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One-dimensional quantum fluids 

sine-Gordon model + non-integrable perturbations

(bosonization)
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Sine-Gordon model

● Euclidean action

● perturbative RG:  

Perturbative RG
    BKT flow



  

● exact results

●             : massless phase 

      

●             : massive phase with (anti)soliton excitation Q=±1 

 

                    

                      : soliton-antisoliton bound state (breather) Q=0



  

FRG approach to sine-Gordon model 
[R. Daviet & ND, arXiv:1812.01908, PRL’19]

● infrared regulator 

● effective action 

 

● Wetterich’s equation 

● derivative expansion 

Previous works on SG model: Nagi et al. 2009, Pangon 2012, Bacsó et al. 2015



  

● phase diagram 

dimensionless variables



  

● massive phase

spectrum in topological sector Q=0: soliton + antisoliton (free pair or bound state) 



  

● soliton and breather masses 



  

Lukyanov-Zamolodchikov conjecture 
Nucl. Phys. B 493, 571 (1997)

● FRG approach 

where K=β2/8π (massive phase: K<1)

exact for K→0, K=1/2 (noninteracting Thirring model) and n=2 (free energy)



  

Lukyanov-Zamolodchikov conjecture confirmed with 1% accuracy 



  

One-dimensional Bose fluid 

● Hamiltonian 

● bosonization [Haldane 1981] 

● Luttinger liquids

● beyond luttinger liquids: sine-Gordon models + non-integrable perturbations 



  

Interacting bosons in a random potential 
[ND, arXiv:1903.12374]

● Hamiltonian  

● replica formalism (n copies of the system) 



  

● analogy with classical disordered systems: r=(x,y=vτ)

● 5-ε expansion: Balents 1993, etc.

● Gaussian Variational Method with spontaneous replica symmetry 
breaking: Giamarchi and Le Doussal 1996

describes 2D elastic manifolds in a 3D disordered medium with correlated disorder
at temperature T=πK



  

Perturbative RG [Giamarchi, Schulz 1988, Ristivojevic et al. 2012]

● phase diagram 

● Bose-glass phase [Fisher et al. 1989] 

SF

BG



  

FRG approach to disordered (classical) systems 

● long history… Fisher 1985, Narayan, Balents, Nattermann, Chauve, Le Doussal, 
Wiese, etc.

Metastable states: pinning, “shocks” and “avalanches”, chaotic behavior, aging, etc.

  
● non-perturbative (Wetterich’s) formulation: Tissier & Tarjus 2004-   (RFIM)

● truncation of the replicated effective action 



  

● phase diagram 

● Bose-glass fixed point:
Luttinger liquid 

Bose glass

               cusp 
and quantum boundary layer
        (controlled by Kk 

~kθ )



  

Physics of the cusp and the boundary layer: metastable states 
[Balents et al. 1996, Le Doussal, etc.]

● cusp: the ground state varies discontinuously, as a function of an external “force”, 
whenever it becomes degenerate with a metastable state: “shocks” or “avalanches”.  

● quantum boundary layer: quantum fluctuations (K>0) lead to quantum tunneling 
between nearly degenerate states and a rounding of the cusp in a boundary layer. 

→(rare) superfluid regions with significant density fluctuations and reduced phase 
fluctuations (Griffiths phase) [Fisher et al. 1989, Pollet et al. 2009, etc.] 

energy

configuration space
ground state

metastable 
  state



  

Conductivity
● self-energy

● localization/pinning length: 

● conductivity 



  

Conclusion

● FRG is a very powerful method to study the sine-Gordon model and its (non-
integrable) generalizations.  

● In the sine-Gordon model, FRG allows us to compute the masses of the (anti)soliton 
and breather in the massive phase, in very good agreement with exact results, and to 
confirm the Lukyanov-Zamolodchikov conjecture. 

● For 1D disordered bosons, FRG gives a fairly complete picture of the Bose-glass 
phase and reveals (some of) its glassy properties: pinning, “shocks” and 
“avalanches”.  
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