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Quarkonia as 'hard probes' (1)

Formation time of a       pair is small 

Mass is large compared to the typical temperature

Dynamics of heavy quarks is non-relativistic

QQ̄
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Heavy quarks are produced in pairs in the early stages of 
URHIC. Their number remains constant.



Quarkonia as 'hard probes' (2)

Initial suggestion (MS 86): screening of the potential 

This picture predicts a suppression of bound states at 
high temperature, the most 'fragile' ones (bigger, less 
bound) disappearing first as the temperature increases 
("sequential suppression"). 

H =
P

2

MQ

+ V(r)
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exp�rmD(T ) +�(T )r
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Picture receives support from lattice calculations

However, this is an oversimplification of what turns out to be a 
rather complicated many-body problem 

from Kaczmarek, Zantow(2005)

Static quark anti-quark free and internal energy in 2-flavor QCD Olaf Kaczmarek
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Figure 1: (left) The colour singlet quark anti-quark free energies, F1(r,T ), at several temperatures as func-
tion of distance in physical units. Shown are results from lattice studies of 2-flavour QCD (from [1]). The
solid line represents the T = 0 heavy quark potential, V (r). The dashed error band corresponds to the string
breaking energy at zero temperature, V (rbreaking) ≃ 1000− 1200 MeV, based on the estimate of the string
breaking distance, rbreaking ≃ 1.2−1.4 fm [2]. (right) The screening radius estimated from the inverse Debye
mass, rD ≡ 1/mD (Nf=0: open squares, Nf=2 filled squares), and the scale rmed (Nf=0: open circles, Nf=2:
filled circles, Nf=3: crosses) defined in (2.1) as function of T/Tc. The horizontal lines give the mean squared
charge radii of some charmonium states, J/ψ , χc and ψ ′ (see also [3, 4]) and the band at the left frame shows
the distance at which string breaking is expected in 2-flavor QCD at T = 0 and quark mass mπ/mρ ≃ 0.7
[2].

1. Introduction

A simple Ansatz to study the possible existence of bound states above the critical temperature
is to use effective temperature dependent potentials that model the medium modifications of strong
interactions in a quark gluon plasma. To what extend a suitable effective potential at finite tem-
perature can be defined by quark antiquark free or internal energies and furthermore how realistic
such (simple) descriptions of bound states in a deconfined medium are is still an open question.
By comparing the screening radii obtained from lattice results on singlet free energies in 2-flavour
QCD to the mean squared charge radii we obtain first estimates on the temperatures where char-
monium bound states may be influenced by medium effects. In more realistic potential model
calculations effective temperature dependent potentials that model medium effects are used in the
Schrödinger equation. We present the heavy quark free energies and their contributions, i.e. en-
tropy and internal energy, and discuss the different results obtained using those contributions in
potential models.

2. Screening radii and medium modifications

In Fig. 1 (left) we show results for the heavy quark anti-quark free energies in 2-flavour QCD
[1]. While in the limit of short distances F1(r,T ) shows no or only little medium effects, i.e. F1(r→
0) ≃ V (r), at large distances the free energies approach temperature dependent constant values,
F∞(T ) ≡ F1(r→ ∞,T ). To characterise distances at which medium effects become important we
introduce a screening radius, rmed , defined by the distance at which the value of the zero temperature
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Why is it a difficult problem ?
• The formation of bound state is not instantaneous. Nor is the 

establishment of a screening cloud.  

• As the bound state "forms" interactions with the medium take 
place.

• The formation of bound state is affected both by screening and 
collisions with the plasma constituents

• The effect of the medium does not reduce to an instantaneous 
modification of the potential: a complete dynamical treatment is 
essential. 

⌧0 ⇠
1

2M
4
↵2
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⌧⌥ ⇠ 1 fm/c
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typical formation time:



Why is it interesting ?

• New data of high quality and precision, for two distinct 
systems, charmonium and bottomonium

• New phenomena observed ("regeneration")

• New theoretical developments: lattice, spectral functions, 
imaginary part of potential, effective field theories NRQCD, 
pNRQCD, etc… Mainly, possibility has emerged to treat in a 
coherent fashion both screening and collisional effects

Several conceptual issues remain to be clarified

• More broadly, connections with other interesting issues: 
modifications of  bound state properties in medium, 
production and survival of fragile states in a hot 
environment, etc



In the rest of this talk, focus on a simple problem

Put a number  of      pairs in color singlet states into a quark-
gluon plasma in equilibrium at temperature T, and study their 

evolution. 

How does the system evolves towards equilibrium? How does the 
equilibrium state looks like? Can we find robust features of the 
dynamics? For instance, can we identify various regimes as a 
functions of external parameters (T, M, …)

Typical questions:

Towards an effective theory for  heavy quarks  in QGP

H = HQ + Hpl + Hint
<latexit sha1_base64="PaOWA0ruYFwLo145HzJZEJOHhow="></latexit>

Hint ⇠ JQ · Apl
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Protoptype of an "open quantum system"

QQ̄
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• Our goal: construct an effective theory for the HQ,  
by eliminating the plasma dof’s.

• This does not reduce to changing the HQ hamiltonian:

• Non hamiltonian dynamics involved(dissipation, transport, etc)

DQ(t) = TrplD(t)

HQ ! H
e↵
Q

<latexit sha1_base64="On5IN6X0dkFFSi3AaSbviD8tL4w="></latexit>

• Tool of choice: reduced density matrix for heavy quarks

• D(t)  Obeys equation of motion of the form

d
dt
DQ(t) = �i[HQ,DQ(t)] +

R
t�t0

0 d⌧L(⌧)D(t � ⌧)
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hs1jD̃s;ojs2i≡
Z

R
hR; s1jDs;ojR; s2i: ð2:37Þ

The derivation of the equations of motion for the reduced density matricesDs;o is presented in AppendixA. It is assumed there
that the center-of-mass velocity is small, typically ≲ ffiffiffiffiffiffiffiffiffiffi

T=M
p

. We obtain then the following equations. For the singlet, we get

LssðτÞD̃sðt0Þ ¼ −g2CFfΔ>ðqÞSq·ŝUoðτÞSq·ŝD̃sðt0ÞUsðτÞ† þ Δ<ðqÞUsðτÞD̃sðt0ÞSq·ŝU
†
oðτÞSq·ŝg; ð2:38Þ

and

LsoðτÞD̃oðt − τÞ ¼ g2CFfΔ>ðqÞUsðτÞSq·ŝD̃oðt0ÞU†
oðτÞSq·ŝ þ Δ<ðqÞSq·ŝUoðτÞD̃oðt0ÞSq·ŝU

†
s ðτÞg: ð2:39 Þ

In these equations (see AppendixA)

Sq·s ≡ 2 sinðq· ŝ=2Þ; ð2:40Þ

where ŝ is the operator measuring the relative coordinate.
For the octet, we get

LosðτÞD̃sðt0Þ ¼
g2

2Nc
fΔ>ðqÞUoðτÞSq·ŝD̃sU

†
s ðτÞSq·ŝþΔ<ðqÞSq·ŝUsðτÞD̃sðt0ÞSq·ŝU

†
oðτÞg; ð2:41Þ
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2Nc
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†
s ðτÞSq·ŝg; ð2:42Þ

Loo
2 ðτÞD̃oðt0Þ ¼ −

g2ðN2
c − 4Þ

4Nc
fΔ>ðqÞ½Sq·ŝ; UoðτÞSq·ŝD̃oðt0ÞU†

oðτÞ&þΔ<ðqÞ½UoðτÞD̃oðt0ÞSq·ŝU
†
oðτÞ;Sq·ŝ&g; ð2:43Þ

Loo
3 ðτÞD̃oðt0Þ ¼ − g2Nc

4
fΔ>ðqÞ½Cq·ŝ; UoðτÞCq·ŝD̃oðt0ÞU†

oðτÞ&þΔ<ðqÞ½UoðτÞD̃oðt0ÞCq·ŝU†
oðτÞ; Cq·ŝ&g; ð2:44Þ

where we have set Cq·ŝ ≡ 2 cos ðq· ŝ=2Þ.

FIG. 3. These four diagrams are in correspondence with the various terms in Eqs. (2.32) and (2.35). For instance the second and fourth
diagrams in the first line correspond to Los, and the first and third correspond to Loo

1 , while the diagrams in the second line represent the
various contributions to Loo

2 and Loo
3 .
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Typical approximations

(i) weak coupling between HQ and the plasma 

simple response functions (correlators) are  
sufficient to describe the effective HQ dynamics 

density matrix  
nearly diagonal  
in coordinate space

soft gluon exchanges small energy transfer

(ii) The response of the plasma is mostly 'static'  

(iii) semi-classical approximation

q . mD ⌧ M
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Hint ⇠ JQ · Apl
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NB. Most (all?) approaches rely on this approximation

(! = 0)
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plasma response characterized by a single energy scale, the Debye mass 
mD = CT (C ' 2)

<latexit sha1_base64="ivuvBuRFQCD0t8OoUAjj4jTT6gE="></latexit>

In strict weak coupling C = g
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Static response and "Optical potential"

At short distance, 
interference produces 
cancellation: a small 
dipole does not “see” the 
electric field 
fluctuations.

At large distance the 
imaginary part is twice 
the damping rate of the 
heavy quark

Quantum and Classical Dynamics of Heavy Quarks in a

Quark-Gluon Plasma

Jean-Paul Blaizot

Institut de Physique Théorique, Université Paris Saclay, CEA, CNRS, F-91191

Gif-sur-Yvette, France

Miguel Angel Escobedo

Department of Physics, P.O. Box 35, FI-40014 University of Jyväskylä, Finland

Abstract

We derive equations for the time evolution of the reduced density matrix of a
collection of heavy quarks and antiquarks immersed in a quark gluon plasma.
These equations, in their original form, rely on two approximations: the weak
coupling between the heavy quarks and the plasma, the fast response of the
plasma to the perturbation caused by the heavy quarks. An additional semi-
classical approximation is performed. This allows us to recover results previously
obtained for the abelian plasma using the influence functional formalism. In the
case of QCD, specific features of the color dynamics make the implementation
of the semi-classical approximation more involved. We explore two approximate
strategies to solve numerically the resulting equations in the case of a quark-
antiquark pair. One involves Langevin equations with additional random color
forces, the other treats the transition between the singlet and octet color config-
urations as collisions in a Boltzmann equation which can be solved with Monte
Carlo techniques.

1. Introduction

�(r) = W (r)�W (0) = 2�(mDr)

Heavy quarkonia, bound states of charm or bottom quarks, constitue a
prominent probe of the quark-gluon plasma produced in ultra-relativistic heavy
ion collisions, and are the object of many investigations, both theoretically and
experimentally. Recent data from the LHC provide evidence for a sequential
suppresion, with the most fragile (less bound) states being more strongly sup-
pressed [1], while there are indications that charm quarks are su�ciently nu-
merous to recombine, an e↵ect that is seen to counterbalance the expected
suppression [2]. These findings are in line with general expectations. The disso-
ciation of quarkonium was suggested long ago [3] as resulting from the screening
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For one heavy quark

(*first obtained by M. Laine et al hep-ph/ 0611300)

V(r) = V(r) + iW(r)
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Non trivial noise 

Langevin equation 

Semi-classical expansion for heavy quark motion

Similarly,

L
rel
1 = �rV (r) ·rp = �

2

M
rV (r) ·rv. (70)

The term L2 corresponds to the noise term. We write it as

L
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Finally L3 corresponds to the friction, and we write it as

L
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Friction and noise are related by an Einstein relation
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The Langevin equation associated with the relative motion is then of the form
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Note that for an isotropic plasma, we have (cf. Eq. (43))
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One can repeat the same for the center of mass coordinates. Here we set
v = P /(2M). We get
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with
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and the Einstein relation

�ij(r) =
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⌘ij(r). (79)
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with

⌘ij(r) = 2 (Hij(0)�Hij(r)) (78)

and the Einstein relation
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• For an isotropic plasma
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• Langevin equation for the relative motion

• Equation for the density matrix

• All ingredients of the dynamics are calculated from  
the "potential" and its imaginary part



J-P.B, D. de Boni, P. Faccioli and G. Garberoglio, NPA (2016)



Typical scales in  Coulomb bound states

a0 ⇠
2

M↵
<latexit sha1_base64="nGKtXeEX4CiW8TgGzwMLsRVYTxI="></latexit>

Bohr radius

Mv2
0 ⇠ M↵2

<latexit sha1_base64="TV5Oo7CoMNCyjEPAGzO7dWvEB8M="></latexit>

⇤QCD . M↵2 ⌧ ↵M ⌧ M
<latexit sha1_base64="Sl/0mQEmP1vNErYTnyFteQr1l84="></latexit>

⌧0 ⇠
1

2M
4
↵2

<latexit sha1_base64="PxquecpZE7BgFr1uqaMsy55EzDY="></latexit>

M � T
<latexit sha1_base64="S3G/KXJ/AKpCeNArF+4/r4kes80="></latexit>

(p)NRQCD hierarchy of scales

v2
0 ⇠ 0.1

<latexit sha1_base64="mboE0LBkOVNjgw98RkIGfjU59aE="></latexit>

v2
0 ⇠ 0.3

<latexit sha1_base64="4WQzVFwsIQgy78bNGVlDQ6jkU9U="></latexit>

⌥
<latexit sha1_base64="ICRZ1WYc/nfDHLLYCLwktM/8RgE="></latexit>

J/ 
<latexit sha1_base64="XwzdkPzfz1+RSpvNRqDvXJSKuu8="></latexit>

Momentum p0 ⇠
1
a0
⇠ M

2
v0 v0 ⇠ ↵

<latexit sha1_base64="wkTdH6LmNEACIOtw2WhP6dEjoig="></latexit>

Energy

Typical time scale for HQ motion in a bd state



When does melting occur ?

- Thermal velocity equals velocity in bound state

- The bd state typical time scales matches  
that of plasma response
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- Or momentum of thermal particles matches HQ bd state 
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Binding energy is of the 
order of the Debye mass 



Emergence of two regimes

Temperature dependence
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High TLow T
Collision dominated 
Langevin dynamics

Bound states 
Rate equations
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"Optical potential" is energy dependent

Simple two-level model 
(two massive quarks separated by  r)

singlet

octet

Low T

High T

Approach to equilibrium 
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"Binding" dominates 

Entropy dominates 
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Note that the temperature enters the spectral function only through the Debye
massmD, and we can set �(!, q) = m

�2
D

�̄(!/mD, q/mD), where �̄(!/mD, q/mD)
is a dimensionless function. On the other hand, the statistical factor that mul-
tiplies �(!, q) in Eq. (122) depends only on T .

Figure 5: The function (4⇡/Tg2)(W (!, r) �W (!, 0)) as a function of rmD for two di↵erent

temperatures. Top: T = 5mD, bottom: T = mD.

Knowing the spectral function, one can then determine the energy dependent
potential (121). The results of this calculation are displayed in Fig. 5 for two
values of the temperature, T = mD and T = 5mD. One sees there that the
dominant e↵ect of the energy dependence is a sizeable reduction of the imaginary
potential, a reduction which gets amplified as the temperature, when it is of the
order of the energy, decreases. This reduction arises from the fact that as the
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The imaginary part of the potential is energy dependent
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• A consistent framework is emerging, allowing to treat on par 
both screening and collisional effects (imaginary potential, 
energy dependent)

• Two regimes: low and high temperature (fuzzy transition) 

• Low T: bound states are weakly affected by the plasma, 
appropriate rate equations should be fine

• High T: binding effects not essential, Langevin dynamics, 
equilibration, etc

Final remarks (1)
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• Intermediate region difficult: bound states melt, combination 
of Langevin and rate equations seems needed

T ⇠ ↵ M
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How do various approaches fit into this general picture?

• Lattice calculations: do not address dynamics directly, (except, perhaps, 
for spectral functions), but it can provide input for the dynamics 
(correlators, potential, transport coefficients) 

• Effective field theory (NRQCD, pNRQCD). Restricts the dynamics to 
pair degrees of freedom (singlet and octet). Provides systematics 
improvements of potential. Limited by multipole expansion (dipolar 
interactions)

• In-medium T-matrix. Solidly rooted in  well established many-body 
physics. Efficient bridge to phenomenology. Connection with other 
approaches would be worth strengthening 

Final remarks (2)

• Many ways to treat collisional effects (rate equations, Boltzmann, stochastic 
potentials, Lindblad equation, etc) 


