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Motivation: QCD phase diagram at low T

I Standard argument for a QCD critical point:

Lattice: crossover at high T and low µ
Models: 1st order at low T and high µ

⇒ based on tacit assumption: 〈q̄q〉��ZZ(~x) constant in space/ homogeneous

Motivation

NJL-model study [D. Nickel, PRD (2009)]:

homogeneous phases only

 0

 20

 40

 60

 80

 100

 240  260  280  300  320  340  360

T
 (

M
eV

)

µ (MeV)

〈q̄q〉 = 0

〈q̄q〉 = const.

inhom.

1st-order phase boundary
completely covered by the
inhomogeneous phase!

Critical point
→ Lifshitz point
[D. Nickel, PRL (2009)]

Inhomogeneous phase rather
robust under model
extensions and variations:

vector interactions
Polyakov-loop dynamics
including strange quarks
isospin imbalance
magnetic fields

[MB, S. Carignano, PPNP (2015)]

Michael Buballa for project A03 Inhomogeneous phases at high density 4 / 9

D. Nickel, Phys. Rev. D 80 7 (2009)

M. Buballa and S. Carignano, Prog. Part. Nucl. Phys. 81 (2015)

Adrian Koenigstein & Martin J. Steil Inhomogeneous phases Hirschegg | April 2, 2019 2 / 20



Motivation: QCD phase diagram at low T

I Allowing for 〈q̄q〉 (~x) ⇒ energetically favored inhomogeneous
condensates overlapping the 1st order transition

Critical point → Lifshitz point
Inhomogeneous phase rather robust under model extensions and
variations

Motivation

NJL-model study [D. Nickel, PRD (2009)]:

including inhomogeneous phase
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Introduction

I Current goal: Study effects of bosonic and fermionic quantum
fluctuations on inhomogeneous chiral condensates in the
Quark-Meson (QM) model

Towards deriving, implementing and solving FRG flow equations with
inhomogeneous chiral condensates (this talk)
FRG based stability analysis around the homogeneous phase (Adrians
talk on Wednesday)

I Method: Study within the Functional Renormalization Group (FRG)

Highly potent tool to investigate effects of quantum fluctuations
In-medium computations (T ≥ 0 and µ ≥ 0) are possible
Inclusion of inhomogeneous condensates is possible

I Part of CRC-TR 211 Project A03: Inhomogeneous phases at high
density
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Introduction: CRC-TR 211 Project A03

I Central Questions:

1. What is the energetically preferred modulation of the chiral order
parameter?

2. Are inhomogeneous phases stable under thermal and quantum
fluctuations?

3. How do variations of the parameters (mq, µI , µS , . . .) influence the
region of the phase diagram covered by an inhomogeneous phase and
what is the order of the transition between this and the adjacent
homogeneous phase?

I Principal investigators: Michael Buballa, Dirk H. Rischke and Marc
Wagner

I Senior collaborators: Jens Braun, Stefan Rechenberger, Bernd-Jochen
Schaefer, Lorenz von Smekal and Ralf-Arno Tripolt

I Researchers: Niklas Cichutek, Taylan Erdogan, Jürgen Eser, Lutz Kiefer,
Adrian Koenigstein, Dominic Kraatz, Phillip Lakaschus, Laurin Pannullo,
Sabor Salek, Martin Jakob Steil and Marc Winstel

crc-tr211.org
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Functional Renormalization Group

I Exact RG flow equation

dΓk

dk
=

1

2
STr

{[
Γ

(2)
k + Rk

]−1
∂kRk

}

=
1

2
−

I Implementation of Wilson’s RG approach:

k
Λ0

ΓΛ = SΓkΓ1PI = Γ0

IR UV
RG flow

C. Wetterich, Physics Letters B 301.1 (1993)

K. G. Wilson, Phys. Rev. B 4 9 (1971)
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Two flavor Quark-Meson model in LPA with CDW

I Truncation of Γk is necessary to explicitly solve the flow equation:
Lowest-order derivative expansion: Local potential approximation
(LPA) for QM model in the chiral limit:

Γk [ψ, ψ̄, φ] =

∫
d4z
{
ψ̄(z)

[
/∂ − µγ0 + g

(
σ(z) + iγ5~τ · ~π(z)

)]
ψ(z)+

+
1

2

(
∂µφ(z)

) (
∂µφ(z)

)
+ Uk(φ(z)φ(z))

}
I Chiral density wave (CDW) ansatz for the condensates:

φ(z)
CDW

=
(
σ(~z), 0, 0, π3(~z)

)
=

M

g

(
cos(~q · ~z), 0, 0, sin(~q · ~z)

)
ρ(z) ≡ φ(z)φ(z)

CDW
=

M2

g2
Spatially independent O(4)-sym. field

σ(z)± iOπ3(z)
CDW

=
M

g
exp (±iO~q · ~z), for O2 = 1 Euler’s formula
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Two-point functions

I Challenge: Non trivial position dependence for the CDW in

Γ
(0,1,1)
k (x , y) ≡

−→
δ

δψ̄(x)
Γk [ψ, ψ̄, φ]

←−
δ

δψ(y)

CDW
= δ(4)(x − y)

[
/∂x − γ0µ+ M

(
cos(~q · ~x) + iγ5τ3 sin(~q · ~x)

)]
= δ(4)(x − y)

[
/∂x − γ0µ+ M exp (iγ5τ3~q · ~x)

]
Γ

(2,0,0)
k (x , y) ≡ δ

δφi (x)

δ

δφj(y)
Γk [ψ, ψ̄, φ]

CDW
= δ(4)(x − y)

[ (
−∂2

x + 2U ′k(ρ)
)
δij + 4U ′′k (ρ)φi (x)φj(x)

]
I Solution: Construct unitary transformation (U†U = 1 and ∂kU = 0)

for the CDW analytically to eliminate explicit position dependence ⇔
diagonalize Γ

(2)
k in momentum space
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Unitary transformations for the CDW

I The transformation for the fermionic two-point function:

UF (~x) ≡ exp
(
− i

2
γ5τ3~q · ~x

)
diagonalizes γ0Γ

(0,1,1)
k in momentum space:

Γ̃
(0,1,1)
k;U (p, r) ≡

∫
d4p′

(2π)4

∫
d4p′′

(2π)4
U†(p, p′)γ0Γ

(0,1,1)
k (p′, p′′)U(p′′, r)

= (2π)4δ(4)(p − r)

[
ip0 − µ+ iγ0γip

i+
i

2
γ0γ5τ3γiq

i + γ0M

]
.

I The transformation for the bosonic two-point function:

UB(~x) ≡ 1

2


1− exp(−2i~q · ~x) 0 0 1 + exp(−2i~q · ~x)

0 2 0 0
0 0 2 0

−i(1 + exp(−2i~q · ~x)) 0 0 i(exp(−2i~q · ~x)− 1)

 .

diagonalizes Γ
(2,0,0)
k in momentum space.
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Unitary transformations for the CDW

I Transformed regulators
Generic regulators stay diagonal in momentum space under the unitary
transformations U

Example: Transformed 3D fermionic regulator

R̃F
k;U(p, r) ≡

∫
d4p′

(2π)4

∫
d4p′′

(2π)4
U†(p, p′)γ0R

F
k (p′, p′′)U(p′′, r)

= i(2π)4δ(4)(p − r)
∑
±

P±γ0(~/p ± ~/q/2)rFk (|~p ± ~q/2|/k),

with the chiral projection operators P± ≡ 1
2 (1± γ5τ3).
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LPA Flow equation

LPA flow equation for Uk(ρ) with CDW condensates

∂kUk(ρ) =

∫
d3p

(2π)3

3∑
i=0

1

2
coth

(
E i
k

2T

)
∂kE

i
k+

− 2Nc

∫
d3p

(2π)3

∑
±,±

tanh

(
E±k ± µ

2T

)
∂kE

±
k

I Using generic but three-dimensional FRG regulators

RF
k (p, r) ≡ i~/pr

F
k (|~p|/k)(2π)4δ(4)(p − r)

RB
k (p, r) ≡ ~p 2rBk (|~p|/k)(2π)4δ(4)(p − r)

in a unified regulator scheme(
1 + rFk (|~p|/k)

)2

= 1 + rBk (|~p|/k) ≡ λk(|~p|)2.
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Flowing energy eigenvalues of the CDW

I Fermionic eigenvalues:

(E±k )2 = M2 +
(~p+q

k )2

2
+

(~p−qk )2

2
+

±
√

M2
(
~p+q
k − ~p−qk

)2

+
1

4

(
(~p+q

k )2 − (~p−qk )2
)2

q=0
= M2 + (~pk)2

with ~p q
k ≡ (~p + ~q/2)(1 + rFk

(
|~p + ~q/2|/k

)
) =

(
~p + ~q/2

)
λk
(
|~p + ~q/2|

)
I Bosonic eigenvalues:

(E 1
k )2 = (E 2

k )2 = (~pk)2 + 2U ′k(ρ)
q=0
= (~pk)2 + 2U ′k(ρ)

(E 0,3
k )2 = (~pk)2 +

1

2
(~p+4q

k )2 + 2U ′k(ρ) + 2ρU ′′k (ρ)+

±
√

4ρ2U ′′k (ρ)2 +
1

4

(
(~p+4q

k )2 − (~pk)2
)2

q=0
= (~pk)2 + 2U ′k(ρ) + 2ρ(U ′′k (ρ)± |U ′′k (ρ)|)

Adrian Koenigstein & Martin J. Steil Inhomogeneous phases Hirschegg | April 2, 2019 11 / 20



Mean-field approximation

I Mean-field approximation (MFA) in the present RG setting:

∂kΓk =
1

2
−

Neglect bosonic fluctuations and integrate the LPA flow equation

RG MFA thermodynamic potential

Ω̄MFA
µ,T (

√
ρ, q) ≡

Γ0

V4
= UΛ(ρ) +

q2ρ

2
−

1

V4

∫ 0

Λ
dk

= λΛ(ρ− v2
Λ)2 +

q2ρ

2
− 2Nc

∫
d3p

(2π)3

∑
±,±

T log

[
2 cosh

[
E±k ± µ

2T

]]k=0

k=Λ
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Computation of phase diagrams

1. Model parameter fixation in vacuum and regulator choice
So far näıve parameter fixation: Fitting the quark mass M, the bare
pion decay constant fπ and the sigma curvature mass mσ in the IR
Exponential regulator λexpk (p)2 = 1 + 1/

(
exp(p2/k2)− 1

)
2. Computation of the fermionic loop at different µ, T , ρ and q

Numerical solution of 2D momentum integrals using the Cubature
package1

3. Minimization of Ω̄µ,T (
√
ρ, q) to find Ω(µ,T ) = Ω̄µ,T (

√
ρ
min

, qmin)
Minimizing a spectral decomposition in Chebyshev polynomials T2n(x)

Ω̄µ,T (
√
ρ, q) =

∑
n1n2

aµ,Tn1n2
T2n1 (

√
ρ)T2n2 (q)

using a 2D Nelder–Mead simplex method.

4. Sampling of the µ-T -plane
Parallelized Block-Structured Adaptive Mesh Refinement

1Cubature package: github.com/stevengj/cubature
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Homogeneous Mean-field phase diagrams

I λexpk , fπ = 88MeV, M = 300MeV and mσ = 600MeV

I Allowing only homogeneous condensates: |~q | !
= 0
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Inhomogeneous mean-field phase diagrams

I λexpk , fπ = 88MeV, M = 300MeV, mσ = 600MeV

I Λ = 500MeV
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Inhomogeneous mean-field phase diagrams

I λexpk , fπ = 88MeV, M = 300MeV, mσ = 600MeV

I Λ = 450MeV
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Inhomogeneous mean-field phase diagrams

I λexpk , fπ = 88MeV, M = 300MeV, mσ = 600MeV

I Λ = 400MeV
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Comparison to existing hom. mean-field results
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I fπ = 88MeV, M = 300MeV
and mσ = 2M

I MFA with Pauli-Villars (PV)
regularization of the vacuum
term with ΛPV = 5.0GeV1

I λexpk , näıve parameter fixation,
Λ = 1.5GeV

I Results are in very good
agreement

1S. Carignano, M. Buballa, and W. Elkamhawy, Phys. Rev. D 94 3 (2016)
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Comparison to existing inhom. mean-field results

I Involved existing MFA results (with M = 300MeV, mσ = 2M)

PV regularization and ’RP’ parameter fixation at ΛPV = 5.0GeV1

Dim. regularization using the on-shell (OS) renormalization scheme2

are in agreement and predicts a non-vanishing inhomogeneous window:

PV ’RP’: fπ = 88MeV dim. reg. ’OS’: fπ = 93MeV
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1S. Carignano, M. Buballa, and W. Elkamhawy, Phys. Rev. D 94 3 (2016)
2P. Adhikari, J. O. Andersen, and P. Kneschke, Phys. Rev. D 96 1 (2017)
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Improving on the näıve RG MFA

1. RG-consistent MFA3 by enforcing:

Λ
dΓk=0

dΛ
= 0

Initial condition ΓΛ′ [ρ] at Λ′ < Λ and construction of ΓΛ[ρ] via
RG-consistency
Allows for systematic study of cutoff effects and regularization-scheme
dependence
Using a QCD motivated ΓΛ′ [ρ] ∝ ρ at Λ′ ∼ 0.4 . . . 1.0GeV?

2. Improved parameter fixation using Γ
(2)
k=0 in MFA

Fitting to renormalized fπ
Fitting pole-mass mσ,p

Motivated by MFA studies with Pauli-Villars regularization

3J. Braun, M. Leonhardt, and J. M. Pawlowski (2018), arXiv: 1806.04432 [hep-ph]
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Summary and Outlook

I What we have done so far:
Derivation of a LPA flow eq. for inhomogeneous CDW condensates
Development/Implementation of efficient, accurate and stable numerics
Numerical results in näıve RG MFA

I What we are currently working on:
Improving the näıve MFA
Development/Implementation of numerics for the full CDW LPA flow
equation in medium

I What we plan to do in the future:
Study the effects of bosonic fluctuations using the already derived LPA
flow eq. for the CDW
Investigate the effects of different 3D (and 4D) regulators on the
inhomogeneous phase
Study cutoff effects on the inhomogeneous phase
Extending the truncation: deriving flow equations beyond LPA in
presence of CDW condensates
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Appendix



Transformed RG equation

I For U†U = 1 and ∂kU = 0:

dΓk

dk
=

1

2
STr

{[
Γ

(2)
k + Rk

]−1
∂kRk

}
=

1

2
STr

{
UU†

[
Γ

(2)
k + Rk

]−1
UU†∂kRk

}
=

1

2
STr

{[
U†Γ

(2)
k U + U†RkU

]−1
∂kU

†RkU

}
≡ 1

2
STr

{[
Γ

(2)
k;U + Rk;U

]−1
∂kRk;U

}
I With Γ

(2)
k;U ≡ U†Γ

(2)
k U and Rk;U ≡ U†RkU
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Näıve parameter fixation

I Three free model parameters: Yukawa coupling g and two meson
potential UV inital conditions λΛ and v2

Λ
I To fix those we fit the quark mass M, the bare pion decay constant fπ

and the sigma curvature mass mσ

g =
M

fπ

λΛ =
m2
σ

2f 2
π

+ 2I ′′0,Λ(f 2
π )

v2
Λ = f 2

π

m2
σ − 4I ′0,Λ(f 2

π ) + 4f 2
π I
′′
0,Λ(f 2

π )

m2
σ + 4f 2

π I
′′
0,Λ(f 2

π )

in vacuum with

I0,Λ(ρ) ≡
1

V4

∫ 0

Λ
dk

∣∣∣
µ=T=q=0

=
2Nc

π2

∫ ∞
0

p2 dp

(√
g2ρ+ p2λ0(p)2 −

√
g2ρ+ p2λΛ(p)2

)
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Näıve parameter fixation

I fπ = 88MeV, M = 300MeV ⇒ g(Λ) ∼= 3.409 = const.

I λexpk (p)2 = 1 + 1/
(
exp(p2/k2)− 1

)
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Comparison to existing inhom. mean-field results

I MFA with Pauli-Villars (PV) regularization of the vacuum term with
ΛPV = 0.2GeV (fπ = 88MeV, M = 300MeV, mσ = 2M)

’BC’: fπ = 〈σ〉 and mσ = mσ,curv ’RP’: fπ = 〈σ〉 /
√
Zπ and mσ = mσ,pole
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I MFA with RG regularization and MFA with PV-’BC’ predict a
vanishing inhomogeneous window

I MFA with PV-’RP’ predict a non-vanishing inhomogeneous
window

S. Carignano, M. Buballa, and W. Elkamhawy, Phys. Rev. D 94 3 (2016)
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Comparison to existing inhom. mean-field results

I MFA with Pauli-Villars (PV) regularization of the vacuum term with
ΛPV = 0.3GeV (fπ = 88MeV, M = 300MeV, mσ = 2M)

’BC’: fπ = 〈σ〉 and mσ = mσ,curv ’RP’: fπ = 〈σ〉 /
√
Zπ and mσ = mσ,pole
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I MFA with RG regularization and MFA with PV-’BC’ predict a
vanishing inhomogeneous window

I MFA with PV-’RP’ predict a non-vanishing inhomogeneous
window

S. Carignano, M. Buballa, and W. Elkamhawy, Phys. Rev. D 94 3 (2016)
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Comparison to existing inhom. mean-field results

I MFA with Pauli-Villars (PV) regularization of the vacuum term with
ΛPV = 0.4GeV (fπ = 88MeV, M = 300MeV, mσ = 2M)

’BC’: fπ = 〈σ〉 and mσ = mσ,curv ’RP’: fπ = 〈σ〉 /
√
Zπ and mσ = mσ,pole
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Comparison to existing inhom. mean-field results

I MFA with Pauli-Villars (PV) regularization of the vacuum term with
ΛPV = 5.0GeV (fπ = 88MeV, M = 300MeV, mσ = 2M)

’BC’: fπ = 〈σ〉 and mσ = mσ,curv ’RP’: fπ = 〈σ〉 /
√
Zπ and mσ = mσ,pole
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I MFA with RG regularization and MFA with PV-’BC’ predict a
vanishing inhomogeneous window

I MFA with PV-’RP’ predict a non-vanishing inhomogeneous
window
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Cubature: github.com/stevengj/cubature

I C package for adaptive multidimensional integration (cubature) of
vector-valued integrands over hypercubes∫ b1

a1

∫ b2

a2

. . .

∫ bn

an

~f (~x ) dnx

I Free software under the terms of the GNU General Public License (v2
or later)

I h-adaptive integration: recursive partitioning the integration
domain into smaller subdomains, applying the same integration rule
to each, until convergence is achieved

A. C. Genz and A. A. Malik, J. Comput. Appl. Math. (1980)

J. Berntsen, T. O. Espelid and A. Genz, ACM Trans. Math. Soft (1991)
Adrian Koenigstein & Martin J. Steil Inhomogeneous phases Hirschegg | April 2, 2019 25 / 20

https://github.com/stevengj/cubature


Block-Structured Adaptive Mesh Refinement

I Homogeneous sMFA (no vacuum term, no regularization) phase diagram
fπ = 88MeV, M = 300MeV and mσ = 600MeV

I Mesh refinement based on the standard deviation of the order parameter on
each tile

I 684 points, max resolution 10× 10MeV2, initial mesh
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Block-Structured Adaptive Mesh Refinement

I Homogeneous sMFA (no vacuum term, no regularization) phase diagram
fπ = 88MeV, M = 300MeV and mσ = 600MeV

I Mesh refinement based on the standard deviation of the order parameter on
each tile

I 925 points, max resolution 5× 5MeV2, total saving factor 2.8
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Block-Structured Adaptive Mesh Refinement

I Homogeneous sMFA (no vacuum term, no regularization) phase diagram
fπ = 88MeV, M = 300MeV and mσ = 600MeV

I Mesh refinement based on the standard deviation of the order parameter on
each tile

I 1419 points, max resolution 2.5× 2.5MeV2, total saving factor 7.6
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Block-Structured Adaptive Mesh Refinement

I Homogeneous sMFA (no vacuum term, no regularization) phase diagram
fπ = 88MeV, M = 300MeV and mσ = 600MeV

I Mesh refinement based on the standard deviation of the order parameter on
each tile

I 2278 points, max resolution 1.25× 1.25MeV2, total saving factor 17.9

0 50 100 150 200 250 300 350

0

50

100

150

μ [MeV]

T
[M

e
V
]

Adrian Koenigstein & Martin J. Steil Inhomogeneous phases Hirschegg | April 2, 2019 26 / 20



Block-Structured Adaptive Mesh Refinement

I Homogeneous sMFA (no vacuum term, no regularization) phase diagram
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I Mesh refinement based on the standard deviation of the order parameter on
each tile
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