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Motivation: Osaka/Stavanger approach

Quarkonium in HIC – EMMI RRTF – December 16th – 20th 2019 – GSI, Germany

EQUILIBRATION IN THE OSAKA / STAVANGER APPROACH & LATTICE QQBAR POTENTIAL

Main goal: derive a potential based e.o.m. 
for quarkonium wavefunctions from QCD 

Deterministic Schrödinger
i@t =

h�r2

2mQ
+ Re[V ](R; T )� iIm[V ](R; T )

i
 

<latexit sha1_base64="KrS4LIt1BBz0td3Xyagxfv9MoI8="></latexit>

QCD

Lindblad equation

weak coupling
“quantum Brownian motion limit”

Nonlinear stochastic 
Schrödinger

quantum state diffusion

Stochastic Schrödinger

recoilless limit

adiabatic approximation

technical: range of validity of phenomenological 
models
practical: provide path for incremental 
improvement of current approaches 

conceptual: connect imaginary part of the EFT
potential to microscopic quarkonium dynamics

Based on open-quantum-systems picture
(no semiclassical approximation)

i@t (t) = F [ ;Re[V ]; Im[V ]; : : :]
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Reaching equilibrium (proof-of-principle)

Quarkonium in HIC – EMMI RRTF – December 16th – 20th 2019 – GSI, Germany

EQUILIBRATION IN THE OSAKA / STAVANGER APPROACH & LATTICE QQBAR POTENTIAL

Dissipation is essential for thermalization: linear vs. nonlinear stoch. Schroedinger

H =
p
2

mQ
� ¸Sp

x2 + x2c

e
�mD |x|
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TABLE I. Numerical setup, parametrization of V (x) and D(x), and center-of-mass momentum

�x �t Nx � `corr ↵ mD xc PCM

1/M 0.1M(�x)2 254 T/⇡ 1/T 0.3 2T 1/M 0

The parametrization for the functions V (x) and D(x) are given as follows:

V (x) = � ↵p
x2 + x2

c

e�mD|x|, D(x) = � exp(�x2/`2corr). (26)

From perturbative calculations (7), we have

↵ =
g2

4⇡
, mD = gT

r
Nc

3
+

Nf

6
' 2

`corr
, � = D(0) =

g2T

4⇡
, (27)

so that we choose ↵ = 0.3, mD = 2`�1
corr = 2T 4, and � = T/⇡. Since the one-dimensional

Coulomb force is singular at the origin, we regularize the potential by a cuto↵ xc = 1/M

corresponding to the validity of the nonrelativistic approximation |p| < M . In the simula-

tions in the next section, the temperature of the QGP is chosen to be T/M = 0.1-0.3 or

T (t) = T0 · [t0/(t0 + t)]1/3 with t0 = 0.84 fm and T0 = 0.47 GeV for the case of Bjorken

expansion. The center-of-mass momentum is set to PCM = 0 as the dependence of the

quarkonium dynamics on its values is found to be small (see Appendix A for the details).

To simulate quarkonium physics with this setup, we discretize space and time by �x =

1/M and �t = 0.1M(�x)2. The spatial discretization �x is chosen much finer than the

typical medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T . We also take the system volume

L = Nx�x = 254�x much larger than the medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T .

These parameters and the lattice setup are summarized in Table I.

Finally, let us remark on the boundary conditions used for the noise field d⇠(x). To

simulate on a finite size lattice [�L/2, L/2], we impose periodic boundary conditions on the

wave function  (x). Then the boundary condition for the noise field is given by

d⇠

✓
�L

4

◆
= d⇠

✓
L

4

◆
, (28)

requiring that the noise field d⇠(x) obeys a periodicity of L/2. Correspondingly, the noise

correlation function D(x� y) for �L/4  x, y  L/4 should be interpreted as D(rxy):

M[d⇠(x)d⇠⇤(y)] = D(rxy)dt, rxy ⌘ min

⇢
|x� y|, L

2
� |x� y|

�
. (29)

4 mD ' 2/`corr in (27) is obtained by equating the full width half maximum of D(r) in (7) and that in (26).
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D(x) = ‚exp
ˆ
� x2=‘2corr

˜
<latexit sha1_base64="aHG1Sgl1uzfqG61n58S7/ri2Abw="></latexit>

TABLE I. Numerical setup, parametrization of V (x) and D(x), and center-of-mass momentum

�x �t Nx � `corr ↵ mD xc PCM

1/M 0.1M(�x)2 254 T/⇡ 1/T 0.3 2T 1/M 0

The parametrization for the functions V (x) and D(x) are given as follows:

V (x) = � ↵p
x2 + x2

c

e�mD|x|, D(x) = � exp(�x2/`2corr). (26)

From perturbative calculations (7), we have

↵ =
g2

4⇡
, mD = gT

r
Nc

3
+

Nf

6
' 2

`corr
, � = D(0) =

g2T

4⇡
, (27)

so that we choose ↵ = 0.3, mD = 2`�1
corr = 2T 4, and � = T/⇡. Since the one-dimensional

Coulomb force is singular at the origin, we regularize the potential by a cuto↵ xc = 1/M

corresponding to the validity of the nonrelativistic approximation |p| < M . In the simula-

tions in the next section, the temperature of the QGP is chosen to be T/M = 0.1-0.3 or

T (t) = T0 · [t0/(t0 + t)]1/3 with t0 = 0.84 fm and T0 = 0.47 GeV for the case of Bjorken

expansion. The center-of-mass momentum is set to PCM = 0 as the dependence of the

quarkonium dynamics on its values is found to be small (see Appendix A for the details).

To simulate quarkonium physics with this setup, we discretize space and time by �x =

1/M and �t = 0.1M(�x)2. The spatial discretization �x is chosen much finer than the

typical medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T . We also take the system volume

L = Nx�x = 254�x much larger than the medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T .

These parameters and the lattice setup are summarized in Table I.

Finally, let us remark on the boundary conditions used for the noise field d⇠(x). To

simulate on a finite size lattice [�L/2, L/2], we impose periodic boundary conditions on the

wave function  (x). Then the boundary condition for the noise field is given by

d⇠

✓
�L

4

◆
= d⇠

✓
L

4

◆
, (28)

requiring that the noise field d⇠(x) obeys a periodicity of L/2. Correspondingly, the noise

correlation function D(x� y) for �L/4  x, y  L/4 should be interpreted as D(rxy):

M[d⇠(x)d⇠⇤(y)] = D(rxy)dt, rxy ⌘ min

⇢
|x� y|, L

2
� |x� y|

�
. (29)

4 mD ' 2/`corr in (27) is obtained by equating the full width half maximum of D(r) in (7) and that in (26).

13

 0.001

 0.01

 0.1

 1

 0  1000  2000  3000  4000

N
i

Mt

with dissipasion, N0(0)=1, N0(Mt)
N1(Mt)

without dissipasion, N0(0)=1, N0(Mt)
N1(Mt)



ALEXANDER ROTHKOPF - UIS

Reaching equilibrium (proof-of-principle)

Quarkonium in HIC – EMMI RRTF – December 16th – 20th 2019 – GSI, Germany

EQUILIBRATION IN THE OSAKA / STAVANGER APPROACH & LATTICE QQBAR POTENTIAL

Dissipation is essential for thermalization: linear vs. nonlinear stoch. Schroedinger

H =
p
2

mQ
� ¸Sp

x2 + x2c

e
�mD |x|

<latexit sha1_base64="Wa73PhHhZojL+Rvl53UPy1CIPNA="></latexit>

TABLE I. Numerical setup, parametrization of V (x) and D(x), and center-of-mass momentum

�x �t Nx � `corr ↵ mD xc PCM

1/M 0.1M(�x)2 254 T/⇡ 1/T 0.3 2T 1/M 0

The parametrization for the functions V (x) and D(x) are given as follows:

V (x) = � ↵p
x2 + x2

c

e�mD|x|, D(x) = � exp(�x2/`2corr). (26)

From perturbative calculations (7), we have

↵ =
g2

4⇡
, mD = gT

r
Nc

3
+

Nf

6
' 2

`corr
, � = D(0) =

g2T

4⇡
, (27)

so that we choose ↵ = 0.3, mD = 2`�1
corr = 2T 4, and � = T/⇡. Since the one-dimensional

Coulomb force is singular at the origin, we regularize the potential by a cuto↵ xc = 1/M

corresponding to the validity of the nonrelativistic approximation |p| < M . In the simula-

tions in the next section, the temperature of the QGP is chosen to be T/M = 0.1-0.3 or

T (t) = T0 · [t0/(t0 + t)]1/3 with t0 = 0.84 fm and T0 = 0.47 GeV for the case of Bjorken

expansion. The center-of-mass momentum is set to PCM = 0 as the dependence of the

quarkonium dynamics on its values is found to be small (see Appendix A for the details).

To simulate quarkonium physics with this setup, we discretize space and time by �x =

1/M and �t = 0.1M(�x)2. The spatial discretization �x is chosen much finer than the

typical medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T . We also take the system volume

L = Nx�x = 254�x much larger than the medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T .

These parameters and the lattice setup are summarized in Table I.

Finally, let us remark on the boundary conditions used for the noise field d⇠(x). To

simulate on a finite size lattice [�L/2, L/2], we impose periodic boundary conditions on the

wave function  (x). Then the boundary condition for the noise field is given by

d⇠

✓
�L

4

◆
= d⇠

✓
L

4

◆
, (28)

requiring that the noise field d⇠(x) obeys a periodicity of L/2. Correspondingly, the noise

correlation function D(x� y) for �L/4  x, y  L/4 should be interpreted as D(rxy):

M[d⇠(x)d⇠⇤(y)] = D(rxy)dt, rxy ⌘ min

⇢
|x� y|, L

2
� |x� y|

�
. (29)

4 mD ' 2/`corr in (27) is obtained by equating the full width half maximum of D(r) in (7) and that in (26).

13

D(x) = ‚exp
ˆ
� x2=‘2corr

˜
<latexit sha1_base64="aHG1Sgl1uzfqG61n58S7/ri2Abw="></latexit>

TABLE I. Numerical setup, parametrization of V (x) and D(x), and center-of-mass momentum

�x �t Nx � `corr ↵ mD xc PCM

1/M 0.1M(�x)2 254 T/⇡ 1/T 0.3 2T 1/M 0

The parametrization for the functions V (x) and D(x) are given as follows:

V (x) = � ↵p
x2 + x2

c

e�mD|x|, D(x) = � exp(�x2/`2corr). (26)

From perturbative calculations (7), we have

↵ =
g2

4⇡
, mD = gT

r
Nc

3
+

Nf

6
' 2

`corr
, � = D(0) =

g2T

4⇡
, (27)

so that we choose ↵ = 0.3, mD = 2`�1
corr = 2T 4, and � = T/⇡. Since the one-dimensional

Coulomb force is singular at the origin, we regularize the potential by a cuto↵ xc = 1/M

corresponding to the validity of the nonrelativistic approximation |p| < M . In the simula-

tions in the next section, the temperature of the QGP is chosen to be T/M = 0.1-0.3 or

T (t) = T0 · [t0/(t0 + t)]1/3 with t0 = 0.84 fm and T0 = 0.47 GeV for the case of Bjorken

expansion. The center-of-mass momentum is set to PCM = 0 as the dependence of the

quarkonium dynamics on its values is found to be small (see Appendix A for the details).

To simulate quarkonium physics with this setup, we discretize space and time by �x =

1/M and �t = 0.1M(�x)2. The spatial discretization �x is chosen much finer than the

typical medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T . We also take the system volume

L = Nx�x = 254�x much larger than the medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T .

These parameters and the lattice setup are summarized in Table I.

Finally, let us remark on the boundary conditions used for the noise field d⇠(x). To

simulate on a finite size lattice [�L/2, L/2], we impose periodic boundary conditions on the

wave function  (x). Then the boundary condition for the noise field is given by

d⇠

✓
�L

4

◆
= d⇠

✓
L

4

◆
, (28)

requiring that the noise field d⇠(x) obeys a periodicity of L/2. Correspondingly, the noise

correlation function D(x� y) for �L/4  x, y  L/4 should be interpreted as D(rxy):

M[d⇠(x)d⇠⇤(y)] = D(rxy)dt, rxy ⌘ min

⇢
|x� y|, L

2
� |x� y|

�
. (29)

4 mD ' 2/`corr in (27) is obtained by equating the full width half maximum of D(r) in (7) and that in (26).

13



ALEXANDER ROTHKOPF - UIS

Reaching equilibrium (proof-of-principle)

Quarkonium in HIC – EMMI RRTF – December 16th – 20th 2019 – GSI, Germany

EQUILIBRATION IN THE OSAKA / STAVANGER APPROACH & LATTICE QQBAR POTENTIAL

Dissipation is essential for thermalization: linear vs. nonlinear stoch. Schroedinger

H =
p
2

mQ
� ¸Sp

x2 + x2c

e
�mD |x|

<latexit sha1_base64="Wa73PhHhZojL+Rvl53UPy1CIPNA="></latexit>

TABLE I. Numerical setup, parametrization of V (x) and D(x), and center-of-mass momentum

�x �t Nx � `corr ↵ mD xc PCM

1/M 0.1M(�x)2 254 T/⇡ 1/T 0.3 2T 1/M 0

The parametrization for the functions V (x) and D(x) are given as follows:

V (x) = � ↵p
x2 + x2

c

e�mD|x|, D(x) = � exp(�x2/`2corr). (26)

From perturbative calculations (7), we have

↵ =
g2

4⇡
, mD = gT

r
Nc

3
+

Nf

6
' 2

`corr
, � = D(0) =

g2T

4⇡
, (27)

so that we choose ↵ = 0.3, mD = 2`�1
corr = 2T 4, and � = T/⇡. Since the one-dimensional

Coulomb force is singular at the origin, we regularize the potential by a cuto↵ xc = 1/M

corresponding to the validity of the nonrelativistic approximation |p| < M . In the simula-

tions in the next section, the temperature of the QGP is chosen to be T/M = 0.1-0.3 or

T (t) = T0 · [t0/(t0 + t)]1/3 with t0 = 0.84 fm and T0 = 0.47 GeV for the case of Bjorken

expansion. The center-of-mass momentum is set to PCM = 0 as the dependence of the

quarkonium dynamics on its values is found to be small (see Appendix A for the details).

To simulate quarkonium physics with this setup, we discretize space and time by �x =

1/M and �t = 0.1M(�x)2. The spatial discretization �x is chosen much finer than the

typical medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T . We also take the system volume

L = Nx�x = 254�x much larger than the medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T .

These parameters and the lattice setup are summarized in Table I.

Finally, let us remark on the boundary conditions used for the noise field d⇠(x). To

simulate on a finite size lattice [�L/2, L/2], we impose periodic boundary conditions on the

wave function  (x). Then the boundary condition for the noise field is given by

d⇠

✓
�L

4

◆
= d⇠

✓
L

4

◆
, (28)

requiring that the noise field d⇠(x) obeys a periodicity of L/2. Correspondingly, the noise

correlation function D(x� y) for �L/4  x, y  L/4 should be interpreted as D(rxy):

M[d⇠(x)d⇠⇤(y)] = D(rxy)dt, rxy ⌘ min

⇢
|x� y|, L

2
� |x� y|

�
. (29)

4 mD ' 2/`corr in (27) is obtained by equating the full width half maximum of D(r) in (7) and that in (26).

13

D(x) = ‚exp
ˆ
� x2=‘2corr

˜
<latexit sha1_base64="aHG1Sgl1uzfqG61n58S7/ri2Abw="></latexit>

TABLE I. Numerical setup, parametrization of V (x) and D(x), and center-of-mass momentum

�x �t Nx � `corr ↵ mD xc PCM

1/M 0.1M(�x)2 254 T/⇡ 1/T 0.3 2T 1/M 0

The parametrization for the functions V (x) and D(x) are given as follows:

V (x) = � ↵p
x2 + x2

c

e�mD|x|, D(x) = � exp(�x2/`2corr). (26)

From perturbative calculations (7), we have

↵ =
g2

4⇡
, mD = gT

r
Nc

3
+

Nf

6
' 2

`corr
, � = D(0) =

g2T

4⇡
, (27)

so that we choose ↵ = 0.3, mD = 2`�1
corr = 2T 4, and � = T/⇡. Since the one-dimensional

Coulomb force is singular at the origin, we regularize the potential by a cuto↵ xc = 1/M

corresponding to the validity of the nonrelativistic approximation |p| < M . In the simula-

tions in the next section, the temperature of the QGP is chosen to be T/M = 0.1-0.3 or

T (t) = T0 · [t0/(t0 + t)]1/3 with t0 = 0.84 fm and T0 = 0.47 GeV for the case of Bjorken

expansion. The center-of-mass momentum is set to PCM = 0 as the dependence of the

quarkonium dynamics on its values is found to be small (see Appendix A for the details).

To simulate quarkonium physics with this setup, we discretize space and time by �x =

1/M and �t = 0.1M(�x)2. The spatial discretization �x is chosen much finer than the

typical medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T . We also take the system volume

L = Nx�x = 254�x much larger than the medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T .

These parameters and the lattice setup are summarized in Table I.

Finally, let us remark on the boundary conditions used for the noise field d⇠(x). To

simulate on a finite size lattice [�L/2, L/2], we impose periodic boundary conditions on the

wave function  (x). Then the boundary condition for the noise field is given by

d⇠

✓
�L

4

◆
= d⇠

✓
L

4

◆
, (28)

requiring that the noise field d⇠(x) obeys a periodicity of L/2. Correspondingly, the noise

correlation function D(x� y) for �L/4  x, y  L/4 should be interpreted as D(rxy):

M[d⇠(x)d⇠⇤(y)] = D(rxy)dt, rxy ⌘ min

⇢
|x� y|, L

2
� |x� y|

�
. (29)

4 mD ' 2/`corr in (27) is obtained by equating the full width half maximum of D(r) in (7) and that in (26).

13

Lindblad equation (so far only 1d) leads to a universal late time thermal fixed point 



ALEXANDER ROTHKOPF - UIS

Reaching equilibrium (proof-of-principle)

Quarkonium in HIC – EMMI RRTF – December 16th – 20th 2019 – GSI, Germany

EQUILIBRATION IN THE OSAKA / STAVANGER APPROACH & LATTICE QQBAR POTENTIAL

Dissipation is essential for thermalization: linear vs. nonlinear stoch. Schroedinger

H =
p
2

mQ
� ¸Sp

x2 + x2c

e
�mD |x|

<latexit sha1_base64="Wa73PhHhZojL+Rvl53UPy1CIPNA="></latexit>

TABLE I. Numerical setup, parametrization of V (x) and D(x), and center-of-mass momentum

�x �t Nx � `corr ↵ mD xc PCM

1/M 0.1M(�x)2 254 T/⇡ 1/T 0.3 2T 1/M 0

The parametrization for the functions V (x) and D(x) are given as follows:

V (x) = � ↵p
x2 + x2

c

e�mD|x|, D(x) = � exp(�x2/`2corr). (26)

From perturbative calculations (7), we have

↵ =
g2

4⇡
, mD = gT

r
Nc

3
+

Nf

6
' 2

`corr
, � = D(0) =

g2T

4⇡
, (27)

so that we choose ↵ = 0.3, mD = 2`�1
corr = 2T 4, and � = T/⇡. Since the one-dimensional

Coulomb force is singular at the origin, we regularize the potential by a cuto↵ xc = 1/M

corresponding to the validity of the nonrelativistic approximation |p| < M . In the simula-

tions in the next section, the temperature of the QGP is chosen to be T/M = 0.1-0.3 or

T (t) = T0 · [t0/(t0 + t)]1/3 with t0 = 0.84 fm and T0 = 0.47 GeV for the case of Bjorken

expansion. The center-of-mass momentum is set to PCM = 0 as the dependence of the

quarkonium dynamics on its values is found to be small (see Appendix A for the details).

To simulate quarkonium physics with this setup, we discretize space and time by �x =

1/M and �t = 0.1M(�x)2. The spatial discretization �x is chosen much finer than the

typical medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T . We also take the system volume

L = Nx�x = 254�x much larger than the medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T .

These parameters and the lattice setup are summarized in Table I.

Finally, let us remark on the boundary conditions used for the noise field d⇠(x). To

simulate on a finite size lattice [�L/2, L/2], we impose periodic boundary conditions on the

wave function  (x). Then the boundary condition for the noise field is given by

d⇠

✓
�L

4

◆
= d⇠

✓
L

4

◆
, (28)

requiring that the noise field d⇠(x) obeys a periodicity of L/2. Correspondingly, the noise

correlation function D(x� y) for �L/4  x, y  L/4 should be interpreted as D(rxy):

M[d⇠(x)d⇠⇤(y)] = D(rxy)dt, rxy ⌘ min

⇢
|x� y|, L

2
� |x� y|

�
. (29)

4 mD ' 2/`corr in (27) is obtained by equating the full width half maximum of D(r) in (7) and that in (26).

13

D(x) = ‚exp
ˆ
� x2=‘2corr

˜
<latexit sha1_base64="aHG1Sgl1uzfqG61n58S7/ri2Abw="></latexit>

TABLE I. Numerical setup, parametrization of V (x) and D(x), and center-of-mass momentum

�x �t Nx � `corr ↵ mD xc PCM

1/M 0.1M(�x)2 254 T/⇡ 1/T 0.3 2T 1/M 0

The parametrization for the functions V (x) and D(x) are given as follows:

V (x) = � ↵p
x2 + x2

c

e�mD|x|, D(x) = � exp(�x2/`2corr). (26)

From perturbative calculations (7), we have

↵ =
g2

4⇡
, mD = gT

r
Nc

3
+

Nf

6
' 2

`corr
, � = D(0) =

g2T

4⇡
, (27)

so that we choose ↵ = 0.3, mD = 2`�1
corr = 2T 4, and � = T/⇡. Since the one-dimensional

Coulomb force is singular at the origin, we regularize the potential by a cuto↵ xc = 1/M

corresponding to the validity of the nonrelativistic approximation |p| < M . In the simula-

tions in the next section, the temperature of the QGP is chosen to be T/M = 0.1-0.3 or

T (t) = T0 · [t0/(t0 + t)]1/3 with t0 = 0.84 fm and T0 = 0.47 GeV for the case of Bjorken

expansion. The center-of-mass momentum is set to PCM = 0 as the dependence of the

quarkonium dynamics on its values is found to be small (see Appendix A for the details).

To simulate quarkonium physics with this setup, we discretize space and time by �x =

1/M and �t = 0.1M(�x)2. The spatial discretization �x is chosen much finer than the

typical medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T . We also take the system volume

L = Nx�x = 254�x much larger than the medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T .

These parameters and the lattice setup are summarized in Table I.

Finally, let us remark on the boundary conditions used for the noise field d⇠(x). To

simulate on a finite size lattice [�L/2, L/2], we impose periodic boundary conditions on the

wave function  (x). Then the boundary condition for the noise field is given by

d⇠

✓
�L

4

◆
= d⇠

✓
L

4

◆
, (28)

requiring that the noise field d⇠(x) obeys a periodicity of L/2. Correspondingly, the noise

correlation function D(x� y) for �L/4  x, y  L/4 should be interpreted as D(rxy):

M[d⇠(x)d⇠⇤(y)] = D(rxy)dt, rxy ⌘ min

⇢
|x� y|, L

2
� |x� y|

�
. (29)

4 mD ' 2/`corr in (27) is obtained by equating the full width half maximum of D(r) in (7) and that in (26).
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8 When the dimension of ~ is recovered, the kinetic term becomes rRrr~, potential V/~, fluctuation F1/~2,

and dissipation F2 is unchanged.
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Lindblad equation (so far only 1d) leads to a universal late time thermal fixed point 
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EQUILIBRATION IN THE OSAKA / STAVANGER APPROACH & LATTICE QQBAR POTENTIAL

Dissipation is essential for thermalization: linear vs. nonlinear stoch. Schroedinger

H =
p
2

mQ
� ¸Sp

x2 + x2c

e
�mD |x|
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TABLE I. Numerical setup, parametrization of V (x) and D(x), and center-of-mass momentum

�x �t Nx � `corr ↵ mD xc PCM

1/M 0.1M(�x)2 254 T/⇡ 1/T 0.3 2T 1/M 0

The parametrization for the functions V (x) and D(x) are given as follows:

V (x) = � ↵p
x2 + x2

c

e�mD|x|, D(x) = � exp(�x2/`2corr). (26)

From perturbative calculations (7), we have

↵ =
g2

4⇡
, mD = gT

r
Nc

3
+

Nf

6
' 2

`corr
, � = D(0) =

g2T

4⇡
, (27)

so that we choose ↵ = 0.3, mD = 2`�1
corr = 2T 4, and � = T/⇡. Since the one-dimensional

Coulomb force is singular at the origin, we regularize the potential by a cuto↵ xc = 1/M

corresponding to the validity of the nonrelativistic approximation |p| < M . In the simula-

tions in the next section, the temperature of the QGP is chosen to be T/M = 0.1-0.3 or

T (t) = T0 · [t0/(t0 + t)]1/3 with t0 = 0.84 fm and T0 = 0.47 GeV for the case of Bjorken

expansion. The center-of-mass momentum is set to PCM = 0 as the dependence of the

quarkonium dynamics on its values is found to be small (see Appendix A for the details).

To simulate quarkonium physics with this setup, we discretize space and time by �x =

1/M and �t = 0.1M(�x)2. The spatial discretization �x is chosen much finer than the

typical medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T . We also take the system volume

L = Nx�x = 254�x much larger than the medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T .

These parameters and the lattice setup are summarized in Table I.

Finally, let us remark on the boundary conditions used for the noise field d⇠(x). To

simulate on a finite size lattice [�L/2, L/2], we impose periodic boundary conditions on the

wave function  (x). Then the boundary condition for the noise field is given by

d⇠

✓
�L

4

◆
= d⇠

✓
L

4

◆
, (28)

requiring that the noise field d⇠(x) obeys a periodicity of L/2. Correspondingly, the noise

correlation function D(x� y) for �L/4  x, y  L/4 should be interpreted as D(rxy):

M[d⇠(x)d⇠⇤(y)] = D(rxy)dt, rxy ⌘ min

⇢
|x� y|, L

2
� |x� y|

�
. (29)

4 mD ' 2/`corr in (27) is obtained by equating the full width half maximum of D(r) in (7) and that in (26).
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In the classical limit, we can prove that the equilibrium distribution is the Boltzmann

distribution. By performing the Wigner transformation

fp(R) =
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and taking the classical limit ~ ! 0 8, we obtain the classical kinetic equation:
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8 When the dimension of ~ is recovered, the kinetic term becomes rRrr~, potential V/~, fluctuation F1/~2,

and dissipation F2 is unchanged.
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The parametrization for the functions V (x) and D(x) are given as follows:

V (x) = � ↵p
x2 + x2

c

e�mD|x|, D(x) = � exp(�x2/`2corr). (26)

From perturbative calculations (7), we have

↵ =
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, mD = gT

r
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`corr
, � = D(0) =

g2T

4⇡
, (27)

so that we choose ↵ = 0.3, mD = 2`�1
corr = 2T 4, and � = T/⇡. Since the one-dimensional

Coulomb force is singular at the origin, we regularize the potential by a cuto↵ xc = 1/M

corresponding to the validity of the nonrelativistic approximation |p| < M . In the simula-

tions in the next section, the temperature of the QGP is chosen to be T/M = 0.1-0.3 or

T (t) = T0 · [t0/(t0 + t)]1/3 with t0 = 0.84 fm and T0 = 0.47 GeV for the case of Bjorken

expansion. The center-of-mass momentum is set to PCM = 0 as the dependence of the

quarkonium dynamics on its values is found to be small (see Appendix A for the details).

To simulate quarkonium physics with this setup, we discretize space and time by �x =

1/M and �t = 0.1M(�x)2. The spatial discretization �x is chosen much finer than the

typical medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T . We also take the system volume

L = Nx�x = 254�x much larger than the medium length scales m�1
D ⇠ `corr/2 ⇠ 1/2T .

These parameters and the lattice setup are summarized in Table I.

Finally, let us remark on the boundary conditions used for the noise field d⇠(x). To

simulate on a finite size lattice [�L/2, L/2], we impose periodic boundary conditions on the

wave function  (x). Then the boundary condition for the noise field is given by

d⇠

✓
�L

4

◆
= d⇠

✓
L

4

◆
, (28)

requiring that the noise field d⇠(x) obeys a periodicity of L/2. Correspondingly, the noise

correlation function D(x� y) for �L/4  x, y  L/4 should be interpreted as D(rxy):

M[d⇠(x)d⇠⇤(y)] = D(rxy)dt, rxy ⌘ min

⇢
|x� y|, L

2
� |x� y|

�
. (29)

4 mD ' 2/`corr in (27) is obtained by equating the full width half maximum of D(r) in (7) and that in (26).
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it is written as
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In the classical limit, we can prove that the equilibrium distribution is the Boltzmann

distribution. By performing the Wigner transformation

fp(R) =

Z
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and taking the classical limit ~ ! 0 8, we obtain the classical kinetic equation:

@tfp(R) =

2

666664

� 2

M
~p · ~rR + ~rV (R) · ~rp

� 1

4
{@i@jF1(0) + @i@jF1(R)} @p

i @
p
j

� 2 {@iF2j(0) + @iF2j(R)} @p
i pj

3

777775
fp(R). (C6)

8 When the dimension of ~ is recovered, the kinetic term becomes rRrr~, potential V/~, fluctuation F1/~2,

and dissipation F2 is unchanged.
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Wigner transform

Position basis master equation
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8 When the dimension of ~ is recovered, the kinetic term becomes rRrr~, potential V/~, fluctuation F1/~2,

and dissipation F2 is unchanged.
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8 When the dimension of ~ is recovered, the kinetic term becomes rRrr~, potential V/~, fluctuation F1/~2,

and dissipation F2 is unchanged.
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8 When the dimension of ~ is recovered, the kinetic term becomes rRrr~, potential V/~, fluctuation F1/~2,

and dissipation F2 is unchanged.
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Lindblad equation (so far only 1d) leads to a universal late time thermal fixed point 
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EQUILIBRATION IN THE OSAKA / STAVANGER APPROACH & LATTICE QQBAR POTENTIAL

Dissipation is essential for thermalization: linear vs. nonlinear stoch. Schroedinger

H =
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so that we choose ↵ = 0.3, mD = 2`�1
corr = 2T 4, and � = T/⇡. Since the one-dimensional

Coulomb force is singular at the origin, we regularize the potential by a cuto↵ xc = 1/M

corresponding to the validity of the nonrelativistic approximation |p| < M . In the simula-

tions in the next section, the temperature of the QGP is chosen to be T/M = 0.1-0.3 or
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correlation function D(x� y) for �L/4  x, y  L/4 should be interpreted as D(rxy):
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4 mD ' 2/`corr in (27) is obtained by equating the full width half maximum of D(r) in (7) and that in (26).
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8 When the dimension of ~ is recovered, the kinetic term becomes rRrr~, potential V/~, fluctuation F1/~2,

and dissipation F2 is unchanged.
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8 When the dimension of ~ is recovered, the kinetic term becomes rRrr~, potential V/~, fluctuation F1/~2,

and dissipation F2 is unchanged.
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8 When the dimension of ~ is recovered, the kinetic term becomes rRrr~, potential V/~, fluctuation F1/~2,
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8 When the dimension of ~ is recovered, the kinetic term becomes rRrr~, potential V/~, fluctuation F1/~2,

and dissipation F2 is unchanged.
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Lindblad equation (so far only 1d) leads to a universal late time thermal fixed point 

We recover Boltzmann in the classical limit

Using the approximation ~F2(x) = ~rF1(x)/4MT employed in (C2), the equilibrium distri-

bution is
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If we do not use this approximation, the correction is estimated as
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and the e↵ective temperature slightly deviates from the environment temperature,
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which gives a rough explanation of the di↵erence between Tfit and T in Fig. 2.
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Spectral Reconstruction
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Bayesian spectral reconstruction
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HTL predicts a well defined Breit-Wigner peak in the Wilson correlator spectrum

Found that MEM regulator produces Gaussian like peaks even for underlying BW 

Developed a novel regulator 
that actually reproduces BW peaks 
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2d image recognition lead to entropy
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Latest results on the lattice potential

Quarkonium in HIC – EMMI RRTF – December 16th – 20th 2019 – GSI, Germany

Lattices with dynamical u,d,s quarks 
(HISQ action, HotQCD & TUMQCD) 

fixed box (Ns=48 - Nτ=12, Nτ=16) &
very high statistics 4000-9000 realizations

realistic  mπ~161MeV (T=151-1451MeV) 

A. Bazavov et.al. PRD97 (2018) 014510, HotQCD PRD90 (2014) 094503 
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T=0 Cornell + generalized Gauss law 
see e.g. D.Lafferty and A.R. arXiv:1906.00035
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Need to manually correct for lattice artefacts: TC and string tension not yet physical
Y.Burnier, O.Kaczmarek, A.R. JHEP 1512 (2015) 101

Pheno fit to T=0 quarkonium Continuum corrected Debye mass
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Need to manually correct for lattice artefacts: TC and string tension not yet physical

Shifting to lower mass and broadening hierarchichally ordered with vacuum Ebind

Charmonium
S-wave channel

Via Schrödinger equation for spectral functions with the Gauss-law parametrization
D.Lafferty and A.R. arXiv:1906.00035
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Current state-of-the-art extraction: Debye screened Re[V] & Im[V] > 0

Dissipative Lindblad dynamics recover universal thermal fixed point

Potential model as efficient parametrization of Re[V] and Im[V]

Static inter-quark potential defined from the real-time Wilson loop 

Precision spectral functions from the continuum corrected potential

Novel Bayesian BR method designed to accurately extract BW peaks
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Local regulators do not avoid ringing
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BR prior: better accuracy in sharp peak structures than MEM but prone to ringing

C.Fischer, J. Pawlowski, 
A.R., C. Welzbacher

PRD98 (2018) 014009 

Y.Burnier, A.R.  
PRL 111 (2013) 18, 182003 

BR prior enforces: 
ρ positive definite, 
smoothness of ρ, 

result independent of units

Development of regulators based on different prior information:  MEM &  BR
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Assume instantaneous freezeout: T>0 states
convert to real vacuum particles at around TC
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In-medium dilepton emission from area under 
spectral resonance peaks

( to leading order                                     )⇢(P) = ⇢(p2
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In-medium dilepton emission from area under 
spectral resonance peaks
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Assume instantaneous freezeout: T>0 states
convert to real vacuum particles at around TC

”How many vacuum states do the
in-medium peaks correspond to?”
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In-medium dilepton emission from area under 
spectral resonance peaks

( to leading order                                     )⇢(P) = ⇢(p2
0 - p2)

R`¯̀ /
Z
dp0

Z
d3p

(2⇡)3
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Number density: divide in-medium 
by T=0 dimuon emission rate:

Y.Burnier, O. Kaczmarek, A.R. 
JHEP 1512 (2015) 101 
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In-medium dilepton emission from area under 
spectral resonance peaks
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Assume instantaneous freezeout: T>0 states
convert to real vacuum particles at around TC

”How many vacuum states do the
in-medium peaks correspond to?”
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Extracting the potential

Example: Pade based reconstructions at β=7.825 T=407MeV Nτ=12 
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Extracting the potential

Example: Pade based reconstructions at β=7.825 T=407MeV Nτ=12 

DFT

Beware of Pade artifacts besides peak:
e.g. positivity violation, spikes

Always find well defined lowest peak:
potential picture appears viable
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