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Sine-Gordon model

* Euclidean action Slp] = /er %(Vgp)Q — ucos(Byp)

* perturbative RG:
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* exact results

« 32 > 87 : massless phase

% < 87 : massive phase with (anti)soliton excitation Q=1

2—2K
} K = B?/8r : Luttinger parameter

ﬁr(“K)[ Rt

32 < 4w : soliton-antisoliton bound state (breather) Q=0
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FRG approach to sine-Gordon model
[R. Daviet & ND, arXiv:1812.01908, PRL'19]

iInfrared regulator
Stgl = Slel + [ J-aela) + 5 [ el-)Ru(@)e(@

effective action

Trlg) = —mZ [T+ [ J(=0)¢(q) — 5 [, d(—=0) Rr(0)d(q)

* Wetterich’s equation

ouTud] = o Tr {0 Ru(TP[g] + R) '} with T[] = S|

derivative expansion

Celd) = [ 5320V + Un(o)

Previous works on SG model: Nagi et al. 2009, Pangon 2012, Bacso et al. 2015



phase diagram

dimensionless variables
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Uk(¢) = Z];(li) = — ) iink cos(nBe)
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Ky = Zﬁk running Luttinger parameter
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spectrum in topological sector Q=0: soliton + antisoliton (free pair or bound state)

02 (p, ¢) = Zi(¢)p* + UL (9)

M? = lim _
k=0 Z;(0) k=0 Z,(0) k=0 Z.(0)
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* soliton and breather masses
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Figure 3. Mass M of the lowest excitation as obtained from
the FRG approach. The solid and dashed lines show the exact
values of 2Ms, and M; (the latter being defined only for
K <1/2) |Egs. (8,9)]. The inset shows the relative (crosses)
and absolute (dashed line) errors of the FRG result.



Lukyanov-Zamolodchikov conjecture
Nucl. Phys. B 493, 571 (1997)
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b it [F(;(E(I)K) 2%] i =P { /OOO % [zsmh<Kt>Zi$f<gi1[<1 "R n22K6_2t] }

where K=[°/81t (massive phase: K<1)

exact for K- 0, K=1/2 (noninteracting Thirring model) and n=2 (free energy)

« FRG approach
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Figure 4. Expectation value (e'™V?™5%¥) as obtained from

FRG (symbols) vs the Lukyanov-Zamolodchikov conjec-
ture (2) valid for K < 1/n (lines). The inset shows the
relative (symbols) and absolute (lines) disagreements between

the FRG results and the conjecture, respectively €.o1 and €,ps.
(A =1and u/A* =107%)

Lukyanov-Zamolodchikov conjecture confirmed with 1% accuracy



One-dimensional Bose fluid

Hamiltonian
H—= " {dc )l (z) (—% — ) + g(wT(x)w(w))2 Luttinger liquid (superfluid)
+Viattice () YT (@)1 () Mott insulator
_'_Vdisorder(x) ¢T (33)1?(35‘) Bose glass
_|_ S

bosonization [Haldane 1981]

Y(x) = e/ p(z)

0(z), 0yp(y)] = imd(x —
p(z) = po — %&csﬁ(a:) + 2pg cos(2mpox + 2¢(z)) + - - - [0(x), Oysp(y)] y)

Luttinger liquids g
- v 9 i 2
Hip = /dw o {K(ax9> + K(8x90> }

beyond luttinger liquids: sine-Gordon models + non-integrable perturbations



Interacting bosons in a random potential
[ND, arXiv:1903.12374]

e Hamiltonian

H = Hyp, —I—/dl‘ V(m)p(iL‘)
1
= Hy1, + /dx V(x) (po — ;chp + 2p9 cos(2mpox + 2¢0) + - - )

- Velz): =0
th { MEEG) D)

* replica formalism (n copies of the system)

Zr=14nlnZ+---= /D[go]e_s[‘p]
- b v (0-0,)°
_ 2 7Pa
Slp| = E /dx/o dT27rK {((%g&a) +- 2 }

n B
2 Z /dx/o dridr cos20q (@ 7F =200 7 )]

a,b=1




* analogy with classical disordered systems: r=(x,y=vrt)

Sle] = Z/d%%lK(Vsoa)Q—D > /dw/dydy’ cos(2¢4 (%, y) — 2pp(z,y')]

a,b=1

describes 2D elastic manifolds in a 3D disordered medium with correlated disorder
at temperature T=nK
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* 5-g¢ expansion: Balents 1993, etc.

* Gaussian Variational Method with spontaneous replica symmetry
breaking: Giamarchi and Le Doussal 1996



Perturbative RG [Giamarchi, Schulz 1988, Ristivojevic et al. 2012]

* phase diagram D
A
dK o, D
W0 BG
(BKT flow)
K

K,=3/2 SF
* Bose-glass phase [Fisher et al. 1989]

compressibility: dk/dl =0, k>0
localized phase: £joc ~ D—53r

high-frequency conductivity: o(w > v/&oc) ~ w24



FRG approach to disordered (classical) systems

long history... Fisher 1985, Narayan, Balents, Nattermann, Chauve, Le Doussal,
Wiese, etc.

Metastable states: pinning, “shocks” and “avalanches”, chaotic behavior, aging, etc.
non-perturbative (Wetterich’s) formulation: Tissier & Tarjus 2004- (RFIM)

truncation of the replicated effective action

1
['k[op] = Z ' k[0a] — > Z I's k|@a, dp] + -+ (free replica sum expansion)
a a,b

B
Fl,k[¢a] — /d[B/O dr {%(ax¢a)2 + ¢aAk<aT)¢a} )

B
el / dz / i D) G )

with initial conditions: Z, = LK’ Ap(iw) = Zyw? [v?,  Va(u) = 2D cos(2u)
T

velocity: A (iw) = Zyw? /vp? + O(w?)
Luttinger parameter: K = v /nZ,



phase diagram
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Bose-glass fixed point:

K*=0, Kp~k? with 6=1/2
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(no quantum fluctuations, hence pinning)
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——] for wu € [0,m7]

cusp
and quantum boundary layer
(controlled by K, ~k°)



Physics of the cusp and the boundary layer: metastable states
[Balents et al. 1996, Le Doussal, etc.]

energy
A

ground state

» configuration space

* cusp: the ground state varies discontinuously, as a function of an external “force”,
whenever it becomes degenerate with a metastable state: “shocks” or “avalanches”.

* quantum boundary layer: quantum fluctuations (K>0) lead to quantum tunneling
between nearly degenerate states and a rounding of the cusp in a boundary layer.

- (rare) superfluid regions with significant density fluctuations and reduced phase
fluctuations (Griffiths phase) [Fisher et al. 1989, Pollet et al. 2009, etc.]



self-energy

Conductivity
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localization/pinning length:

conductivity

o(w) =

A + Blwy|

Ok A (i) = BY(0)(-++) ~ kO(-

if w, = 0 (statistical tilt symmetry)

if wp, #0
—1/2
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Conclusion

FRG is a very powerful method to study the sine-Gordon model and its (non-
Integrable) generalizations.

In the sine-Gordon model, FRG allows us to compute the masses of the (anti)soliton
and breather in the massive phase, in very good agreement with exact results, and to
confirm the Lukyanov-Zamolodchikov conjecture.

For 1D disordered bosons, FRG gives a fairly complete picture of the Bose-glass
phase and reveals (some of) its glassy properties: pinning, “shocks” and
“avalanches”.
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