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Motivation: QCD phase diagram at low T cRc.-rm

» Standard argument for a QCD critical point:

m Lattice: crossover at high T and low p
m Models: 1st order at low T and high

= based on tacit assumption: (c';q)]}ZI constant in space/ homogeneous
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Motivation: QCD phase diagram at low T cRc.-rm

» Allowing for (gq) (X) = energetically favored inhomogeneous
condensates overlapping the 1st order transition

m Critical point — Lifshitz point
m Inhomogeneous phase rather robust under model extensions and

variations
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Introduction cRc.-rm

» Current goal: Study effects of bosonic and fermionic quantum
fluctuations on inhomogeneous chiral condensates in the
Quark-Meson (QM) model

m Towards deriving, implementing and solving FRG flow equations with
inhomogeneous chiral condensates (this talk)

m FRG based stability analysis around the homogeneous phase (Adrians
talk on Wednesday)

» Method: Study within the Functional Renormalization Group (FRG)

m Highly potent tool to investigate effects of quantum fluctuations
m In-medium computations (7 > 0 and p > 0) are possible
m Inclusion of inhomogeneous condensates is possible

» Part of CRC-TR 211 Project A03: Inhomogeneous phases at high
density
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Introduction: CRC-TR 211 Project A03 cRc.-rm

» Central Questions:

1. What is the energetically preferred modulation of the chiral order
parameter?

2. Are inhomogeneous phases stable under thermal and quantum
fluctuations?

3. How do variations of the parameters (mgq, py, is, -..) influence the
region of the phase diagram covered by an inhomogeneous phase and
what is the order of the transition between this and the adjacent
homogeneous phase?

» Principal investigators: Michael Buballa, Dirk H. Rischke and Marc
Wagner

> Senior collaborators: Jens Braun, Stefan Rechenberger, Bernd-Jochen
Schaefer, Lorenz von Smekal and Ralf-Arno Tripolt

> Researchers: Niklas Cichutek, Taylan Erdogan, Jirgen Eser, Lutz Kiefer,
Adrian Koenigstein, Dominic Kraatz, Phillip Lakaschus, Laurin Pannullo,
Sabor Salek, Martin Jakob Steil and Marc Winstel

crc-tr21l.org
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https://crc-tr211.org/

Functional Renormalization Group cRc.-rm

> Exact RG flow equation

diy 1 () -1
E = ESTI'{ |:|_k + Rk} akRk}

» Implementation of Wilson’s RG approach:

P _ g r =S5
= = ek
0 A
R———— UV

RG flow

C. Wetterich, Physics Letters B 301.1 (1993)
K. G. Wilson, Phys. Rev. B 4 9 (1971)
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Two flavor Quark-Meson model in LPA with CDW cR.-rm

» Truncation of ', is necessary to explicitly solve the flow equation:

Lowest-order derivative expansion: Local potential approximation
(LPA) for QM model in the chiral limit:

o d.dl = [¢2{3@) [0 =m0+ & (0(2) + 1957 7(2)| w(2)+
+ 2 (0,:0(2)) (00(2)) + Uu(0(2)(2) )
> Chiral density wave (CDW) ansatz for the condensates:
0z) 2 (2(2).0,0.7(2)) = = (cos(q 2).0,0.5in(q'- 2)

o(2) = o(z)8(z) 2 M

Spatially independent O(4)-sym. field

M
o(z) £10m3(2) o z exp (£i0G-Z), for 02 =1 Euler’s formula
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Two-point functions cRc.-rm

» Challenge: Non trivial position dependence for the CDW in

r(0,1,1)(x y) = ? Tk, ¥, ¢l —— <—
k 5 6w( ) 5"/}()/)

cow 6§ (x —y) {ﬁx — Yop + M(cos(qG - X) +ivs73sin(q - i))}

= §W(x—y) [&?X — Yop + Mexp (i7573G - %)]

r2o%x,y) = 5¢5(X) 55,0 L0l

W 54 (x — y) { (_af + 2u;(p)) 0 + 4UK (p)di () (x )]

» Solution: Construct unitary transformation (UTU =1 and 9, U = 0)
for the CDW analytically to eliminate explicit position dependence <
r)

diagonalize in momentum space
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Unitary transformations for the CDW cRc.-rm

» The transformation for the fermionic two-point function:

) = o0 (~ S 3)

diagonalizes yor(k’ in momentum space:

N d4pl d4p//

P (p.r) = / @2r) | (2n)? Ut(p, p )l (', o) U(p", 1)
: ; il i

= (2n)*6®(p—r) [1p0 — o+ iyovip T57075737i9 +M|.

> The transformation for the bosonic two-point function:

1 —exp(—2iG - X) 0 0 1+exp(—2iG-X)
L1 0 20 0
Us() =3 0 0 2 0
—i(1+exp(—2iG-%)) 0 0 i(exp(—2iG-x)—1)
diagonalizes rs{z,o,o) in momentum space.
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Unitary transformations for the CDW cRc.-rm

» Transformed regulators

m Generic regulators stay diagonal in momentum space under the unitary
transformations U

m Example: Transformed 3D fermionic regulator

RF _ d*p’ d*p” Ut Yoo RF (0. 0" Y U(D"
k;U(p,r): W W (PaP)’YO k(pap) (par)

=i(2n)*6(p—r) > Piyo(p+ d/2)rf (15 + G/2|/k),
T

with the chiral projection operators Py = %(]1 + Y573).
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LPA Flow equation cRc.-rm

LPA flow equation for Ui(p) with CDW condensates

» Using generic but three-dimensional FRG regulators

RE (p.r) = 1prL (51/K)(2m)*6 @ (p — r)
RE(p.r) = 522 (|171/K)(2x)*6 O (p — 1)

in a unified regulator scheme

(14 (B1/K) =1+ rB(lB1/K) = MBI
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Flowing energy eigenvalues of the CDW cRc.-rm

» Fermionic eigenvalues:
519)2 5~ 9)2
G B

+

\/ % *“')2 w3 (- Ee)

(5 = M+

=" M2+ (fi
with 57 = (F+G/2)(1+r{ (I5+G/2l/k)) = (F+d/2) M (15 +d/2])
> Bosonic eigenvalues:
(E2) = (B2 = (A + 2U;< ) = (i)’ +2Ui(p)
(EQ*F = (302 + 5(5 ) + 2U(p) + 20U o)+

j:\/4p2U,’<’(P) H (GO
(o

)+ U (p)])
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Mean-field approximation cRc.-rm

» Mean-field approximation (MFA) in the present RG setting:

L@

akrk = E ,:\ l:, _

Seo-

m Neglect bosonic fluctuations and integrate the LPA flow equation

RG MFA thermodynamic potential

I 2 1 0

MFA _lo ap

Q) =-—2=U TP = [ dk
W)= g = U+ 52— [ @

o k=0
:)\A(pfv,%)2+ =5 72Nc/ r )3 Z T log {2cosh {ETI:":MH

k=N

o
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Computation of phase diagrams cRc.-rm

1. Model parameter fixation in vacuum and regulator choice
m So far naive parameter fixation: Fitting the quark mass M, the bare
pion decay constant f; and the sigma curvature mass m, in the IR

m Exponential regulator \;*"(p)? = 1+ 1/ (exp(p?/k?) — 1)

2. Computation of the fermionic loop at different u, T, p and g
m Numerical solution of 2D momentum integrals using the Cubature
package’

3. Minimization of Q, (,/p,q) to find Q(u, T) = Q.. 7(\/p,,.. dmin)

m Minimizing a spectral decomposition in Chebyshev polynomials T5,(x)
(P, q) =D ah Tan (v0) Tam ()
nyny
using a 2D Nelder—Mead simplex method.

4. Sampling of the u-T-plane
m Parallelized Block-Structured Adaptive Mesh Refinement

1 . .
Cubature package: github.com/stevengj/cubature
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https://github.com/stevengj/cubature

Homogeneous Mean-field phase diagrams CRC-TR2n

> AP, f =88MeV, M =300MeV and m, = 600 MeV

. o !
> Allowing only homogeneous condensates: |G| =0
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Inhomogeneous mean-field phase diagrams CRC-TR2n

> AP f =88MeV, M =300 MeV, m, = 600 MeV
> A =500MeV
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Inhomogeneous mean-field phase diagrams CRC-TR2n

> AP f =88MeV, M =300 MeV, m, = 600 MeV
> A = 450 MeV
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Inhomogeneous mean-field phase diagrams CRC-TR2n

> AP f =88MeV, M =300 MeV, m, = 600 MeV
> A = 400 MeV
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Comparison to existing hom. mean-field results cRc.-rm

250

'_ )1;;“’ : Av: 1.5 éCV
— PV: Apy =5.0GeV
2001 : o ‘ : 1 > f. =88MeV, M = 300MeV
and m, = 2M
o
ol . ‘n‘\ . , » MFA with Pauli-Villars (PV)
= N regularization of the vacuum
= \\ term with Apy = 5.0 GeV'!
100 | - - h! 1 . . .
\\ > AP, naive parameter fixation,
\\ A= 1.5 GeV
or ) R R ] > Results are in very good
agreement
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'S Carignano, M. Buballa, and W. Elkamhawy, Phys. Rev. D 94 3 (2016)
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Comparison to existing inhom. mean-field results cRc.-rm

> Involved existing MFA results (with M = 300 MeV, m, = 2M)

m PV regularization and 'RP’ parameter fixation at Apy = 5.0 GeV?
m Dim. regularization using the on-shell (OS) renormalization scheme?

are in agreement and predicts a non-vanishing inhomogeneous window:

PV 'RP’: f; = 88 MeV

dim. reg. 'OS’: f = 93 MeV
w—
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'S, Carignano, M. Buballa, and W. Elkamhawy, Phys. Rev. D 94 3 (2016)

2p. Adhikari, J. O. Andersen, and P. Kneschke, Phys. Rev. D 96 1 (2017)
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Improving on the naive RG MFA cRc.-rm

1. RG-consistent MFA3 by enforcing:

dlie=0 _

dA 0

A

m Initial condition 'z [p] at A’ < A and construction of [a[p] via

RG-consistency
m Allows for systematic study of cutoff effects and regularization-scheme

dependence
m Using a QCD motivated Mp/[p] x p at N ~ 0.4...1.0GeV?

2. Improved parameter fixation using FE?:)O in MFA

m Fitting to renormalized f;
m Fitting pole-mass m,
m Motivated by MFA studies with Pauli-Villars regularization

%), Braun, M. Leonhardt, and J. M. Pawlowski (2018), arXiv: 1806.04432 [hep-ph]
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Summary and Outlook cRc.-rm

» What we have done so far:
m Derivation of a LPA flow eq. for inhomogeneous CDW condensates

m Development/Implementation of efficient, accurate and stable numerics
m Numerical results in naive RG MFA

» What we are currently working on:
m Improving the naive MFA

m Development/Implementation of numerics for the full CDW LPA flow
equation in medium

» What we plan to do in the future:

m Study the effects of bosonic fluctuations using the already derived LPA
flow eq. for the CDW

m Investigate the effects of different 3D (and 4D) regulators on the
inhomogeneous phase

m Study cutoff effects on the inhomogeneous phase

m Extending the truncation: deriving flow equations beyond LPA in
presence of CDW condensates
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Appendix



Transformed RG equation cRc.-rm

» For U'U =1 and 9, U = 0:

—1
d—rk - %ST {[r(2) + Rk] 8kRk}

-1
_ %STr{UU [r(z) + Rk] UUTakRk}

_ g {[UTr Ay + UTRkU} akUTRkU}

E% {[ re) vt Rk U} 13kRk;U}

> With 1), = UTTPU and R,y = UTRU
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Naive parameter fixation cRc.-rm

» Three free model parameters: Yukawa coupling g and two meson
potential UV inital conditions Ap and v/%

> To fix those we fit the quark mass M, the bare pion decay constant f;
and the sigma curvature mass m,

M
8= f7r
A = ﬁ + 205\ (77)
AT mg, +4f,g/5jA(f3)

in vacuum with

P)_f/ dk@‘urqo
:?/0 pdp(\/gp+p2/\op)2 \/gp+p2/\/\())
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Naive parameter fixation cRc.-rm

> f, =88MeV, M =300MeV = g(A) = 3.409 = const.
> AP(p)? =1+1/ (exp(p?/K?) — 1)

; 1.0 le6
: : —  m,=500MeV
40 - —  m,=600MeV
—  m,=T00MeV
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H H H H H
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Comparison to existing inhom. mean-field results cRc.-rm

» MFA with Pauli-Villars (PV) regularization of the vacuum term with
Apy = 0.2GeV (f; =88MeV, M =300MeV, m, = 2M)

, . _ _ ’ . _ —
BC': fr = (o) and ms = Mo curv RP': fr = (0) /\/Zx and ms = mg pole
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S. Carignano, M. Buballa, and W. Elkamhawy, Phys. Rev. D 94 3 (2016)
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Comparison to existing inhom. mean-field results cRc.-rm

» MFA with Pauli-Villars (PV) regularization of the vacuum term with
Apy = 0.3GeV (fr =88MeV, M = 300 MeV, m, = 2M)

'BC’: fr = (o) and my = Mo curv 'RP’: fr = (0) /V/Zzx and ms = My pole
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S. Carignano, M. Buballa, and W. Elkamhawy, Phys. Rev. D 94 3 (2016)
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Comparison to existing inhom. mean-field results

CRc.-rm

» MFA with Pauli-Villars (PV) regularization of the vacuum term with
Apy = 0.4GeV (f; =88MeV, M =300MeV, m, = 2M)

'BC’: fr = <O’> and m, = Mo, curv 'RP’
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> MFA with RG regularization and MFA with PV-'"BC’" predict a
vanishing inhomogeneous window

S. Carignano, M. Buballa, and W. Elkamhawy, Phys. Rev. D 94 3 (2016)
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Comparison to existing inhom. mean-field results cRc.-rm

» MFA with Pauli-Villars (PV) regularization of the vacuum term with
Apy =5.0GeV (fr = 88MeV, M = 300 MeV, m, = 2M)

'BC’: fr = (o) and my = Mo curv 'RP’: fr = (0) /V/Zzx and ms = My pole
180
150 T
\\

120 .
3 A
= 90 AN
~ \
=
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> MFA with RG regularization and MFA with PV-'"BC’" predict a
vanishing inhomogeneous window
> MFA with PV-'RP’ predict a non-vanishing inhomogeneous
window

S. Carignano, M. Buballa, and W. Elkamhawy, Phys. Rev. D 94 3 (2016)
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Cubature: github.com/stevengj/cubature cRc.-rm

» C package for adaptive multidimensional integration (cubature) of
vector-valued integrands over hypercubes

b by bn
/// (%) d'x
ay a) an

» Free software under the terms of the GNU General Public License (v2
or later)

> h-adaptive integration: recursive partitioning the integration
domain into smaller subdomains, applying the same integration rule
to each, until convergence is achieved

A. C. Genz and A. A. Malik, J. Comput. Appl. Math. (1980)
J. Berntsen, T. O. Espelid and A. Genz, ACM Trans. Math. Soft (1991)
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Block-Structured Adaptive Mesh Refinement cRc.-rm

» Homogeneous sMFA (no vacuum term, no regularization) phase diagram
fr =88MeV, M = 300MeV and m, = 600 MeV

» Mesh refinement based on the standard deviation of the order parameter on

each tile

» 684 points, max resolution 10 x 10 MeV2, initial mesh

150 -
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Block-Structured Adaptive Mesh Refinement cRc.-rm

» Homogeneous sMFA (no vacuum term, no regularization) phase diagram
fr =88MeV, M = 300MeV and m, = 600 MeV

» Mesh refinement based on the standard deviation of the order parameter on

each tile

> 925 points, max resolution 5 x 5 MeV?, total saving factor 2.8
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Block-Structured Adaptive Mesh Refinement cRc.-rm

» Homogeneous sMFA (no vacuum term, no regularization) phase diagram
fr =88MeV, M = 300MeV and m, = 600 MeV

» Mesh refinement based on the standard deviation of the order parameter on
each tile

> 1419 points, max resolution 2.5 x 2.5 MeV?, total saving factor 7.6
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Block-Structured Adaptive Mesh Refinement cRc.-rm

» Homogeneous sMFA (no vacuum term, no regularization) phase diagram
fr =88MeV, M = 300MeV and m, = 600 MeV

» Mesh refinement based on the standard deviation of the order parameter on
each tile
» 2278 points, max resolution 1.25 x 1.25 MeV2, total saving factor 17.9
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Block-Structured Adaptive Mesh Refinement cRc.-rm

» Homogeneous sMFA (no vacuum term, no regularization) phase diagram
fr =88MeV, M = 300MeV and m, = 600 MeV

» Mesh refinement based on the standard deviation of the order parameter on
each tile
» 2278 points, max resolution 1.25 x 1.25 MeV2, total saving factor 17.9
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