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Motivation: QCD at low energies

[ Chiral symmetry ]
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Effective field theories



Chiral perturbation theory (ChPT)

- Systematic analysis of hadronic n-point functions of QCD
[Gasser, Leutwyler '84,'85; Leutwyler '94; etc.]

- Pion interactions dominate the low-energy regime (N;y = 2)

- Chiral expansion: Most general chiral-invariant Lagrangian with
terms coupled by the low-energy couplings of QCD,
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Extended linear sigma model (eLSM)

- Linear realization of chiral symmetry (“chiral partners”)

- Applications at nonzero temperature and chemical potential
- Contains all J” = 0%, 1% mesons up to 2 GeV in mass

- Representations of U(Ny), x U(Ny);:

®~ G — U U,
R/J ~ q_r’}/u qr — U’I“R,u U:7
Ly ~ @uq — UL, U}
- Vector and axial-vector mesons:
1
Vzi(L#JrRu)» Auzi(Lu*Ru)

- Disclaimer: No attempt to compete with ChPT



eLSM Lagrangian

Lopsy = tr [(D“fb)T D,fb} — m2tr (010)
1 [ir (070)]” — xp tr [ (@F@)’]
1 12 R2 m% A 2 2
_ztr( 2+ R) +tr 5 T (L2 + R2)
+tr [H(<I> + @T)] —ca (det P + det <I>T)
0% (60 {1 (L, L]} + 6o {RY (R, R)Y)
h
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eLSM publications

- Introduction of the eLSM
[Parganlija, Giacosa, Rischke "10;
Parganlija, Kovacs, Wolf, Giacosa, Rischke "13]

- Chiral partner of the nucleon
[Gallas, Giacosa, Rischke "10; Lakaschus, Mauldin, Giacosa, Rischke 18]

- Incorporating scalar glueball
[Janowski, Giacosa, Rischke "14; Giacosa, Sammet, Janowski "17]

- Baryon multiplets
[Olbrich, Zetenyi, Giacosa, Rischke '16,18]

- Nonzero-temperature study within the FRG
[JE, Grahl, Rischke "15]



0(4) quark-meson model

- Two-flavor model, Ny =2
- Specific limit of the eLSM

- Euclidean action:
S = /{ 80’30+ (8 7T) 8#7?+U(p)7hESBU

+¢(%3u+y<1>5)¢},
(I)5 :O't0+Z’Y57?z,
p= 0_2_‘_7?2

Explicit and spontaneous symmetry breaking implemented,

hESB#O, 04)¢+0



Outline

- Research objective: Dynamical generation of (mesonic)
higher-derivative interactions from quark-meson fluctuations

- (Final) goals:
(a) Compute low-energy couplings of the O(4) quark-meson model
(b) Determine appropriate renormalization scales for purely pionic
models as obtained from the FRG

- Exploratory works:
(a) Tree-level integration of resonances within the eLSM
[Divotgey, Kovacs, Giacosa, Rischke 18]
(b) (First) FRG study of higher-derivative pion interactions
[JE, Divotgey, Mitter, Rischke "18]



Functional renormalization group



Functional renormalization group (FRG)

- Implementation of the Wilsonian RG idea
- Renormalization scale(k)-dependent effective action Iy,
- FRG flow equation: [Wetterich '93]

1 9 -1 1
Ol = 3 tr [8kRk (F;9 ) + Rk> } =5

- Regulator function Ry provides correct integration limits
- Nonperturbative continuum method



Flow in theory space
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Figure 1: Theory space spanned by generic couplings.



0(4) quark-meson model - truncations

- Local potential approximation (LPA), i.e., consider
scale-dependent effective potential,

1 1 S -
Iy = / {2 (Ouo) Opo + 5 (Ou7) - Ou7 + Uk(p) — hesso
+ 9 (7.0, + yr®s) 1/)}
- LPA’, i.e,, include wave-function renormalization,
77 Z7 o o
Iy = o (0u0) Opo + o (0u7) - T + Uk(p) — hespo

0 (2070 + 1e®s) w}



Higher-derivative interactions




Linear effective action

- O(4) field variable ¢ = (7, 0)
- Introduce higher-derivative couplings,

7
'y = / {; (Oup) - Ope + Uk(p) — hespo

+ Cop (- au‘P)2 + Zo 902 (8u ) Oup

— O30 [(009) - 0ue]” = Cui [(Oup) - Buip]”
= Ok (8,0up) (Oup) - Do

— Cs.1. 9% (000 p) - 0400

—Cri(p- 5u@u30)2 — Csp? ((9“8“30)2
+0 (270 + 1) zb}

- Goal: Compute the IR values of all scale-dependent quantities

il



Renormalized quantities

- Renormalized fields:
5’:\/Z]:O', ;?:\/Zgﬁ, &:\/Z’j}qj)’ J:\/Z;j}d_)
- (Squared) renormalized masses:

2 2

m m m,
7‘[2k: o,k 7‘[2k: 77-,’“, M2k: U,k
o, Z]g ’ , Z}? P, (Z];p)2

- Renormalized higher-derivative couplings:

. C. - 7
Cop=—2_ i=1,...8, Ty = 28

(27)°




Flow equations — examples
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Masses and pion decay constant
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Figure 2: Scale evolution of the renormalized meson and quark masses as
well as the pion decay constant; [Divotgey, JE, Mitter "19].



Higher-derivative couplings of ©(6?)
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Figure 3:
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Scale evolution of the renormalized higher-derivative couplings of
0(d?); [Divotgey, JE, Mitter "19].
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Higher-derivative couplings of O (84)

. x1010 -
g — O3 —Cop ]
1 —Cyr — Crp |
T3¢ Csp O -
21
% 1
20
—1
—2
-3
—4

0 50 100 150 200 250 300 350 400 450 500
kE [MeV]

Figure 4: Scale evolution of the renormalized higher-derivative couplings of
O(8"); [Divotgey, JE, Mitter "19].
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Effective pion action




Vacuum manifold

- Restrict dynamics to vacuum manifold SO(4)/S0(3) = 3,
p=(76)=2()s—=(0do,  B(0) € SO4),
ng(ﬁ,éE\/E)7 J)O:(ﬁvfﬂ')

- Choose stereographic coordinates,

- Fa
4= —, a=1,2,3
¢ feto




Remark: Basic objects

- Construct Maurer-Cartan form,
o =371(0)9,2(C)
= eaa(C)(‘?ﬂCO‘xa —|—wai(C)8u§°‘5i, a=1,23,
broken generators: X, 0=1,2,3,
unbroken generators: s;, i=1,2,3

- Geometry of SO(4) completely described by «,,

frame: e,*(¢) = %" S0(3)-connection:  w,(¢)

"

- Define metric on SO(4)/S0(3),

A\ al > N 45a5
gaﬁ(C) = 0abey (C) eﬁb(g‘) = m



Remark: Nonlinear effective action

2
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Vil = 9,07,
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Effective pion action

ro= [ {5 (o) i 4 i i - ¢ ()’
z + 2, T, (auﬁb) 8,11t
- e[ (o) o,] "~ [(9,01) o,
= oM, (9,0,11%) (0,11,) 9,11
Gy TI,1I (a ) Hb) 9,0, I
= G T (8,0,11,) 9,0 Hb}

n°=2£C% a=1,2,3
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Low-energy couplings

- (Squared) renormalized pion mass:

hesB

M3, = , hesp =
Ik I ESB \/ZT;T

- Renormalized low-energy couplings:

. ME, . 1
Cip= : Zop=——5
1,k 8]‘2 ) 2,k 4]?’

é3,k = é3,k - éS,k + ém +2 (émg + CN’&k) )
éé$:=:2 (ézxk-+ C%,k),

Cak = Cup,

és,k = 1 (ée,k + és,k)

éG,k = _éﬁ,k - C~(8,k7 2
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Mapping onto the nonlinear effective action

4t S em——— Bosons
——=—— Fermions |
Total

0 50 100 150 200 250 300 350 400 450 500
kE [MeV]

Figure 5: Scale evolution of the renormalized low-energy coupling Cs x;

[Divotgey, JE, Mitter '19].
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Summary of numerical results

- Low-energy (derivative) couplings; evaluated at kig = 1 MeV;
[Divotgey, JE, Mitter '19]

Linear model Nonlinear model

Cy[1/f2] x 10  —0.88

Zy [1/£2] x 10 —2.30 Z,[1/f2]x10  —2.50
O [1/f4] x 102 2.88 Cs [1/f4] x 102 —4.20
u[1/F4 x 102 1.27 Ci[1/f] x 102 1.27
Os [1/£4 x 102 4.69 Cs [1/f4 x 102 —2.41
U6 [1/f4] x 102 —2.35 Co [1/f4] x 102 1.21
O [1/f4] x 102 0.02

O [1/£4 x 102 1.14 Cs [1/f] x 102 —0.60

+ € = 0.27, My g = 138.5 MeV
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Work in progress




Functional QCD (fQCD)

- fQCD fluctuations:

- Dynamical-hadronization technique
[Gies, Wetterich '02; Mitter, Pawlowski, Strodthoff "15; Braun et al. "16]

- Goal: Determine low-energy couplings from fQCD
- First approach: Evaluate O(4) equations on fQCD solution

- In collaboration with Jan M. Pawlowski
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fQCD solution |
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Figure 6: Renormalized meson and quark masses as well as the pion decay
constant from fQCD (I).
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fQCD solution Il
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Figure 7: Renormalized meson and quark masses as well as the pion decay
constant from fQCD (11).
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Low-energy couplings from fQCD
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Figure 8: Low-energy couplings obtained from fQCD input (I).
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Low-energy couplings from fQCD
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Figure 9: Low-energy couplings obtained from fQCD input (I1).
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Summary




Summary

Conclusions:

- Fluctuation dynamics strongly dominated by fermionic loops

- Renormalization scales of 50-100 MeV for the purely pionic
effective action as obtained from the FRG

Outlook:

- Compatibility analysis of renormalization schemes

- Compute = scattering from the low-energy couplings
- Include vector mesons

- Determine low-energy couplings from fQCD

- Confront the FRG calculation with ChPT

29
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