∂
∂ωσab;00ð0; ~rÞ; ð29Þ

where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:

Z
∞

0
dsGðsÞρðtÞρðt − sÞ

¼
X∞

n¼0

1

n!
½ρðtÞði∂tÞnρðtÞ"

Z
∞

−∞

dω
2πi

∂n
ω
~GðωÞ

ω − iϵ
; ð24Þ

where ~GðωÞ ¼
R
dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
Using GFð ~FÞ

ab;00ðs; ~rÞ ¼ G>ð<Þ
ab;00ðs; ~rÞ ¼ − i

2 ð
i
2ÞG

R
ab;00ðs; ~rÞ þ

1
2G

S
ab;00ðs; ~rÞ for s > 0, Eq. (23) can be expressed with

GR
ab;00ðs; ~rÞ and GS

ab;00ðs; ~rÞ. For the couplings with the
retarded propagator, the analytic structure of ~GR

ab;00ðω; ~rÞ in
the complex ω plane leads to
Z

∞

0
dsGR

ab;00ðs; ~x − ~yÞρaðt; ~xÞρbðt − s; ~yÞ
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X
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ω
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For the couplings with the symmetrized correlation func-
tion, we obtain
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∞

0
dsGS
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≃ 1
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using the fact that ~GS
ab;00ðω; ~rÞ ¼ cothðω=2TÞσab;00ðω; ~rÞ

is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
t0

dt
R∞
−∞ dsGðsÞρðtÞρðt − sÞ. Then GA

ab;00ðs; ~rÞ would

also contribute in GFð ~FÞ
ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:

Vð~rÞδab ≡ −g2Re ~GR
ab;00ð0; ~rÞ; ð27Þ

Dð~rÞδab ≡ −g2T
∂
∂ωσab;00ð0; ~rÞ; ð28Þ

Að~rÞδab ≡ −g2
#

1

6T
∂
∂ωþ T

3

∂3

∂ω3

$
σab;00ð0; ~rÞ

≃ −
g2

6T
∂
∂ωσab;00ð0; ~rÞ; ð29Þ

where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:
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where ~GðωÞ ¼
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dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
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ab;00ðs; ~rÞ for s > 0, Eq. (23) can be expressed with
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ab;00ðω; ~rÞ in
the complex ω plane leads to
Z

∞

0
dsGR

ab;00ðs; ~x − ~yÞρaðt; ~xÞρbðt − s; ~yÞ

≃
X

n¼0;1;2

1

n!
½ρaðt; ~xÞði∂tÞnρbðt; ~yÞ"∂n

ω
~GR
ab;00ð0; ~x − ~yÞ:

ð25Þ

For the couplings with the symmetrized correlation func-
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using the fact that ~GS
ab;00ðω; ~rÞ ¼ cothðω=2TÞσab;00ðω; ~rÞ

is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
t0

dt
R∞
−∞ dsGðsÞρðtÞρðt − sÞ. Then GA

ab;00ðs; ~rÞ would

also contribute in GFð ~FÞ
ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:

Vð~rÞδab ≡ −g2Re ~GR
ab;00ð0; ~rÞ; ð27Þ
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where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:
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where ~GðωÞ ¼
R
dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
Using GFð ~FÞ
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using the fact that ~GS
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is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be
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diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
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where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:
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where ~GðωÞ ¼
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dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
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using the fact that ~GS
ab;00ðω; ~rÞ ¼ cothðω=2TÞσab;00ðω; ~rÞ

is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
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ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:
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where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:

Z
∞

0
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¼
X∞

n¼0

1

n!
½ρðtÞði∂tÞnρðtÞ"

Z
∞

−∞

dω
2πi

∂n
ω
~GðωÞ

ω − iϵ
; ð24Þ

where ~GðωÞ ¼
R
dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
Using GFð ~FÞ

ab;00ðs; ~rÞ ¼ G>ð<Þ
ab;00ðs; ~rÞ ¼ − i

2 ð
i
2ÞG

R
ab;00ðs; ~rÞ þ
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S
ab;00ðs; ~rÞ for s > 0, Eq. (23) can be expressed with

GR
ab;00ðs; ~rÞ and GS

ab;00ðs; ~rÞ. For the couplings with the
retarded propagator, the analytic structure of ~GR
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For the couplings with the symmetrized correlation func-
tion, we obtain
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using the fact that ~GS
ab;00ðω; ~rÞ ¼ cothðω=2TÞσab;00ðω; ~rÞ

is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
t0

dt
R∞
−∞ dsGðsÞρðtÞρðt − sÞ. Then GA

ab;00ðs; ~rÞ would

also contribute in GFð ~FÞ
ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:

Vð~rÞδab ≡ −g2Re ~GR
ab;00ð0; ~rÞ; ð27Þ

Dð~rÞδab ≡ −g2T
∂
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#

1

6T
∂
∂ωþ T

3

∂3

∂ω3

$
σab;00ð0; ~rÞ

≃ −
g2

6T
∂
∂ωσab;00ð0; ~rÞ; ð29Þ

where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:
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where ~GðωÞ ¼
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dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
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using the fact that ~GS
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is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
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ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:
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assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR
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tance r ∼ 1=gT are given in Appendix A, using the hard
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This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:

Z
∞

0
dsGðsÞρðtÞρðt − sÞ

¼
X∞
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n!
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ω − iϵ
; ð24Þ

where ~GðωÞ ¼
R
dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
Using GFð ~FÞ

ab;00ðs; ~rÞ ¼ G>ð<Þ
ab;00ðs; ~rÞ ¼ − i

2 ð
i
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R
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S
ab;00ðs; ~rÞ for s > 0, Eq. (23) can be expressed with

GR
ab;00ðs; ~rÞ and GS

ab;00ðs; ~rÞ. For the couplings with the
retarded propagator, the analytic structure of ~GR

ab;00ðω; ~rÞ in
the complex ω plane leads to
Z

∞

0
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For the couplings with the symmetrized correlation func-
tion, we obtain
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using the fact that ~GS
ab;00ðω; ~rÞ ¼ cothðω=2TÞσab;00ðω; ~rÞ

is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
t0

dt
R∞
−∞ dsGðsÞρðtÞρðt − sÞ. Then GA

ab;00ðs; ~rÞ would

also contribute in GFð ~FÞ
ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:

Vð~rÞδab ≡ −g2Re ~GR
ab;00ð0; ~rÞ; ð27Þ

Dð~rÞδab ≡ −g2T
∂
∂ωσab;00ð0; ~rÞ; ð28Þ

Að~rÞδab ≡ −g2
#
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6T
∂
∂ωþ T

3

∂3

∂ω3

$
σab;00ð0; ~rÞ

≃ −
g2

6T
∂
∂ωσab;00ð0; ~rÞ; ð29Þ

where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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matrix elements of Lindblad operators L 
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Reveals interplay of screening (mD) and decoherence (lcorr)

At high T  - derivation of quarkonium Lindblad equation from QCD

Straight forward simulation prescriptions in coordinate space available

Fully quantum evolution based on Re[V] and Im[V]

Transition rates well defined with respect to a certain basis from Lka
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init ⌦ ⇢med
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˜
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these functions, the influence functional in the Markov limit is given by four terms5:

SIF ¼ Spot þ Sfluct þ Sdiss þ SL þ # # # ; ð30Þ

iSpot ¼ −
i
2

Z

t0
dt
Z

d3xd3yVð~x − ~yÞðρa1; ρa2Þðt;~xÞ
!
1 0

0 −1

"#
ρa1
ρa2

$

ðt;~yÞ
; ð31Þ
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iSL ¼ −
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d3xd3yAð~x − ~yÞð_ρa1; _ρa2Þðt;~xÞ
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$
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: ð34Þ

Each term has physical meanings: Spot gives a potential
between two heavy quarks, Sfluct accounts for thermal
fluctuations, Sdiss gives rise to dissipative dynamics such as
the drag force, and SL, which is proportional to
ð_ρ1 − _ρ2Þð_ρ1 − _ρ2Þ, is a new term first introduced in this
paper and makes an essential contribution to render the
Lindblad-form master equations. This is analogous to the
situation in the quantum Brownian motion [16], where it is
necessary to include the ð_x1 − _x2Þ2 term in the influence
functional in order to obtain the Lindblad-form master
equation [28].
The counting in the perturbative and velocity expansion

is Spot; Sfluct ∼ g2v0, Sdiss ∼ g2v, and SL ∼ g2v2. In the
counting, the order of Vð~rÞ; Dð~rÞ; Að~rÞ is loosely counted
as Oðg2Þ for all ~r and similarly for their derivatives. We
keep it loose unless it is worth making it more precise. This
is because our description in the regime of quantum
Brownian motion is not confined to particular states (such
as 1S and 2S states) and thus the spatial size of the wave
function is not necessarily determined uniquely. In Spot, we
ignore a term ∝ ð_ρ1 _ρ1 − _ρ2 _ρ2Þ because it would just give an
Oðg2v2Þ correction to the potential. To be strict, this is not
consistent with the velocity expansion, but we keep SL in
order to obtain the master equations in the Lindblad form.
It should also be remarked that we also implicitly rely on

the perturbative expansion in the procedure of coarse
graining in time. The couplings in SIF is originally nonlocal
in time. Because of the coarse graining, the couplings are

approximated to be local. This approximation corresponds
to the ladder approximation in the Bethe-Salpeter equation.
The overlap of two interactions is thus neglected, which
would yield a cross-ladder contribution of higher order in g.
As discussed before, one can use the free equations of

motion for _ρ1 and _ρ2 in the coarse graining and hence Sdiss
and SL become

iSdiss ¼
i
4T

Z

t0
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d3xd3y ~∇xDð~x − ~yÞ
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Equations (30)–(32) and (35)–(36) constitute the influence
functional in the leading orders in perturbative and velocity
expansions up to the order ofOðg2v0; g2vÞ [and some terms
of order Oðg2v2Þ] in the Markov limit. Note that here we
only consider the color density interaction in the heavy
quark sector, which remains in the 1=c → 0 limit.

C. Functional master equations

Here, we review how to obtain the renormalized effective
Hamiltonian described in Ref. [15]. The total action SCTP ¼R
t0
dtLCTP on the closed-time path is given by adding

nonrelativistic kinetic terms for ψ1;2 ¼ ðQ;Q†
cÞ1;2, where

QðcÞs are Pauli spinors for a heavy (anti)quark:

SCTP½ψ1;ψ2' ¼ Skin½ψ1' − Skin½ψ2' þ SIF½ρ1; ρ2'; ð37Þ

5To obtain the influence functional (30), we need to change
the variables ~x ↔ ~y in the integral to cancel some terms.
However, this apparently trivial operation is possible only for
terms with ρa1ð~xÞði∂tÞnρa2ð~yÞ or ρa2ð~xÞði∂tÞnρa1ð~yÞ. For terms with
ρa1ð~xÞði∂tÞnρa1ð~yÞ or ρa2ð~xÞði∂tÞnρa2ð~yÞ, the variables ~x and ~y
indicate the original order in time, which is essential when
deriving the functional differential equation. Such a problem does
not occur for terms with ρa1ð~xÞði∂tÞnρa2ð~yÞ or ρa2ð~xÞði∂tÞnρa1ð~yÞ.
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fluctuations, Sdiss gives rise to dissipative dynamics such as
the drag force, and SL, which is proportional to
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paper and makes an essential contribution to render the
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situation in the quantum Brownian motion [16], where it is
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counting, the order of Vð~rÞ; Dð~rÞ; Að~rÞ is loosely counted
as Oðg2Þ for all ~r and similarly for their derivatives. We
keep it loose unless it is worth making it more precise. This
is because our description in the regime of quantum
Brownian motion is not confined to particular states (such
as 1S and 2S states) and thus the spatial size of the wave
function is not necessarily determined uniquely. In Spot, we
ignore a term ∝ ð_ρ1 _ρ1 − _ρ2 _ρ2Þ because it would just give an
Oðg2v2Þ correction to the potential. To be strict, this is not
consistent with the velocity expansion, but we keep SL in
order to obtain the master equations in the Lindblad form.
It should also be remarked that we also implicitly rely on

the perturbative expansion in the procedure of coarse
graining in time. The couplings in SIF is originally nonlocal
in time. Because of the coarse graining, the couplings are

approximated to be local. This approximation corresponds
to the ladder approximation in the Bethe-Salpeter equation.
The overlap of two interactions is thus neglected, which
would yield a cross-ladder contribution of higher order in g.
As discussed before, one can use the free equations of

motion for _ρ1 and _ρ2 in the coarse graining and hence Sdiss
and SL become
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Equations (30)–(32) and (35)–(36) constitute the influence
functional in the leading orders in perturbative and velocity
expansions up to the order ofOðg2v0; g2vÞ [and some terms
of order Oðg2v2Þ] in the Markov limit. Note that here we
only consider the color density interaction in the heavy
quark sector, which remains in the 1=c → 0 limit.

C. Functional master equations

Here, we review how to obtain the renormalized effective
Hamiltonian described in Ref. [15]. The total action SCTP ¼R
t0
dtLCTP on the closed-time path is given by adding

nonrelativistic kinetic terms for ψ1;2 ¼ ðQ;Q†
cÞ1;2, where

QðcÞs are Pauli spinors for a heavy (anti)quark:

SCTP½ψ1;ψ2' ¼ Skin½ψ1' − Skin½ψ2' þ SIF½ρ1; ρ2'; ð37Þ

5To obtain the influence functional (30), we need to change
the variables ~x ↔ ~y in the integral to cancel some terms.
However, this apparently trivial operation is possible only for
terms with ρa1ð~xÞði∂tÞnρa2ð~yÞ or ρa2ð~xÞði∂tÞnρa1ð~yÞ. For terms with
ρa1ð~xÞði∂tÞnρa1ð~yÞ or ρa2ð~xÞði∂tÞnρa2ð~yÞ, the variables ~x and ~y
indicate the original order in time, which is essential when
deriving the functional differential equation. Such a problem does
not occur for terms with ρa1ð~xÞði∂tÞnρa2ð~yÞ or ρa2ð~xÞði∂tÞnρa1ð~yÞ.
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After Markov approx. & time coarse graining & Ladder approx. two relevant quantities emerge:
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these functions, the influence functional in the Markov limit is given by four terms5:

SIF ¼ Spot þ Sfluct þ Sdiss þ SL þ # # # ; ð30Þ

iSpot ¼ −
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i
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Each term has physical meanings: Spot gives a potential
between two heavy quarks, Sfluct accounts for thermal
fluctuations, Sdiss gives rise to dissipative dynamics such as
the drag force, and SL, which is proportional to
ð_ρ1 − _ρ2Þð_ρ1 − _ρ2Þ, is a new term first introduced in this
paper and makes an essential contribution to render the
Lindblad-form master equations. This is analogous to the
situation in the quantum Brownian motion [16], where it is
necessary to include the ð_x1 − _x2Þ2 term in the influence
functional in order to obtain the Lindblad-form master
equation [28].
The counting in the perturbative and velocity expansion

is Spot; Sfluct ∼ g2v0, Sdiss ∼ g2v, and SL ∼ g2v2. In the
counting, the order of Vð~rÞ; Dð~rÞ; Að~rÞ is loosely counted
as Oðg2Þ for all ~r and similarly for their derivatives. We
keep it loose unless it is worth making it more precise. This
is because our description in the regime of quantum
Brownian motion is not confined to particular states (such
as 1S and 2S states) and thus the spatial size of the wave
function is not necessarily determined uniquely. In Spot, we
ignore a term ∝ ð_ρ1 _ρ1 − _ρ2 _ρ2Þ because it would just give an
Oðg2v2Þ correction to the potential. To be strict, this is not
consistent with the velocity expansion, but we keep SL in
order to obtain the master equations in the Lindblad form.
It should also be remarked that we also implicitly rely on

the perturbative expansion in the procedure of coarse
graining in time. The couplings in SIF is originally nonlocal
in time. Because of the coarse graining, the couplings are

approximated to be local. This approximation corresponds
to the ladder approximation in the Bethe-Salpeter equation.
The overlap of two interactions is thus neglected, which
would yield a cross-ladder contribution of higher order in g.
As discussed before, one can use the free equations of

motion for _ρ1 and _ρ2 in the coarse graining and hence Sdiss
and SL become

iSdiss ¼
i
4T

Z

t0
dt
Z

d3xd3y ~∇xDð~x − ~yÞ

·ðρa1; ρa2Þðt;~xÞ
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Equations (30)–(32) and (35)–(36) constitute the influence
functional in the leading orders in perturbative and velocity
expansions up to the order ofOðg2v0; g2vÞ [and some terms
of order Oðg2v2Þ] in the Markov limit. Note that here we
only consider the color density interaction in the heavy
quark sector, which remains in the 1=c → 0 limit.

C. Functional master equations

Here, we review how to obtain the renormalized effective
Hamiltonian described in Ref. [15]. The total action SCTP ¼R
t0
dtLCTP on the closed-time path is given by adding

nonrelativistic kinetic terms for ψ1;2 ¼ ðQ;Q†
cÞ1;2, where

QðcÞs are Pauli spinors for a heavy (anti)quark:

SCTP½ψ1;ψ2' ¼ Skin½ψ1' − Skin½ψ2' þ SIF½ρ1; ρ2'; ð37Þ

5To obtain the influence functional (30), we need to change
the variables ~x ↔ ~y in the integral to cancel some terms.
However, this apparently trivial operation is possible only for
terms with ρa1ð~xÞði∂tÞnρa2ð~yÞ or ρa2ð~xÞði∂tÞnρa1ð~yÞ. For terms with
ρa1ð~xÞði∂tÞnρa1ð~yÞ or ρa2ð~xÞði∂tÞnρa2ð~yÞ, the variables ~x and ~y
indicate the original order in time, which is essential when
deriving the functional differential equation. Such a problem does
not occur for terms with ρa1ð~xÞði∂tÞnρa2ð~yÞ or ρa2ð~xÞði∂tÞnρa1ð~yÞ.
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Each term has physical meanings: Spot gives a potential
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fluctuations, Sdiss gives rise to dissipative dynamics such as
the drag force, and SL, which is proportional to
ð_ρ1 − _ρ2Þð_ρ1 − _ρ2Þ, is a new term first introduced in this
paper and makes an essential contribution to render the
Lindblad-form master equations. This is analogous to the
situation in the quantum Brownian motion [16], where it is
necessary to include the ð_x1 − _x2Þ2 term in the influence
functional in order to obtain the Lindblad-form master
equation [28].
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counting, the order of Vð~rÞ; Dð~rÞ; Að~rÞ is loosely counted
as Oðg2Þ for all ~r and similarly for their derivatives. We
keep it loose unless it is worth making it more precise. This
is because our description in the regime of quantum
Brownian motion is not confined to particular states (such
as 1S and 2S states) and thus the spatial size of the wave
function is not necessarily determined uniquely. In Spot, we
ignore a term ∝ ð_ρ1 _ρ1 − _ρ2 _ρ2Þ because it would just give an
Oðg2v2Þ correction to the potential. To be strict, this is not
consistent with the velocity expansion, but we keep SL in
order to obtain the master equations in the Lindblad form.
It should also be remarked that we also implicitly rely on

the perturbative expansion in the procedure of coarse
graining in time. The couplings in SIF is originally nonlocal
in time. Because of the coarse graining, the couplings are

approximated to be local. This approximation corresponds
to the ladder approximation in the Bethe-Salpeter equation.
The overlap of two interactions is thus neglected, which
would yield a cross-ladder contribution of higher order in g.
As discussed before, one can use the free equations of

motion for _ρ1 and _ρ2 in the coarse graining and hence Sdiss
and SL become
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Equations (30)–(32) and (35)–(36) constitute the influence
functional in the leading orders in perturbative and velocity
expansions up to the order ofOðg2v0; g2vÞ [and some terms
of order Oðg2v2Þ] in the Markov limit. Note that here we
only consider the color density interaction in the heavy
quark sector, which remains in the 1=c → 0 limit.

C. Functional master equations

Here, we review how to obtain the renormalized effective
Hamiltonian described in Ref. [15]. The total action SCTP ¼R
t0
dtLCTP on the closed-time path is given by adding

nonrelativistic kinetic terms for ψ1;2 ¼ ðQ;Q†
cÞ1;2, where

QðcÞs are Pauli spinors for a heavy (anti)quark:

SCTP½ψ1;ψ2' ¼ Skin½ψ1' − Skin½ψ2' þ SIF½ρ1; ρ2'; ð37Þ

5To obtain the influence functional (30), we need to change
the variables ~x ↔ ~y in the integral to cancel some terms.
However, this apparently trivial operation is possible only for
terms with ρa1ð~xÞði∂tÞnρa2ð~yÞ or ρa2ð~xÞði∂tÞnρa1ð~yÞ. For terms with
ρa1ð~xÞði∂tÞnρa1ð~yÞ or ρa2ð~xÞði∂tÞnρa2ð~yÞ, the variables ~x and ~y
indicate the original order in time, which is essential when
deriving the functional differential equation. Such a problem does
not occur for terms with ρa1ð~xÞði∂tÞnρa2ð~yÞ or ρa2ð~xÞði∂tÞnρa1ð~yÞ.
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This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:

Z
∞

0
dsGðsÞρðtÞρðt − sÞ

¼
X∞

n¼0

1

n!
½ρðtÞði∂tÞnρðtÞ"

Z
∞

−∞

dω
2πi

∂n
ω
~GðωÞ

ω − iϵ
; ð24Þ

where ~GðωÞ ¼
R
dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
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For the couplings with the symmetrized correlation func-
tion, we obtain
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using the fact that ~GS
ab;00ðω; ~rÞ ¼ cothðω=2TÞσab;00ðω; ~rÞ

is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
t0

dt
R∞
−∞ dsGðsÞρðtÞρðt − sÞ. Then GA

ab;00ðs; ~rÞ would

also contribute in GFð ~FÞ
ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:

Vð~rÞδab ≡ −g2Re ~GR
ab;00ð0; ~rÞ; ð27Þ

Dð~rÞδab ≡ −g2T
∂
∂ωσab;00ð0; ~rÞ; ð28Þ

Að~rÞδab ≡ −g2
#

1

6T
∂
∂ωþ T

3

∂3

∂ω3

$
σab;00ð0; ~rÞ

≃ −
g2

6T
∂
∂ωσab;00ð0; ~rÞ; ð29Þ

where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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respect to the temporal gauge transformation.3 Note that the
1=c expansion for the heavy quark Lagrangian does not
necessarily lead to the same expansion in the final result.
This is because the environment is still relativistic and
inevitably involves factors of c if recovered. If we formally
distinguish the velocity of light in the heavy quark
Lagrangian by using cQ, the nonrelativistic limit here
corresponds to taking 1=cQ → 0 limit. Despite these short-
comings, we take this approach because of a clear physical
picture: Heavy quarks interact with the environment
through the color electric interaction.4 The influence func-
tional now becomes a functional of heavy quark color
density ρa ¼ ψ̄taγ0ψ :

eiSIF½ρ1;ρ2# ≃
Z

D½A; q#1;2hA1; q1jρ
eq
E jA2; q2it0

× exp
!
i
Z

t0
d4xfLgþqðA1; q1Þ − gρa1A

a
1;μ¼0g

"

× exp
!
−i
Z

t0
d4xfLgþqðA2; q2Þ − gρa2A

a
2;μ¼0g

"
:

ð11Þ

2. Perturbative expansion

In the perturbative expansion, assuming the medium
temperature is very high but much lower than the heavy
quark mass, the leading-order terms in SIF are given by

iSIF½ρ1; ρ2# ¼ −
g2

2

Z

t0
d4xd4yðρa1; ρa2ÞðxÞ

×
! GF

ab;00 −G<
ab;00

−G>
ab;00 G ~F

ab;00

"

ðx−yÞ

#
ρb1
ρb2

$

ðyÞ

þOðg3Þ: ð12Þ

The two-point functions of gluons are defined as

GF
ab;00ðx − yÞ≡ hTAa

0ðxÞAb
0ðyÞi; ð13Þ

G ~F
ab;00ðx − yÞ≡ h ~TAa

0ðxÞAb
0ðyÞi; ð14Þ

G>
ab;00ðx − yÞ≡ hAa

0ðxÞAb
0ðyÞi; ð15Þ

G<
ab;00ðx − yÞ≡ hAb

0ðyÞAa
0ðxÞi; ð16Þ

where hOi denotes the thermal average in the gluon and
light quark system. For completeness, let us also define the
following retarded and advanced propagators, symmetrized
correlation function, and spectral function:

GR
ab;00ðx − yÞ≡ iθðx0 − y0Þh½Aa

0ðxÞ;Ab
0ðyÞ#i; ð17Þ

GA
ab;00ðx − yÞ≡ −iθðy0 − x0Þh½Aa

0ðxÞ;Ab
0ðyÞ#i; ð18Þ

GS
ab;00ðx − yÞ≡ hfAa

0ðxÞ;Ab
0ðyÞgi; ð19Þ

σab;00ðω; ~x − ~yÞ≡
Z

dte−iωðx
0−y0Þh½Aa

0ðxÞ;Ab
0ðyÞ#i: ð20Þ

For a later purpose of coarse graining in time, let us
change the time variables from ðx0; y0Þ to ðt; sÞ with

t ¼ maxðx0; y0Þ; s ¼ jx0 − y0j: ð21Þ

The new time variable t is taken to be always the later one
of x0 and y0. This is essential in obtaining correct time-
evolution equations. In terms of the new time variables, the
interaction terms can be schematically written as

Z

t0
d4xd4yρðxÞGðx − yÞρðyÞ

¼
Z

∞

t0
dt
Z

t−t0

0
ds
Z

d3xd3y

×
#
ρðt; ~xÞGðs; ~x − ~yÞρðt − s; ~yÞ
þρðt − s; ~xÞGð−s; ~x − ~yÞρðt; ~yÞ

$

≃
Z

∞

t0
dt
Z

∞

0
ds
Z

d3xd3y

×
#
ρðt; ~xÞGðs; ~x − ~yÞρðt − s; ~yÞ
þρðt − s; ~xÞGð−s; ~x − ~yÞρðt; ~yÞ

$
: ð22Þ

The final expression is obtained by noting that the
information of the initial time t0 will become irrelevant
after (a few times) the finite correlation time of gluons. The
gluon correlation time is much shorter than the dynamical
time scales of the heavy quark systems, such as the
relaxation time. The former is ∼1=gT or shorter (∼1=T)
while the latter is ∼1=g2T ≫ 1=gT for decoherence and
color diffusion (the kinetic relaxation time is much longer,
∼M=g4T2). This condition corresponds to τE ≪ τR for the
quantum Brownian motion in Table I. Using the symmetry

of gluon two-point functions, such as GFð ~FÞ
ab;00ð−s;−~rÞ ¼

GFð ~FÞ
ba;00ðs; ~rÞ and G>

ab;00ð−s;−~rÞ ¼ G<
ba;00ðs; ~rÞ, we obtain

3One can easily check that the resultant master equations give
gauge invariant expectation values for color singlet observables.
Here, the gauge transformation is, of course, limited to the
temporal direction ψðt; ~xÞ → UðtÞψðt; ~xÞ with UðtÞ ∈ SUðNcÞ.4In the 1=M expansion, the full gauge invariance is preserved
in the heavy quark Lagrangian. In this expansion, heavy quarks
interact with the environment through the color magnetic inter-
action as well as the color electric interaction.

HEAVY QUARK MASTER EQUATIONS IN THE LINDBLAD … PHYSICAL REVIEW D 91, 056002 (2015)

056002-5

Eqs. (27)–(29). The explicit forms of the retarded propa-
gator and the spectral function are

~GR
ab;00ð0; ~rÞ ¼ −

e−ωDr

4πr
; ðA1Þ

∂
∂ωσab;00ð0; ~rÞ ¼

Z
d3k
ð2πÞ3

πω2
De

i~k·~r

kðk2 þ ω2
DÞ2

; ðA2Þ

with the Debye screening mass ω2
D¼ðg2T2=3ÞðNcþNf=2Þ

for QCD with Nf light flavors. With these, Vð~rÞ, Dð~rÞ, and
Að~rÞ are determined to leading order in g.
It should be emphasized that the HTL-resummed cal-

culation gives the leading-order result for r≃ 1=gT but
does not give a correct extrapolation from r≃ 1=gT to
r≃ 1=T. For example, if we calculate the heavy quark
momentum diffusion constant, which is given by

ðCF=3Þ ~∇2
Dð~rÞjr¼0 [15], the scattering processes with

exchanged momentum k≃ T (hard) as well as k≃ gT
(soft) become relevant. In this case, we need to split the
momentum integral at some intermediate scale gT ≪ Λ ≪
T in momentum space and add the two contributions to
obtain the heavy quark diffusion constant. In k < Λ the
HTL-resummed result for soft momentum exchange is
reliable, while in k > Λ the scattering processes with hard
exchanged momentum k need to be considered separately.
The contributions from different momentum regions
are logarithmically sensitive to the scale Λ but these
dependences are canceled in the sum, yielding a finite
and Λ-independent heavy quark momentum diffusion
constant [30].

APPENDIX B: AN ILLUSTRATION OF
OBTAINING THE MASTER EQUATIONS

Here, we briefly sketch how a term − 1
2

R
t0 dt×R

d3xd3yDð~x − ~yÞρa1ðt; ~xÞρa2ðt; ~yÞ ∈ iSfluct in the influence
functional contributes in the master equation for a single
heavy quark. First, we obtain the corresponding term in the
Hamiltonian HCTP as

HCTP ∋ i
2

Z

t0
dt
Z

d3xd3yDð~x − ~yÞ½ta&ij½ta&kl

× ψ i†
1 ðt; ~xÞψ

j
1ðt; ~xÞψ l

2ðt; ~yÞψ
k†
2 ðt; ~yÞ: ðB1Þ

Note that the operators are ordered by time. The overall
sign is determined by ð−1Þ2: ð−1Þ from conversion to
Hamiltonian and ð−1Þ from fermion field ordering for ψ2.
In the single heavy quark sector, the relevant term is

HCTP ∋ i
2

Z

t0
dt
Z

d3xd3yDð~x − ~yÞ½ta&ij½ta&kl

× Qi†
1 ðt; ~xÞQ

j
1ðt; ~xÞQl

2ðt; ~yÞQ
k†
2 ðt; ~yÞ: ðB2Þ

We introduce ð ~Q†
2; ~Q2Þ≡ ðQ2;Q

†
2Þ and obtain a functional

operator by replacing ðQ†
1;Q1Þ→ ðQ'

1;
δ

δQ'
1
Þ and ð ~Q†

2; ~Q2Þ →
ð ~Q'

2;− δ
δ ~Q'

2

Þ. This yields

HCTP ∋ −
i
2

Z

t0
dt
Z

d3xd3yDð~x − ~yÞ½ta&ij½ta&kl

×Qi'
1 ðt; ~xÞ

δ

δQj'
1 ðt; ~xÞ

~Ql'
2 ðt; ~yÞ

δ

δ ~Qk'
2 ðt; ~yÞ

¼ −
i
2

Z

t0
dt
Z

d3xd3yDð~x − ~yÞ½ta&ij½ta'&lk

× ~Ql'
2 ðt; ~yÞQi'

1 ðt; ~xÞ
δ

δQj'
1 ðt; ~xÞ

δ

δ ~Qk'
2 ðt; ~yÞ

: ðB3Þ

This functional operator acts on ρS½t; Q'
1ðcÞ; ~Q

'
2ðcÞ& in the

functional master equation i∂tρS ¼ HCTPρS. As in Eq. (47),
reduced density matrix of a single heavy quark is given by

ρijQðt; ~x; ~yÞ ¼ −
δ

δQi'
1 ð~xÞ

δ

δ ~Qj'
2 ð~yÞ

ρS½t; Q'
1ðcÞ; ~Q

'
2ðcÞ&jQ'¼0:

ðB4Þ

Thus, we obtain the master equation for a single heavy
quark as

∂
∂tρ

ij
Qðt; ~x; ~yÞ¼

!
( ( (−1

2
Dð~x− ~yÞ½ta&ik½ta'&jlþ(( (

"
ρklQðt; ~x; ~yÞ:

ðB5Þ

We have the same contribution from − 1
2

R
t0 dt

R
d3xd3y×

Dð~x − ~yÞρa2ðt; ~xÞρa1ðt; ~yÞ ∈ iSfluct so that we see the
sum of these in the master equation (50) (the first term
in F1).

APPENDIX C: TIME-EVOLUTION EQUATION
FOR THE FORWARD PROPAGATOR

By the method explained in Sec. II, we can derive
the time-evolution equation for the forward propagator
G>

QQc
ðt; ~xQ; ~xQc

Þ in the Nc ⊗ N'
c representation. The

time-evolution equation is often called the Schrödinger
equation, causing a lot of confusion by its name. Using
the influence functional up to Oðg2v0; g2vÞ [thus, we
do not consider SL ∼Oðg2v2Þ here], the time evolution
of the forward propagator is given by an operator
Kð~xQ; ~xQc

Þ:

i
∂
∂t G

>
QQc

ðt; ~xQ; ~xQc
Þ ¼ Kð~xQ; ~xQc

ÞG>
QQc

ðt; ~xQ; ~xQc
Þ; ðC1Þ
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iSIF½ρ1; ρ2"≃ −g2
Z

∞

t0
dt
Z

d3xd3y
Z

∞

0
dsðρa1; ρa2Þðt;~xÞ

×
! GF

ab;00 −G<
ab;00

−G>
ab;00 G ~F

ab;00

"

ðs;~x−~yÞ

#
ρb1
ρb2

$

ðt−s;~yÞ
:

ð23Þ
This influence functional is still nonlocal in time. By the
Markov approximation that will be made shortly, the
influence functional becomes local in time and thus
Markovian master equations will be obtained.

3. Coarse graining in time

When the intrinsic (not dynamical) time scale of the
heavy quark color density is long compared to the gluon
correlation time, we can perform a coarse graining in time
as is commonly done in the derivation of quantum
Brownian motion. This corresponds to the condition τE ≪
τS in Table I. The time scales of the heavy quark color
density are v=_v ∼∞ for single heavy quark kinetics and
v= _v ∼ 1=Mα2 for relative motion in a quarkonium (assum-
ing the Coulomb bound states), while the gluon correlation
time is ∼1=gT or shorter (∼1=T). Therefore, if Mα2 ≪ gT
is satisfied, the quantum Brownian motion approach can
also be applicable to a quarkonium. In this case, we can
neglect the effect of acceleration by the potential force
during a scattering.
Schematically, the coupling of the heavy quark color

densities at different times is approximated by truncating
the following expansions:

Z
∞

0
dsGðsÞρðtÞρðt − sÞ

¼
X∞

n¼0

1

n!
½ρðtÞði∂tÞnρðtÞ"

Z
∞

−∞

dω
2πi

∂n
ω
~GðωÞ

ω − iϵ
; ð24Þ

where ~GðωÞ ¼
R
dteiωtGðt; ~rÞ and ϵ > 0. The truncation

corresponds to focusing on the long time behavior of
the heavy quark color density ρðtÞ. In our case, we keep the
terms with n ≤ 2, which corresponds to neglecting the
effect of acceleration (after partial integration in time for
n ¼ 2). Since _ρa ¼ − ~∇ · ~ja ∼ ~v · ~∇ρa, it formally takes a
form of velocity expansion.
Using GFð ~FÞ

ab;00ðs; ~rÞ ¼ G>ð<Þ
ab;00ðs; ~rÞ ¼ − i

2 ð
i
2ÞG

R
ab;00ðs; ~rÞ þ

1
2G

S
ab;00ðs; ~rÞ for s > 0, Eq. (23) can be expressed with

GR
ab;00ðs; ~rÞ and GS

ab;00ðs; ~rÞ. For the couplings with the
retarded propagator, the analytic structure of ~GR

ab;00ðω; ~rÞ in
the complex ω plane leads to
Z

∞

0
dsGR

ab;00ðs; ~x − ~yÞρaðt; ~xÞρbðt − s; ~yÞ

≃
X

n¼0;1;2

1

n!
½ρaðt; ~xÞði∂tÞnρbðt; ~yÞ"∂n

ω
~GR
ab;00ð0; ~x − ~yÞ:

ð25Þ

For the couplings with the symmetrized correlation func-
tion, we obtain
Z

∞

0
dsGS

ab;00ðs; ~x − ~yÞρaðt; ~xÞρbðt − s; ~yÞ

≃ 1

2

X

n¼0;2

1

n!
½ρaðt; ~xÞði∂tÞnρbðt; ~yÞ"∂n

ω
~GS
ab;00ð0; ~x − ~yÞ

þ ½ρaðt; ~xÞi∂tρbðt; ~yÞ"
Z

∞

−∞

dω
2πi

1

ω
∂ω

~GS
ab;00ðω; ~x − ~yÞ

≃ 1

2

X

n¼0;2

1

n!
½ρaðt; ~xÞði∂tÞnρbðt; ~yÞ"∂n

ω
~GS
ab;00ð0; ~x − ~yÞ;

ð26Þ

using the fact that ~GS
ab;00ðω; ~rÞ ¼ cothðω=2TÞσab;00ðω; ~rÞ

is an even function of ω. Here, we drop the indices
of the time contour in ρa. By approximating the
spectral function by an Ohmic one σab;00ðω; ~rÞ∼
γabð~rÞω with a cutoff at jωj ¼ Ω ≪ gT or T to ignore
the memory effect of gluons, the integral in the third line of
Eq. (26) turns out to be ∝ Ω=T ≪ 1 and thus can be
ignored.
The choice of t matters because, if we took it to be

t ¼ ðx0 þ y0Þ=2, we would have integrals of the formR∞
t0

dt
R∞
−∞ dsGðsÞρðtÞρðt − sÞ. Then GA

ab;00ðs; ~rÞ would

also contribute in GFð ~FÞ
ab;00ðs; ~rÞ for s < 0 and cancel the

diagonal parts of Eq. (33) or (35) in the final result. The
reason why we have to take t ¼ maxðx0; y0Þ will become
clear when we discuss how to obtain the functional master
equation.

4. Influence functional in the Markov limit

Let us define the following three functions to parametrize
the influence functional:

Vð~rÞδab ≡ −g2Re ~GR
ab;00ð0; ~rÞ; ð27Þ

Dð~rÞδab ≡ −g2T
∂
∂ωσab;00ð0; ~rÞ; ð28Þ

Að~rÞδab ≡ −g2
#

1

6T
∂
∂ωþ T

3

∂3

∂ω3

$
σab;00ð0; ~rÞ

≃ −
g2

6T
∂
∂ωσab;00ð0; ~rÞ; ð29Þ

where the Ohmic spectral function for σ00;abðω; ~rÞ is
assumed as before to obtain Að~rÞ≃Dð~rÞ=6T2. Explicit
forms of Re ~GR

ab;00ð0; ~rÞ and ∂
∂ω σab;00ð0; ~rÞ at typical dis-

tance r ∼ 1=gT are given in Appendix A, using the hard
thermal loop (HTL) resummed perturbation theory. Using
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Eqs. (27)–(29). The explicit forms of the retarded propa-
gator and the spectral function are

~GR
ab;00ð0; ~rÞ ¼ −

e−ωDr

4πr
; ðA1Þ

∂
∂ωσab;00ð0; ~rÞ ¼

Z
d3k
ð2πÞ3

πω2
De

i~k·~r

kðk2 þ ω2
DÞ2

; ðA2Þ

with the Debye screening mass ω2
D¼ðg2T2=3ÞðNcþNf=2Þ

for QCD with Nf light flavors. With these, Vð~rÞ, Dð~rÞ, and
Að~rÞ are determined to leading order in g.
It should be emphasized that the HTL-resummed cal-

culation gives the leading-order result for r≃ 1=gT but
does not give a correct extrapolation from r≃ 1=gT to
r≃ 1=T. For example, if we calculate the heavy quark
momentum diffusion constant, which is given by

ðCF=3Þ ~∇2
Dð~rÞjr¼0 [15], the scattering processes with

exchanged momentum k≃ T (hard) as well as k≃ gT
(soft) become relevant. In this case, we need to split the
momentum integral at some intermediate scale gT ≪ Λ ≪
T in momentum space and add the two contributions to
obtain the heavy quark diffusion constant. In k < Λ the
HTL-resummed result for soft momentum exchange is
reliable, while in k > Λ the scattering processes with hard
exchanged momentum k need to be considered separately.
The contributions from different momentum regions
are logarithmically sensitive to the scale Λ but these
dependences are canceled in the sum, yielding a finite
and Λ-independent heavy quark momentum diffusion
constant [30].

APPENDIX B: AN ILLUSTRATION OF
OBTAINING THE MASTER EQUATIONS

Here, we briefly sketch how a term − 1
2

R
t0 dt×R

d3xd3yDð~x − ~yÞρa1ðt; ~xÞρa2ðt; ~yÞ ∈ iSfluct in the influence
functional contributes in the master equation for a single
heavy quark. First, we obtain the corresponding term in the
Hamiltonian HCTP as

HCTP ∋ i
2

Z

t0
dt
Z

d3xd3yDð~x − ~yÞ½ta&ij½ta&kl

× ψ i†
1 ðt; ~xÞψ

j
1ðt; ~xÞψ l

2ðt; ~yÞψ
k†
2 ðt; ~yÞ: ðB1Þ

Note that the operators are ordered by time. The overall
sign is determined by ð−1Þ2: ð−1Þ from conversion to
Hamiltonian and ð−1Þ from fermion field ordering for ψ2.
In the single heavy quark sector, the relevant term is

HCTP ∋ i
2

Z

t0
dt
Z

d3xd3yDð~x − ~yÞ½ta&ij½ta&kl

× Qi†
1 ðt; ~xÞQ

j
1ðt; ~xÞQl

2ðt; ~yÞQ
k†
2 ðt; ~yÞ: ðB2Þ

We introduce ð ~Q†
2; ~Q2Þ≡ ðQ2;Q

†
2Þ and obtain a functional

operator by replacing ðQ†
1;Q1Þ→ ðQ'

1;
δ

δQ'
1
Þ and ð ~Q†

2; ~Q2Þ →
ð ~Q'

2;− δ
δ ~Q'

2

Þ. This yields

HCTP ∋ −
i
2

Z

t0
dt
Z

d3xd3yDð~x − ~yÞ½ta&ij½ta&kl

×Qi'
1 ðt; ~xÞ

δ

δQj'
1 ðt; ~xÞ

~Ql'
2 ðt; ~yÞ

δ

δ ~Qk'
2 ðt; ~yÞ

¼ −
i
2

Z

t0
dt
Z

d3xd3yDð~x − ~yÞ½ta&ij½ta'&lk

× ~Ql'
2 ðt; ~yÞQi'

1 ðt; ~xÞ
δ

δQj'
1 ðt; ~xÞ

δ

δ ~Qk'
2 ðt; ~yÞ

: ðB3Þ

This functional operator acts on ρS½t; Q'
1ðcÞ; ~Q

'
2ðcÞ& in the

functional master equation i∂tρS ¼ HCTPρS. As in Eq. (47),
reduced density matrix of a single heavy quark is given by

ρijQðt; ~x; ~yÞ ¼ −
δ

δQi'
1 ð~xÞ

δ

δ ~Qj'
2 ð~yÞ

ρS½t; Q'
1ðcÞ; ~Q

'
2ðcÞ&jQ'¼0:

ðB4Þ

Thus, we obtain the master equation for a single heavy
quark as

∂
∂tρ

ij
Qðt; ~x; ~yÞ¼

!
( ( (−1

2
Dð~x− ~yÞ½ta&ik½ta'&jlþ(( (

"
ρklQðt; ~x; ~yÞ:

ðB5Þ

We have the same contribution from − 1
2

R
t0 dt

R
d3xd3y×

Dð~x − ~yÞρa2ðt; ~xÞρa1ðt; ~yÞ ∈ iSfluct so that we see the
sum of these in the master equation (50) (the first term
in F1).

APPENDIX C: TIME-EVOLUTION EQUATION
FOR THE FORWARD PROPAGATOR

By the method explained in Sec. II, we can derive
the time-evolution equation for the forward propagator
G>

QQc
ðt; ~xQ; ~xQc

Þ in the Nc ⊗ N'
c representation. The

time-evolution equation is often called the Schrödinger
equation, causing a lot of confusion by its name. Using
the influence functional up to Oðg2v0; g2vÞ [thus, we
do not consider SL ∼Oðg2v2Þ here], the time evolution
of the forward propagator is given by an operator
Kð~xQ; ~xQc

Þ:

i
∂
∂t G

>
QQc

ðt; ~xQ; ~xQc
Þ ¼ Kð~xQ; ~xQc

ÞG>
QQc

ðt; ~xQ; ~xQc
Þ; ðC1Þ
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Based on single gluon exchange: noise governed by D function
always corresponds to a singlet <-> octet transition. 
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for color octet state 

for color singlet state

thermal fluctuaCon

potenCal termkineCc term
(relaCve moCon)

V (r) = �↵e↵

r
exp (�mDr)
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lcorr � l lcorr ⌧ l 

!"#$$: Noise correlation length
!% :  size of quarkonium wave function

SU(3) 1D numerical calcula7on (preliminary)
◇ Time evolu7on in a sta7c QGP (T=400 MeV) 

Initial state: Ground state of Debye potential

NX: 512 / T: 0.4 GeV / 1000 events

In Cme evoluCon operator, the noise rotates wave funcCon randomly.

Wave func7on decoherence
State mixing due to 
local rotaCons of the noise. 

Open quantum system

Q. How should we understand these phenomena 
in a unified manner? 

d

dt
⇢sys(t) = �i [H, ⇢sys] +

X

n

�
2Ln⇢sysL

†
n � L

†
nLn⇢sys � ⇢sysL

†
nLn

�
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Sequen7al suppression Recombina7on

residual interaction

where                  is a.racCve potenCal

itself does not mix color states.
Color state mixing occurs due to noise.

Wave func7on decoherence4

Parity symmetry of thermal fluctua7on term

・derived based on framework of open quantum system 
・unitary time evolution
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◇Time evolu7on 
in a Bjorken-expanding QGP

Bo.omonium

Consistent with experimental results.
Behavior of occupation of 2nd excited 
state at late time is owing to projection 
from Debye unbound states 
to vacuum states.

CorrelaCon b/w different posiCon is lost 
because of decoherence.
Diagonal(& = (): 
only same-posiCon correlaCon remains.
AnC-diagonal(& = −(): 
long-distance correlaCon remains due to 
ini7al parity conserva7on.

NX: 512 / T(iniCal): 0.4 GeV/ 1000 events

Conclusion and Outlook
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▷We invesCgated dynamics of a quarkonium in a staCc/Bjorken-expanding QGP 
through SU(3) stochas7c poten7al model.

A. Quantum treatment is necessary!
suppression … quantum dissociation (screening + noise)

recombination … wave function decoherence
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Tensor structure of Θ:
parity odd

octet 

singlet
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: SU(3) generator

▷ The FIRST numerical simula7on in color singlet and octet states w/o invoking any 
semi-classical approxima7on.
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SU(3): no parity
SU(2): parity even

,

0

odd

odd

even

+,(.)

+0(.)
1 lim56→8

1
Δ.

Δ+,
Δ+0

=

(i) (ii)

(iii)

For SU(2) , subsCtuCng them into (noise only) Schrödinger eq. 1
;+ (, .
;. = Θ (, . + (, . ,

Singlet always becomes octet(triplet) after Δ. due to noise.
Only for SU(2), fluctuation term keeps initial parity.
For SU(3), initial parity is gradually lost as time.

Initial state(t=0):

(

Given an initial state, we can confirm that initial 
parity is kept for SU(2) even after time evolution.

even

0

=>?
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Survival probability

▷ Not only Debye color screening, but dynamical wave function decoherence due to noise 
is also important to understand quarkonium dynamics.  
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Cf. under constant diffusion coefficient 

Octet density matrix

Octet Wigner distribution R =
x+ y

2
, r = x� y
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▶ Comparison between quantum-mechanical and classical distribuCon of octet states 

trace out 
environment d.o.f.

Noise gives energy ∼ AB to a quarkonium 
at every sca.ering. The (anC)quarks gerng 
momentum move away from each other in 
repulsive potenCal. 
It moves like a classical parCcle except for 
origin while its evoluCon is genuinely 
quantum mechanical.
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Based on single gluon exchange: noise governed by D function
always corresponds to a singlet <-> octet transition. 
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H(r, t) ⌘ �r2
r/M + V (r)(ta ⌦ t

a⇤) +⇥(r, t)
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for color octet state 

for color singlet state

thermal fluctuaCon

potenCal termkineCc term
(relaCve moCon)

V (r) = �↵e↵

r
exp (�mDr)
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lcorr � l lcorr ⌧ l 

!"#$$: Noise correlation length
!% :  size of quarkonium wave function

SU(3) 1D numerical calcula7on (preliminary)
◇ Time evolu7on in a sta7c QGP (T=400 MeV) 

Initial state: Ground state of Debye potential

NX: 512 / T: 0.4 GeV / 1000 events

In Cme evoluCon operator, the noise rotates wave funcCon randomly.

Wave func7on decoherence
State mixing due to 
local rotaCons of the noise. 

Open quantum system

Q. How should we understand these phenomena 
in a unified manner? 
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Sequen7al suppression Recombina7on

residual interaction

where                  is a.racCve potenCal

itself does not mix color states.
Color state mixing occurs due to noise.

Wave func7on decoherence4

Parity symmetry of thermal fluctua7on term

・derived based on framework of open quantum system 
・unitary time evolution
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◇Time evolu7on 
in a Bjorken-expanding QGP

Bo.omonium

Consistent with experimental results.
Behavior of occupation of 2nd excited 
state at late time is owing to projection 
from Debye unbound states 
to vacuum states.

CorrelaCon b/w different posiCon is lost 
because of decoherence.
Diagonal(& = (): 
only same-posiCon correlaCon remains.
AnC-diagonal(& = −(): 
long-distance correlaCon remains due to 
ini7al parity conserva7on.

NX: 512 / T(iniCal): 0.4 GeV/ 1000 events

Conclusion and Outlook
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▷We invesCgated dynamics of a quarkonium in a staCc/Bjorken-expanding QGP 
through SU(3) stochas7c poten7al model.

A. Quantum treatment is necessary!
suppression … quantum dissociation (screening + noise)

recombination … wave function decoherence
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Tensor structure of Θ:
parity odd

octet 

singlet

r
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repulsive

a.racCve

Vs/o(r)
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: SU(3) generator

▷ The FIRST numerical simula7on in color singlet and octet states w/o invoking any 
semi-classical approxima7on.

a = 1 ⇠ 8
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▷

H(r, t) ⌘ �r2
r/M + V (r)(ta ⌦ t

a⇤) +⇥(r, t)
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SU(3): no parity
SU(2): parity even

,

0

odd

odd

even

+,(.)

+0(.)
1 lim56→8

1
Δ.

Δ+,
Δ+0

=

(i) (ii)

(iii)

For SU(2) , subsCtuCng them into (noise only) Schrödinger eq. 1
;+ (, .
;. = Θ (, . + (, . ,

Singlet always becomes octet(triplet) after Δ. due to noise.
Only for SU(2), fluctuation term keeps initial parity.
For SU(3), initial parity is gradually lost as time.

Initial state(t=0):

(

Given an initial state, we can confirm that initial 
parity is kept for SU(2) even after time evolution.

even

0

=>?
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Survival probability

▷ Not only Debye color screening, but dynamical wave function decoherence due to noise 
is also important to understand quarkonium dynamics.  
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Cf. under constant diffusion coefficient 

Octet density matrix

Octet Wigner distribution R =
x+ y

2
, r = x� y
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⇢8(x, y) = h 8
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i = 1 ⇠ 8
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dr⇢8(x, y)e
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▶ Comparison between quantum-mechanical and classical distribuCon of octet states 

trace out 
environment d.o.f.

Noise gives energy ∼ AB to a quarkonium 
at every sca.ering. The (anC)quarks gerng 
momentum move away from each other in 
repulsive potenCal. 
It moves like a classical parCcle except for 
origin while its evoluCon is genuinely 
quantum mechanical.

(Absolute value)
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color singlet density matrix color octet density matrix

Wigner distribution around origin
shows non-positive contributions

Genuine quantum nature of quarkonium remains relevant

W (R; p) =

Z
dr⇢(x; y)e�ipr
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Based on single gluon exchange: noise governed by D function
always corresponds to a singlet <-> octet transition. 
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QQ evolution
color singlet color octet

vacuum

In-medium effects: mod. Hamiltonian + radiation field  (not necessarily in form of a potential)

thermal equilibrium

color singlet ρsinglet(ω)

QCD spectral function
(fully non-perturbative)
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INELASTIC REACTION RATES IN THE OSAKA / STAVANGER APPROACH

QQ evolution
color singlet color octet

vacuum

In-medium effects: mod. Hamiltonian + radiation field  (not necessarily in form of a potential)

thermal equilibrium

color singlet ρsinglet(ω)

QCD spectral function
(fully non-perturbative)

T>0
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Rate equation
dN 
dt

= �� (T )
h
N � Neq

 (T )
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From QCD towards phenomenology
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weak coupling

INELASTIC REACTION RATES IN THE OSAKA / STAVANGER APPROACH
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QCD

Boltzmann equation
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gradient expansion &
”quantum optical limit”
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Crec connection to open HF: 
keep track of unbound QQ
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gradient expansion &
”quantum optical limit”

time scale separation
close to equilibrium
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At RHIC: bottom not equilibrated & good agreement. At LHC: underestimates yields

fluctuations fluctuations dissipationdissipation Im[V]

HQQ̄
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First “derivation” of phenomenological models based on nonlinear Schrödinger equation
c.f. e.g. R. Katz, P. Gossiaux Annals Phys. 368 (2016) 267

First genuine Lindblad implementation: previous works could not maintain positivity of ρ
D. De Boni, JHEP 1708 (2017) 064
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Towards full Lindblad dynamics (II)
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Encouraging: admixtures become independent of initial conditions at late times

Proof of
principle

in 1d

Unravel dynamics in wavefunction stochastic dynamics: Quantum State Diffusion
T. Miura, Y.Akamatsu, M. Asakawa, A.R., arXiv:1908.06293

Distribution of states at late times agrees well with Boltzmann and yields consistent T

RK4 + noise step

Lindblad Equation for the quantum Brownian motion regime at high temperature
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