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Mass hierarchies near quantum phase transitions !

of Dirac fermions



¥ Dirac, Weyl & Majorana quasiparticles emerge at low energies in materials
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Relativistic fermions in condensed matter

relativistic-like  dispersion in non-relativistic crystals

! 3d and 2d realizations

! universal properties: "

speciÞc heat, transport, É

! Dirac fermions appear in

¥ d-wave superconductors

¥ graphene

¥ topological insulators

¥ É



¥ Introduction & motivation

! One origin of Dirac fermions in condensed matter physics Ñ graphene

! Quantum phase transitions of Dirac fermions Ñ ordering patterns/scenarios

! Universal critical behavior: (F)RG, QMC, conformal bootstrap Ñ number crunching

Outline

¥ Mechanism of mass hierarchies near quantum phase transitions

! Application to multicomponent superconductors

! Some bold speculations about particle physics

¥ The KekulŽ transition and ßuctuation-induced criticality

! First-order vs. second-order transition

! FRG Þxed-points and scaling

! Symmetry-broken phase and emergence of two mass scales



Electrons  on the honeycomb  lattice

¥ 2D Dirac materials (graphene) �1�2

�3
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! energy dispersion: E± (!k) = ± t |d(!k)|

!k = !K + !q
! no gap & vanishing density of states 

! semi-metallic  behavior



Effective theory  for fermions on the honeycomb lattice

! energy: linear & isotropic near K, KÕ 

! retain only Fourier components around K, KÕ

! low-energy effective Hamiltonian:

H0 = ! t
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! generalization: N-component spinor

! 8-component spinor



Dirac fermions  and critical phenomena

¥ strong interactions may induce phase transitions  of gapless Dirac fermions

- Dirac electrons in singlelayer graphene: AFM/KekulŽ/staggered order

- Dirac cones in twisted bilayer graphene: correlated insulator transition

! quantum critical point

! (2+1)D fermionic universality classes!

tuning parameter rr c

Dirac SM ordered/gapped phase
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Recap: Phase transitions  and critical phenomena

¥ near critical point of continuous phase transition: universality

¥ correlation length  diverges for T #  Tc:

¥ order parameter correlation function  at Tc:

order parameter

T

¥ 3D Ising universality class:

Method ! "

conformal bootstrap  0.629971(4)  0.036298(2)

Monte Carlo  0.63002(10)  0.03627(10)

pRG, 4-$, 6th order  0.6292(5)  0.0362(2)

functional RGs, DE  0.630(5)  0.034(5)

experiment (ßuid mixture)  0.629(3)  0.032(13)

Hasenbusch (2010)

Panzer & Kompaniets (2017)

Kos et al. (2016)

Litim & Zappala (2010)

Sengers & Shanks (2009)

! (t) ! |t |! !

" gapless Dirac fermions not  in Ising/O(N) universality classes!

G(!r ) !
1

|!r |D ! 2+ !



Effective theories  for phase transitions in Dirac  systems

¥ Critical point described by simple continuum Þeld theory in D = 2+1 dimensions

" Gross-Neveu model:

Herbut (2006)

L GN = ø! i " µ #µ ! i + g( ø! i ! i )2

" Gross-Neveu-Yukawa model: L GNY = ø! i (" µ #µ +
!

y$)! +
1
2

$(m2 " #2
µ )$ + %$4

¥ both models have critical point in 2 < D < 4 and lie in same universality class 

! Gross-Neveu/chiral/fermionic universality class  

¥ precision determination of universality classes of Dirac fermions now within reachÉ

- simplest fermionic theory with critical point (relativistic, no Fermi surface,É)

- example: charge density wave  transition of Dirac electrons in graphene

- bosonized version of modelÉ



Critical exponents of Dirac systems

from perturbative renormalization

with Bernhard Ihrig and Luminita Mihaila

Critical behavior of Dirac fermions from perturbative renormalization, Phys. Rev. B 98, 125109 (2018), EditorsÕ Suggestion



Quantum critical behavior  of Gross-Neveu model (N=8) 

¥Critical exponents for graphene case from 4-loop RG in (2+$)D and (4-$)D:
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FIG. 4. Interpolation of the three critical exponents ! ! 1 (inverse correlation-length exponent, left panel), " ! (boson anomalous
dimension, mid panel) and " " (fermion anomalous dimension, right panel) between D ! (2, 4) at N = 8. The shown interpo-
lations polynomial (red line) and two-sided Pad«e (dark-red dashed line) are Þxed by the two epsilon-expansions at D =2 and
D = 4 in the Þrst four derivatives. As a result, the asymptotic behavior is suppressed even far from these expansion points at
the physical dimension D = 3 and plausible values can be read o! . It should also be noted that both complementary approaches
for the interpolation are very close to each other and comparable to conformal bootstrap (cBS) [ 46], lattice Monte Carlo [ 80]
and functional renormalization group (FRG) [ 51] calculations. Also note that no point for the fermionic anomalous dimension
has been plotted for MC, since the point with " " " 0.38(1) is far above the value range of the comparable methods.

vergence when comparing polynomial interpolations from
one order to the next for higher and higher orders.

In Fig. 4, we summarize our best results for theN = 8
estimates from the two-sided Pad«e approximants as well
as from the polynomial interpolation exhibiting the excel-
lent agreement between both interpolations in the whole
range D ! (2, 4). For comparison, we also show the es-
timates for the critical exponents at D = 3 from other
methods, namely from the functional RG [51] and from
the conformal bootstrap [46]. In particular, the con-
formal bootstrap estimates for the boson and fermion
anomalous dimensions, which have been determined from
universal bounds, almost perfectly match with our re-
sults. There is still a sizable di! erence in the estimates
of the inverse correlation length exponent, which needs
to be resolved in future studies. The available quan-
tum Monte Carlo results for N = 8 [9, 76] show devi-
ations from our RG results as well as from the confor-
mal bootstrap estimates for both, the anomalous dimen-
sions and the correlation length exponent. It is encour-
aging, though, that the more recent QMC results from
Ref. [76] seem to agree better than the earlier estimates
from Ref [9]. Unfortunately, in Ref. [ 76] only the cor-
relation length exponent is given and the situation for
the anomalous dimensions remains to be clariÞed. We
remark, that in the more exhaustively studied case of
N = 4, it has been found that the QMC results can still
be subject to some changes upon increasing the lattice
size [40].

We compile our results from the two di! erent inter-
polation techniques and the following resummations for
D = 3 as a function of N in Fig. 7 in the appendix. Gen-
erally, the two interpolation procedures provide highly
compatible results for N ! 6 and start to deviate from
each other and the other methods forN " 6. This is
expected since the interpolation makes use of the series
expansion in 2+! which exhibits poles in the critical expo-

nents for N = 2, see Fig. 7. We conclude that for N " 6
we cannot faithfully employ the interpolation techniques
rooting in a 2 + ! expansion. In the following section, we
therefore explore Borel resummation for the 4" ! expan-
sion to obtain improved estimates for the Gross-Neveu
universality classes at smallN , in particular for smaller
N where interpolation between 2+! and 4" ! is di" cult.

V. BOREL RESUMMATION

A very accurate determination of critical exponents
in D = 3 from the (4 " ! ) expansion was achieved for
O(n) symmetric " 4 theories by using Borel resummation
with conformal mapping [21, 72], see e.g., Ref. [25] for
a recent study at six-loop order. For this resummation
technique, the large-order behavior of an asymptotic se-
ries is considered, which has been computed for scalar
models in the minimal subtraction scheme [81, 82]. Un-
fortunately, for the Yukawa models considered, here, the
precise large-order behavior is not known. However, even
with the knowledge of the large-order behavior as in the
O(N ) symmetric scalar models, resummation is a delicate
issue. There, for example, the series written in terms of
the coupling constant in Þxed dimensionsD = 2 , 3 is
known to be Borel summable [83, 84], but the situation
for the epsilon expansion remains unsettled.

Borel summability is therefore often taken as an as-
sumption in the analysis ofO(N ) symmetric scalar mod-
els [85] and we will also do this, here. In the following, we
also make the additional assumption that the asymptotic
behavior of the GNY model is qualitatively the same as
the one from the scalar models, i.e. the epsilon expansion
for the critical exponents follows a formal power series
with factorially increasing coe" cients, i.e.

f k # (" a)k #(k + b+ 1) $ (" a)k k!kb (33)

Method 1/! " B " F

4-loop pert. RG, $4 0.99 0.731 0.043

conformal bootstrap 0.88 0.742 0.044

functional RG 0.994 0.7765 0.0274

Monte Carlo 1.20(1) 0.62(1) 0.38(1)

Monte Carlo 1.07(4) - -

Monte Carlo 1.00(4) 0.754(8) -

Ihrig, Mihaila, MMS (2018)

Iliesiu et al. (2017)

Chandrasekharan & Li (2013)

Knorr (2016)

Schmidt (2017)

Karkkainen et al. (1994)

Gracey, Luthe & Schroeder (2016)
Zerf, Mihaila, Marquard, Herbut, MMS (2017)



Fluctuation-induced quantum criticality

emergent U(1) symmetry and two mass scales

with Emilio Torres, Laura Classen and Igor Herbut

Laura Classen, Igor Herbut, MMS, Phys. Rev. B 96, 115132 (2017) EditorsÕ Suggestion

Emilio Torres, Laura Classen, Igor Herbut, MMS, Phys. Rev. B 97, 125137 (2018) EditorsÕ Suggestion



Symmetry breaking and mass gaps  from bond dimerization

E± ! ±
!

|!q|2 + |" 0|2

! ! = ! 1 + i ! 2 is complex-valued OP with Z3 symmetry

- KekulŽ valence bond solid

- mass gap: 

¥single-particle Hamiltonian: H0 = ! t
!

!R,i

"
u  ( !R)v( !R + !" i ) + h .c.

#
+ ...

! introduce dimerization pattern  (C6 #  C3):

! H0 = !
!

!R,i

"
! t !R,i u  ( !R)v( !R + !" i ) + h.c.

#
!

""

#

##

!

!

! t !R,i = ! ( "R)ei !K á!" i ei ( !K � !K ! )á!R / 3 + c.c.! with

¥mechanisms to induce KekulŽ  order: phonons, substrate, electron-electron interactions



Effective theory for KekulŽ  transition 

¥coupling  between fermions  and OP Þeld: L y = y
!
! 1

ø" i#3" + ! 2
ø" i#5"

"

! 3 = " x ! " y �5 = �y ⌦ �y

relevant marginal

¥scaling near critical dimension Dc=4:

! marginal couplings #  irrelevant at NGFP below Dc

! cubic self-coupling of bosonic OP Þeld (D=4-$)

¥order parameter :

! Z3 symmetry allows presence of cubic OP terms

L ! = ! ! �" 2
" �r2 + m2

�
! + g

�
! 3 + ! ! 3� + #|! |4

Gauge-Þeld-assisted Kekul«e quantum criticality

Michael M. Scherer1, 2 and Igor F. Herbut1

1Department of Physics, Simon Fraser University, Burnaby, Canada
2Institut f¬ur Theoretische Physik, Universit¬at Heidelberg, Philosophenweg 16, 69120 Heidelberg, Germany

We study the quantum phase transition of U(1) - charged Dirac fermions Yukawa-coupled to
the Kekulé valence bond solid order parameter with Z3 symmetry of the honeycomb lattice. The
symmetry allows for the presence of the term in the action which is cubic in the Kekulé order
parameter, and which is expected to prevent the quantum phase transition in question from being
continuous. The Gross-Neveu-Yukawa theory for the transition is investigated using a perturbative
renormalization group and within the ! expansion close to four space-time dimensions. For a van-
ishing U(1) charge we show that quantum fluctuations may render the phase transition continuous
only su! ciently far away from 3+1 dimensions, where the validity of the conclusions based on the
leading order ! expansion appears questionable. In the presence of a fluctuating gauge field, on
the other hand, we find quantum critical behavior even at weak coupling to appear close to 3+1
dimensions, that is, within the domain of validity of the perturbation theory. We also determine the
renormalization group scaling of the cubic coupling at higher-loop orders and for a large number of
Dirac fermions for vanishing charge.

I. INTRODUCTION

The research on Dirac materials1,2 encompasses many
areas of physics, ranging from a fundamental theory
with ties to particle physics, to concrete sought-after
technological applications in materials science. From
a theoretical point of view, interacting Dirac systems
are particularly appealing as a playground for develop-
ment of novel and applications of known quantum-Þeld-
theoretical tools, providing an opportunity for their test-
ing against numerical and experimental results.

Graphene3Ð5, in particular, at charge-neutrality serves
as a prime example of a class of materials where Dirac
nature of the low-energy excitations emerges naturally
from the underlying honeycomb lattice structure, and is
further protected by its symmetries. The presence of
su! ciently strong interactions can lead to spontaneous
symmetry breaking signaled by the appearance of an
ordered ground state. There is a wide variety of pos-
sible ordering patterns determined by small variations
of the short-ranged interaction parameters, which have
been analyzed by di" erent theoretical approaches, rang-
ing from mean-Þeld calculations to the renormalization
group and numerical simulations6Ð20. A large repul-
sive onsite interaction U, for example, exhibits a con-
tinuous quantum phase transition from the semimetallic
(SM) phase into an antiferromagnetic spin-density-wave
(SDW) state, whereas a nearest-neighbor interactionV1
would induce a conventional charge-density wave (CDW)
state. While there is an ongoing debate on whether a
pure second-nearest-neighbor interactionV2 can induce a
topological Mott insulating state 10,21 or whether it favors
a sublattice charge-modulated state22Ð25, it is believed
that the interplay between balanced V1 and V2 gives rise
to yet another ordered ground state Ð the Kekul«e valence
bond solid (VBS)26Ð29. Alternatively, this ordering can
also emerge from electron-phonon interactions30Ð32. The
translation symmetry breaking Kekul«e VBS corresponds
to a particular dimerization pattern of the fermions on
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FIG. 1: Left panel: An example of the Kekulé dimerization
pattern. Shorter bonds are marked by thicker red lines and
longer bonds by the thinner gray lines. Right panel: LG free
energy across the phase transition, where the dotted (dashed)
line corresponds to the disordered (ordered) phase, with r >
rc (r < rc).

the honeycomb lattice with a bond-dependent nearest-
neighbor hopping amplitude (see Fig. 1), and has recently
been accessed even experimentally33.

The Kekul«e ordering pattern can be described by a
Z3 symmetric order parameter that describes breaking of
the lattice translational symmetry and the C3 rotational
symmetry34. Due to Z3 symmetry the cubic terms in the
order parameter in the Landau-Ginzburg (LG) free en-
ergy are allowed, which generically prevent a phase tran-
sition toward the ordered state from being continuous35.
The LG free energyFLG takes the form

FLG [�] = F0 + r |�|2 + g(�3 + �
! 3) + �|�|

4 , (1)

where � represents the complex-valued order parameter
of the VBS, FLG is symmetric under the Þeld transfor-
mation � ! exp(2⇡i n/ 3)�, n " and the parameter r
is used to tune through the phase transition by crossing
a critical value r = r c. In the case when the cubic cou-
pling g vanishes, the LG theory suggests that the phase
transition is of second order, since at� = �0 #= 0 a

where                        and 

- canonically relevant #  2 tuning parameters!

- tuning of one parameter not sufÞcient for critical behavior

- expect 1st order transition

[g] = 1 +
!
2



RG approach: # expansion & $ functions

" RG scaling of cubic coupling:

- cubic coupling may become irrelevant  induced by fermion ßuctuations!

- ßuctuation-induced QCP:   putative 1st order transition is turned 2nd order

✓ =
@�g

@g

���
FP

= 1 +
✏

2
� 3N

8
y2⇤ � 3�⇤

- g* = 0 even when other couplings are Þnite at FP: Z 3 % U(1)

" RG ßow of cubic coupling: ! g =
dg

d ln b
=

!
1 +

"
2

!
3#!

2

"
g ! 3g$

= (1 + $/2 -             -            )g -

 � g ! y
¥ tree level:



Non-perturbative  RG approach: FRG

2

!

F
LG

!!
"

Nf1/ 2 1 2

KekulŽ  quantum criticality1st order transition

(SUSY) (graphene)

Nf,c ! 1.9

FIG. 1: (top left) LG free energy FLG [! ] = F0 + r |! |2 + g(! 3 +
! ! 3) + " |! |4 across the phase transition, where the dotted
(dashed) line corresponds to the unordered (ordered) phase.
(top right) Sketch of the Kekul«e valence bond solid state on
the honeycomb lattice. Darker and lighter red bonds mark
di! erent hopping amplitudes. The pattern leads to a tripled
unit cell and reduced rotational symmetry in the Kekul«e
phase. (bottom) Schematic phase diagram for the semi-metal
to Kekul«e VBS quantum transition in two-dimensional Dirac
semi-metals. With the functional RG approach, we determine
the number of critical fermion ßavors for fermion-induced
quantum criticality to occur at Nf,c ! 1.9. We conclude that
the Kekul«e quantum transition in graphene can be expected
to be continuous and give rise to quantum critical behavior.

dence for a fermion-induced second order transition has
been put forward in Ref. 11,12 in the context of the 2+1
dimensional honeycomb electrons near the transition to
a Kekul«e valence bond solid (VBS). Such a scenario was
also proposed in 3D double-Weyl semimetals for the tran-
sition to a nodal-nematic order13. The Kekul«e VBS and
the nodal-nematic order are described in terms of aZ3-
symmetric complex-valued order parameter Þeld! . As a
consequence of the discreteZ3 symmetry, a cubic term
(! 3 + ! ! 3) is allowed in the LG free energyFLG . If such
a term is present, the minimum of FLG jumps discontin-
uously from ! = 0 to ! != 0 at the phase transition, see
Fig. 1. That is this Landau-type mean-Þeld criterion sug-
gests to expect a Þrst-order phase transition in the con-
sidered system7. Indeed, for the three-state Potts model,
which exhibits such aZ3 symmetry, the Þrst-order behav-
ior of the thermal phase transition has been corroborated
for three and higher spatial dimensions8. On the other
hand, an exact result for the three-state Potts model in
two dimensions suggests a second-order phase transition
in contrast to the argument above9. In this case the
strength of ßuctuations is increased by decreasing the
dimensionality of the system. However, in the case of
the Kekul«e VBS and the nodal-nematic order in Dirac
materials, the formulation in terms of a Z3 order pa-

rameter Þeld is not su! cient. Fluctuations are increased
by the inclusion of additional degrees of freedom, the
gapless Dirac fermions. Then Refs. 11,12 (Kekul«e) and
Ref. 13 (nodal-nematic) argue that the Þrst-order behav-
ior breaks down and a critical point is induced if the
number of fermionsNf is su! ciently large. That is, there
should be a critical Nf,c so that the transition is of Þrst
order for Nf < N f,c and of second order forNf > N f,c .
The critical fermion number is, however, not known.
Moreover, so far there is no non-perturbative calculation
which can access both, the Þrst and the second order,
regime. In Ref. 12 Majorana quantum Monte Carlo sim-
ulations have been performed forNf " { 2, . . . , 6} , which
all yield a second order transition. Refs. 11,13 used ex-
pansions around the upper critical dimension and large
Nf to study the fermion-induced critical point. The con-
sidered question, if ßuctuations can change the nature of
a phase transition with respect to the LG prediction, is
inherently non-perturbative as it requires sizable ßuctua-
tion e" ects. Thus a non-perturbative study which can ac-
cess the whole range ofNf is desirable to establish the oc-
currence of a fermion-induced QCP. Here, we provide this
study through an investigation of the zero-temperature
Kekul«e transition in 2+1 dimensional Dirac materials
with the help of the non-perturbative functional renor-
malization group (FRG). The FRG has been proven to be
a suitable tool in the study of non-perturbative aspects of
quantum and statistical Þeld theories, see, e.g., Refs. 52Ð
58 for reviews and Sec. III for important aspects related
to this work. Once, the appearance of a fermion-induced
QCP is established, the question arises if the vicinity to
a Þrst order transition a" ects the critical behavior in the
second order regime close toNf,c . Therefore we calcu-
late the critical exponents characterizing the second order
transition and determine corrections to scaling.

C. Main results

In this work, we study whether strong ßuctuations
can induce a second order phase transition and conse-
quently critical behavior. To that end, we consider the
Kekul«e ordering transition at zero temperature in two-
dimensional Dirac semi-metals, where the conventional
Landau-Ginzburg paradigm of (quantum) phase transi-
tions would predict a discontinuous transition. With the
help of the non-perturbative functional renormalization
group, we investigate a comprehensive regime of the num-
ber of Dirac fermions Nf for this model. We indeed Þnd
that ßuctuations render the phase transition continuous
in D = 2+1 dimensions if Nf is su! ciently large. This is
sketched in Fig. 1. For the Þrst time, we obtain a direct
estimate for the critical fermion ßavor number, where
the nature of the transition changes. We ÞndNf,c # 1.9,
which lies in the limits given by quantum Monte Carlo
(Nf < 2) and SUSY (Nf,c > 1/ 2) calculations. In
particular, spin-1/2 fermions on the honeycomb lattice
(Nf = 2) show a second order transition with quantum

! LPAÕ results for critical behavior:

! cubic scaling is generally small in D=2+1

! expect large corrections to scaling :

11

TABLE I: Numerical values for the largest three critical ex-
ponents for di! erent Nf in D = 2 + 1 in LPA12 ! . The inverse
correlation length exponent is given by ! 1 = " " 1.The criti-
cal exponent deciding over stability ! 2 is printed in boldface
and also determines the corrections to scaling in the quantum
critical regime.

Nf ! 1 ! 2 ! 3

1 0.8365 +0.1667 -0.8245
2 0.8639 -0.00311 -0.8789
3 0.9020 -0.02350 -0.9205
4 0.9239 -0.02629 -0.9414
5 0.9377 -0.02552 -0.9537
6 0.9473 -0.02394 -0.9617
7 0.9543 -0.02224 -0.9674
8 0.9596 -0.02065 -0.9716
9 0.9638 -0.01921 -0.9749
10 0.9672 -0.01792 -0.9775
20 0.9831 -0.01054 -0.9889
50 0.9931 -0.00465 -0.9956
! 1 0 -1

F. Critical behavior in 2D Dirac materials

1. Corrections to scaling

We list our best numerical values for the critical ex-
ponents, i.e. the eigenvalues of the stability matrix, as
obtained within LPA12 ! in Tab. I. In the physical case of
2+1 dimensions, we see from Tab. I and Fig. 4 that the
magnitude of ! 2 is generally small, i.e. |! 2| " 1. This
implies that there is an RG direction which ßows very
slowly, i.e. almost logarithmically, towards its quantum
critical point. Therefore, we expect that the corrections
to scaling should be easily visible in the vicinity of the
quantum critical point.

Generally, the leading correction to scaling at a con-
tinuous phase transition is induced by the least irrelevant
RG direction at the critical point. Here, this RG direc-
tion is related to the cubic coupling g and indeed rep-
resented by the critical exponent ! 2 which gives rise to
a power-law correction to the scaling. For example, the
scaling of the correlation length should follow a behavior
of the form47,65,66

" # A|! |" !
!

1 + B |! |" " 2 + . . .
"

, (41)

where A, B are non-universal amplitudes, and in partic-
ular B $ g. The ellipsis indicate further corrections due
to the stronger irrelevant directions, which vanish very
quickly; see the values of! 3 in Tab. I. ! marks the dis-
tance to the critical point. In general, it represents the
di" erence of the tuning parameter and its critical value,
e.g. a coupling strength in a lattice description or the

TABLE II: Correlation length exponent " = ! " 1
1 and anoma-

lous dimensions for the emergent SUSY scenario, i.e. Nf =
1/ 2 in the U(1) symmetric model. The epsilon expansion
results (#3) to three-loop order are taken from Ref. 68 and
the conformal bootstrap (cBS) results have been calculated
in Ref. 67. The FRG results are obtained within LPA12 ! .

Nf = 1 / 2 # $# $$

%3 0.985 1/3 1/3
cBS 0.917 - -
FRG 0.954 0.353 0.323

reduced temperature at a thermal phase transition.
Eq. (41) shows that for small negative! 2 the term pro-

portional to the cubic coupling $ g will vanish only very
slowly. This behavior should be clearly detectable in a
Quantum Monte Carlo simulation. The corrections to
scaling will become particularly important in the limits
Nf ! Nf,c and Nf % ! as in both cases! 2 % 0" .

2. Emergent SUSY Þxed point

To obtain an estimate of the accuracy of our results,
we compare them to several other methods. In partic-
ular, there exist exact results in the limit where we set
Nf = 1 / 2 and restrict the symmetry to U(1), which is
the emergent symmetry at the considered Þxed point.
In this case, an emergent SUSY scenario was discussed
and quantitative estimates for the critical exponents have
been given by means of the conformal bootstrap67 and
within the 4 & %expansion up to three loop order68.
We present the corresponding comparison of the corre-
lation length exponent and the anomalous dimensions
in Tab. II. Our results for the correlation length expo-
nent lies within 4% of the conformal bootstrap and the
three-loop calculations. The anomalous dimensions agree
within 6% to the exact result of $$ = $# = 1 / 3. Let us
also note a technical aspect here. Small values ofNf re-
duce the impact of fermion ßuctuations, which will shift
the Þxed point value of the|&|2 coupling to negative val-
ues. This occurs aroundNf ' 0.6 in our calculations.
In this case one can adapt the expansion of the e" ec-
tive potential to the new minimum appearing away from
' = ( = 0 to obtain better estimates of critical expo-
nents. We refrain from doing this here, because it only
a" ects the Nf = 1 / 2 case, where we nevertheless Þnd
reasonable critical exponents as demonstrated above.

3. Comparison with MQMC

For larger fermion ßavor numbers, we can compare
our results with quantum Monte Carlo calculations9 in
D = 2 + 1. We list the correlation length exponent and
the boson anomalous dimension in Tab. III. In addition,
we quote the results of a Þrst order expansion around the

- challenge for QMC simulations!

Classen, Herbut, MMS (2017)
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TABLE I: Numerical values for the largest three critical ex-
ponents for di! erent Nf in D = 2 + 1 in LPA12 ! . The inverse
correlation length exponent is given by ! 1 = " " 1.The criti-
cal exponent deciding over stability ! 2 is printed in boldface
and also determines the corrections to scaling in the quantum
critical regime.

Nf ! 1 ! 2 ! 3

1 0.8365 +0.1667 -0.8245
2 0.8639 -0.00311 -0.8789
3 0.9020 -0.02350 -0.9205
4 0.9239 -0.02629 -0.9414
5 0.9377 -0.02552 -0.9537
6 0.9473 -0.02394 -0.9617
7 0.9543 -0.02224 -0.9674
8 0.9596 -0.02065 -0.9716
9 0.9638 -0.01921 -0.9749
10 0.9672 -0.01792 -0.9775
20 0.9831 -0.01054 -0.9889
50 0.9931 -0.00465 -0.9956
! 1 0 -1

F. Critical behavior in 2D Dirac materials

1. Corrections to scaling

We list our best numerical values for the critical ex-
ponents, i.e. the eigenvalues of the stability matrix, as
obtained within LPA12 ! in Tab. I. In the physical case of
2+1 dimensions, we see from Tab. I and Fig. 4 that the
magnitude of ! 2 is generally small, i.e. |! 2| " 1. This
implies that there is an RG direction which ßows very
slowly, i.e. almost logarithmically, towards its quantum
critical point. Therefore, we expect that the corrections
to scaling should be easily visible in the vicinity of the
quantum critical point.

Generally, the leading correction to scaling at a con-
tinuous phase transition is induced by the least irrelevant
RG direction at the critical point. Here, this RG direc-
tion is related to the cubic coupling g and indeed rep-
resented by the critical exponent ! 2 which gives rise to
a power-law correction to the scaling. For example, the
scaling of the correlation length should follow a behavior
of the form47,65,66

" # A|! |" !
!

1 + B |! |" " 2 + . . .
"

, (41)

where A, B are non-universal amplitudes, and in partic-
ular B $ g. The ellipsis indicate further corrections due
to the stronger irrelevant directions, which vanish very
quickly; see the values of! 3 in Tab. I. ! marks the dis-
tance to the critical point. In general, it represents the
di" erence of the tuning parameter and its critical value,
e.g. a coupling strength in a lattice description or the

TABLE II: Correlation length exponent " = ! " 1
1 and anoma-

lous dimensions for the emergent SUSY scenario, i.e. Nf =
1/ 2 in the U(1) symmetric model. The epsilon expansion
results (#3) to three-loop order are taken from Ref. 68 and
the conformal bootstrap (cBS) results have been calculated
in Ref. 67. The FRG results are obtained within LPA12 ! .

Nf = 1 / 2 # $# $$

%3 0.985 1/3 1/3
cBS 0.917 - -
FRG 0.954 0.353 0.323

reduced temperature at a thermal phase transition.
Eq. (41) shows that for small negative! 2 the term pro-

portional to the cubic coupling $ g will vanish only very
slowly. This behavior should be clearly detectable in a
Quantum Monte Carlo simulation. The corrections to
scaling will become particularly important in the limits
Nf ! Nf,c and Nf % ! as in both cases! 2 % 0" .

2. Emergent SUSY Þxed point

To obtain an estimate of the accuracy of our results,
we compare them to several other methods. In partic-
ular, there exist exact results in the limit where we set
Nf = 1 / 2 and restrict the symmetry to U(1), which is
the emergent symmetry at the considered Þxed point.
In this case, an emergent SUSY scenario was discussed
and quantitative estimates for the critical exponents have
been given by means of the conformal bootstrap67 and
within the 4 & %expansion up to three loop order68.
We present the corresponding comparison of the corre-
lation length exponent and the anomalous dimensions
in Tab. II. Our results for the correlation length expo-
nent lies within 4% of the conformal bootstrap and the
three-loop calculations. The anomalous dimensions agree
within 6% to the exact result of $$ = $# = 1 / 3. Let us
also note a technical aspect here. Small values ofNf re-
duce the impact of fermion ßuctuations, which will shift
the Þxed point value of the|&|2 coupling to negative val-
ues. This occurs aroundNf ' 0.6 in our calculations.
In this case one can adapt the expansion of the e" ec-
tive potential to the new minimum appearing away from
' = ( = 0 to obtain better estimates of critical expo-
nents. We refrain from doing this here, because it only
a" ects the Nf = 1 / 2 case, where we nevertheless Þnd
reasonable critical exponents as demonstrated above.

3. Comparison with MQMC

For larger fermion ßavor numbers, we can compare
our results with quantum Monte Carlo calculations9 in
D = 2 + 1. We list the correlation length exponent and
the boson anomalous dimension in Tab. III. In addition,
we quote the results of a Þrst order expansion around the
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When the initial system is not Þne-tuned, the ßow will
stay in the symmetric regime, dominated by a Þxed point
that we call DSM Þxed point in the following. This be-
havior is schematically shown in Fig. 3. In the following,
we describe the di! erent Þxed point regimes character-
izing the symmetric and ordered phase in detail. Fur-
thermore, we show representative RG ßow trajectories of
the quartic coupling in Fig. 4 running through all the
described regimes explicitly. Thereby the di! erent Þxed
point regimes are revealed as plateaus where the ßow of
the quartic coupling hardly changes. However, if there
is a relevant direction, the ßow is eventually driven away
from the corresponding Þxed point value.

1. Dirac semimetal regime.

When the system is in the DSM phase it is eventually
dominated by the symmetric DSM Þxed point which can
be analytically found in the symmetric FRG ßow equa-
tions upon taking the limit ! 1,0 =: m2 ! " . In this
limit, we obtain the following " functions for the Yukawa
coupling (h

2
), the cubic (g) and the quartic scalar cou-

pling ( ! := ! 2,0) within LPA !4

" h
2 = h

2
!

D # 4 + 2cD Nf h
2 3D # 4

D(D # 2)

"
, (30)

" g =
g
2

!
D # 6 + 6cD Nf h

2 3D # 4
D(D # 2)

"
, (31)

" ! = ! (D # 4) #
4cD Nf h

2

D

!
8h

2
+ !

4 # 3D
(D # 2)

"
, (32)

where cD = d" vD .
We note that these " functions are not restricted to a

Þnite expansion in the LPA!, but are valid to any order,
i.e. in particular for LPA n! with n ! " . They admit a
nontrivial Þxed-point solution

h
2,"
DSM =

D
2cD Nf

(4 # D)(D # 2)
(3D # 4)

, (33)

g"
DSM = 0 , (34)

! "
DSM =

8D
cD Nf

(4 # D)(D # 2)2

(3D # 4)2 . (35)

The values of the couplings at the DSM Þxed point de-
pend only on the dimensionD and the fermion number
Nf . As we mentioned before, they are independent of the
order of truncation within the LPA ! and the Þxed point
solution can be generalized to arbitrary! r,s .

! " DSM
r,s =

!
(4 # D)(2 # D)D

cD Nf (3D # 4)

" r 4cD Nf r !
D (2r # D)

#s,0 , (36)

for all r, s $ N. Further, the anomalous dimensions for
the oder parameter ßuctuations and the Dirac fermions

! !" ! #$ ! #" ! $ "
#

$

#"

$"

#""

!

!"
#$

%
&

''
("

)*
&

+
,

NG

DSM

FIQCP

(2)

(1)

(3)

FIG. 4. Flow of the quartic coupling into the di ! erent
regimes: (1) for g ! 0 the ßow generically starts in the sym-
metric regime in the ultraviolet and can be Þne-tuned to ap-
proach the FIQCP. Later, it may enter the SSB regime (as
indicated by the change of color from blue to red) and ßows to
the NG Þxed point, where it remains (light red line). (2) For
small g "= 0 the ßow trajectory is almost identical during the
entire ßow. Only in the deep IR it departs from the NG Þxed
point due to the dangerously irrelevant direction correspond-
ing to the cubic operator. (3) There can also be ßows which
remain completely in the symmetric regime and no symmetry
breaking occurs. In this case the ßow approaches the DSM
Þxed point in the deep IR as indicated by the light blue line.
In the insets, we schematically show the shape of the e! ective
potential in the di ! erent regimes.

characterizing the DSM are

$"
# = 4 # D , (37)

$"
$ = 0 . (38)

An evaluation of the stability matrix at the DSM Þxed
point gives three leading eigenvalues

%1,DSM = D # 3, %2,DSM = %3,DSM = D # 4. (39)

Therefore, disregarding the ßow of the mass term% m2,
there is no relevant direction at the DSM Þxed point as
%i & 0. Only the direction corresponding to the cubic
coupling turns out to be marginal. This implies that,
while all other couplings ßow to their respective DSM-
Þxed-point values, the cubic coupling freezes at di! erent
infrared values, depending on the initial conditions.

2. Symmetry-broken regime

After departing from the FIQCP in the symmetry-
broken regime, the RG ßow exhibits a window of scales
where the couplings are dominated by the fermionic gen-
eralization of the Nambu-Goldstone Þxed point, which is
well-known from the purely bosonic O(N) models. There-
fore, it is characterized by the vanishing of all the U(1)

breaking couplings" i,j = 0 for j > 0 and h
2

= 0. Fur-
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FIG. 2. Stability exponent ! 2 for the U(1) symmetric non-
Gau§ian Þxed point of the Z3 GNY model. In the purely
bosonic limit, this corresponds to the O(2)-symmetric Wilson-
Fisher FP. We show di! erent small numbers of fermion ßavors
Nf as function of the dimension. From top to bottom, we
show Nf ! { 0, 1

4 , 1
2 , 3

4 , 1, 2} . As soon as fermions are added,
this FP becomes stable below some critical dimension. The
results have been calculated in LPA8! .

to Z3 vanish at the Þxed point. Therefore, the FIQCP
coordinates and, more importantly, a subset of the criti-
cal exponents coincide with the ones from the chiral XY
model which also exhibits a global O(2)!= U(1).

Here, we show that this is also true for lower dimen-
sions, cf. also Ref. 9. We Þnd that for any given non-
zero number of Dirac fermionsNf , there is a critical di-
mension below which an O(2) symmetric Gross-Neveu-
Yukawa Þxed point becomes stable so that a second or-
der transition is induced realizing the FIQCP scenario.
This can be seen in Fig. 2, where we plot the second
largest critical exponent ! 2 of the O(2)-symmetric Þxed
point for di ! erent dimensions andNf . If ! 2 < 0, the
Þxed point is stable and describes a second order phase
transition. We see how ! 2 of the O(2)-symmetric FP
changes from the case without fermionsNf = 0 to the
one with fermions and that it drops below zero at a crit-
ical dimensionsDc > 2 as soon asNf "= 0. This critical
dimension continuously connects to the value that was
found before11.

Interestingly, there is potentially another Þxed point
that can yield a second order transition for dimensions
close toD = 2: in the system without fermions, this Þxed
point corresponds to the phase transition of the three-
state Potts model22,73,74 , and disappears above a certain
critical dimension in the vicinity of D = 3, see App. C.
We Þnd, however, that as soon as the fermions are in-
cluded, this PottÕs Þxed point always becomes unstable,
so that the O(2)-symmetric FIQCP is the only possibility
to obtain a second order transition. The reason for the
destabilization of the Potts Þxed point upon inclusion of
fermions is that, even for smallNf , we introduce another
RG direction represented by the Yukawa couplingh. At
the Potts Þxed point, the Yukawa coupling ish

!
= 0, and

below D = 4, this always introduces a relevant direction
to the Potts Þxed point making it unstable.

B. Flow from Dirac semimetal to Kekul«e order

Turning back to the physical case ofD = 2 + 1, we
now study the renormalization group ßow of the model,
which exhibits a rich structure. In the phase diagram of
the considered Gross-Neveu-Yukawa model, the FIQCP
separates the symmetric or Dirac-semimetal (DSM) from
the symmetry-broken regime. To see the scaling behav-
ior as induced by the FIQCP, a Þne-tuning of the RG-
relevant parameter is required. Eventually, in the deep
infrared, when almost all momentum-modes have been
integrated out, the system ends up either in the DSM
phase or in the symmetry-broken phase. To understand
the semimetal-to-Kekul«e-VBS transition in terms of the
renormalization group ßow, we have to consider the Þxed
point structure beyond the FIQCP. Generally, the renor-
malization group ßow to the symmetry-broken phase in
the vicinity of the fermion-induced QCP proceeds as fol-
lows9:

(1) At microscopic scales, the RG ßow of the system is
initialized in the symmetric regime and a Þne-tuning of
the mass parameterm2 has to be performed to drive the
system close to the FIQCP.

(2) The system still remains in the symmetric regime
on intermediate scales where it approaches the FIQCP
which then dominates the scaling behavior. In this
regime the cubic coupling, " 0,1 =: g, is attracted to its
Þxed-point value g! = 0 and therefore becomes small.

(3) After some RG-time close to the FIQCP, the ßow
departs from it and goes towards the Þxed point that
characterizes the symmetry-broken phase of the O(2)
model - the Nambu-Goldstone (NG) Þxed point. We
note that due to the small but Þnite cubic coupling, the
transversal mode already acquires a small mass.

(4) Finally, as the cubic coupling is relevant at the NG
Þxed point and g "= 0 the ßow will be driven away from
the NG Þxed point and the mass of the pseudo-Goldstone
mode becomes more pronounced which is related to the
appearance of the second length scale#". 7

NG FIQCP DSM

g

!m2

FIG. 3: Schematic ßow of the cubic coupling as a func-
tion of a tuning parameter !m2. !m2 > 0 indicates the system is
in the symmetric regime and !m2 < 0 that it is in the symme-
try broken regime. Vertical dotted lines are !m2 = ± ! , and
the horizontal dotted line g = + ! . We show four trajectories
for identical initial g and di! erent values of !m2.

tuned, the ßow will stay in the symmetric regime, dom-
inated by a Þxed point that we call DSM Þxed point in
the following. This behavior is schematically shown in
Fig. ??. In the following, we will describe the di! erent
Þxed point regimes that characterize the symmetric and
ordered phase in more detail. Furthermore, we show rep-
resentative RG ßow trajectories of the quartic coupling
in Fig. ?? running through all the described regimes ex-
plicitly. Thereby the di ! erent Þxed point regimes are re-
vealed as plateaus where the ßow of the quartic coupling
hardly changes. However, if there is a relevant direction,
the ßow is eventually driven away from the corresponding
Þxed point value.

1. Dirac semimetal regime

When the system is in the DSM phase it is eventu-
ally dominated by the symmetric DSM Þxed point which
can be analytically found in the symmetric FRG ßow
equations upon taking the limit ! 1,0 = m2 ! " . In
this limit, we obtain the following beta functions for the
Yukawa coupling, the cubic and the quartic scalar cou-
pling within the LPA !

" h2 = h2
"

D # 4 + 2cD Nf h2 3D # 4
D(D # 2)

#
, (29)

" g =
g
2

"
D # 6 + 6cD Nf h2 3D # 4

D(D # 2)

#
, (30)

" ! =
! (D # 4)

4
#

cD Nf h2

D

"
8h2 + !

4 # 3D
(D # 2)

#
, (31)

where cD = d" vD . We note that these beta functions
are not restricted to a Þnite expansion in the LPA!, but
are valid to any order, i.e. in particular for LPA n! with

! !" ! #" ! $" "

#%&

!%"

!%&

'%"

!

!"
!
!

FIG. 4: Flow of cubic coupling the symmetric regime
The other RG parameters, e.g., ! and h2, ßow to their DSM
Þxed-point values and the dimensionless massm2 diverges.

n ! " . These beta functions admit a nontrivial Þxed-
point solution reading

h2,"
DSM =

D
2cD Nf

D(4 # D)(D # 2)
(3D # 4)

, (32)

g"
DSM = 0 , (33)

! "
DSM =

8D
cD

(4 # D)(D # 2)2

(3D # 4)2Nf
. (34)

The values of the couplings at the DSM Þxed point
depend only on the dimensionD and the number of
fermions Nf . Moreover, they are independent of the or-
der of truncation within the LPA !. The DSM Þxed point
can be characterized by the anomalous dimensions

#"
# = 4 # D , and #"

$ = 0 . (35)

Further, the Yukawa coupling h2 takes the value given by
Eq. (??), and all U(1) breaking terms vanish. All other
couplings take the values

! " DSM
m, 0 =

"
(4 # D)(2 # D)D

cD Nf (3D # 4)

# m 4cD Nf m!
D(2m # D)

, (36)

for all m > 1.

An evaluation of the stability matrix at the DSM Þxed
point gives three leading eigenvalues

$1,DSM = D # 3, $2,DSM = $3,DSM = D # 4. (37)

Therefore, disregarding the ßow of the mass term$ m2,
at the DSM Þxed point there is no relevant direction as
$i % 0. Only the direction corresponding to the cubic
coupling turns out to be marginal. This implies that,
while all other couplings ßow to their respective DSM-
Þxed-point values, the cubic coupling freezes at di! erent
infrared values, depending on the initial conditions, see
Fig. ??.

FIG. 3. Schematic ßow of the cubic coupling as a func-
tion of a tuning parameter !m2. !m2 > 0 indicates the system
is in the symmetric regime and !m2 < 0 that it is in the sym-
metry broken regime. Vertical dotted lines are !m2 = ± " .
We show four trajectories for identical initial g and di! erent
values of !m2.
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Torres, Classen, Herbut, MMS (2018)



Mechanism behind mass hierarchy

¥Ingredients:

! action with two scalar Þelds ! = (! 1, ! 2) and O(2) symmetry

L =
1
2

(!" )2 +
1
2

m2" 2 +
#
8

(" 2)2

! make sure that additional terms are irrelevant at CP

%KekulŽ & Dirac fermions, D=2+1: &g|QCP < 0

%hexagonal anisotropy: canonical scaling [' 6] = 6 - 2D

! break O(2) symmetry  down to ! n by including corresponding terms in action

- KekulŽ transition, n=3:

- hexagonal anisotropy, n=6:

! L ! ! 3

! L =
! 6

8
(" 1 ! " 2)2(" 1 + 4 " 1" 2 + " 2)2

Leonard, Delamotte, Wschebor (2018)

Jian, MMS, Yao (2018)



Mechanism behind mass hierarchy

¥Symmetry-broken regime  (! 6) with vev

! potential                                     with              andU =
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2
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¥RG near Þxed point

! CP scaling regime: 

- dimensionless (  and '  stay nearly constant

- ' 6 ßows rapidly to small values
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FIG.S1.TheßowofthemassoftheLeggettmodeandthemassratiofordi!erentchoicesoftheinitialparameters,namely,
at(ø!0!ø!!)/ø!!=10%,1%and0.1%awayfromcriticalpointinthesymmetry-brokenphase.

incommensuratePDWtransitionaregivenby

!!!
ø"2=!ø"2+

3ø"2
2

#2(1+2ø"ø$0)3
!

øg2

(1+2øg2$0)3+
2ø"2

2

3#2,(S3)

!!!øg2=!øg2+
øg4

6#2(1+2øg2ø$)2

!1
1+2ø"2ø$0

!1+(1+2øg2ø$)
"1

(1+2ø"2ø$0)2
!1

#$
.(S4)

TheaboveequationallowsustodirectlyanalyzethebehaviorofthesystemattheNGÞxedpoint:SincetheNG
Þxedpointdescribesthesymmetrybrokenphase,therelevanttuningparameterdiverges,i.e.ø $0"#,andtheRG
equationsreduceto

!!!
ø"2=!ø"2+

2ø"2
2

3#2,(S5)

!!!øg2=!øg2.(S6)

Theßowoføg2issetbyitscanonicaldimensionbecausethequantumcorrectionsvanishduetothedecouplingofthe
fermionfromthelow-energysector.WiththesolutionsoftheRGequationattheNGÞxedpoint,

ø"2(!)=
1

2
3!2+(1

ø"2(!0)!2
3!2)!

!0

,øg2(!)=øg2(!)
!0

!
,(S7)

wecangetthemassratio

m2
+

"2$
3#2

2øg2(!0)
!
!0

.(S8)

Physically,themasshierarchyisduetothefactthatfermiondecouplesfromthelow-energysectorattheNGÞxed
point,whiletheHiggsmodedoesnot.

B.ObservabilityofHiggsmodeinincommensuratePDWsuperconductors

Inthissection,wediscusstheobservabilityofHiggsmodesinPDWsuperconductors(SC)in2+1D.Onenecessary
conditionofawell-deÞnedHiggsmodeisLorentzsymmetry.Incondensedmatterphysics,whichtypicallyprovidesa
non-relativisticenvironment,theparticle-holesymmetryinsuperconductorsplaysanessentialrolesimilartoLorentz
symmetry[3].IntheincommensuratePDWSC,itisnotobviouswhetherHiggsmodecanbeprobedinexperiments
duetothegaplessßuctuationsofLeggettmode.Thee#ectivetheory,i.e.Eqs.(3)and(4),intermsofHiggsand
Leggettmodesis

L=
%

n

!
(!%n)2+("2$0+2"11$0)%2

n+"2
$0

2
(%3

n+%n%2)+
"2

8
+

$
+(!%)2+

"2

8
%4(S9)

!4"11$0%+%!+
"11

4
(%+!%!)2(2

&
2$0+%++%!).(S10)
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t! infrared regime: 

- both masses freeze out and give small constant mass ratio

- closer to criticality mass hierarchy is larger
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Multicomponent  superconductors and the Leggett mode

¥ Pair-density wave (PDW) superconducting OP:

! two SC condensates

! U(1) trafo from charge conservation shifts all components

! (!r ) = ! + (!r )ei !Qá!r + ! ! (!r )e! i !Qá!r

m2
! = 2h2!

m2
+ = 2 "!

mLegg = 18" 6! 2

mass

hierarchy

4

(a)(b)

FIG.2.Theßowdiagramsofthesuperconductinggapand
massofamplitudemodeatincommensuratePDWphase.We
havescaledtheinitialvalueto1.(a)showstheßowof!2

andm2
+.Noticethattheßowquantitieshavedimensionmass

squared.(c)showstheßowoftheratiom2
+/!2.

AfteridentifyingtwoÞxedpoints,wecanstudyinmore
detailstheßowoftheSCgapandHiggsbosonmassto-
wardslowenergiesandwefocusononeoftheHiggs
modes,i.e.,m2

+,forsimplicity.Weshowtheßowofthe
dimensionfulsquaredmasses!2andm2

+inFig.2(a).At
theenergyscalecontrolledbythePDWtransitionpoint,
theRGßowsofSCgapandHiggsbosonmassarealmost
identical.Atlowerenergies,thephysicsiscontrolledby
theNGÞxedpoint:while!2stopsßowingbecauseitde-
couplesfromthelowenergysector,m2

+continuestoßow
duetoßuctuationsofthemasslessLeggettmode.Even-
tually,m2

+ßowstozeroatextremelylow-energies[31].
Fig.2(b)showstheßowoftheratiobetweenSCgapand
Higgsbosonmass.Afterthesystementerstheenergy
scalecontrolledbytheNGÞxedpoint,theHiggsmass
getsexponentiallysmallercomparedtotheSCgapatlow
energy.Thisprovidesarobustenergywindowwherethe
HiggsmodesaredetectableinanincommensuratePDW
superconductor.TheresponseofHiggsmodetoexternal
probeissimilartothatinneutralSC/superßuid[31,50].

CollectivemodesincommensuratePDW.ÑWenows-
tudythecaseofcommensuratePDW.Duetothecom-
mensurabilityN=3,weaddaJosephsoncouplingterm
SJ!!3

+!!3
"+H.c.totheactionwhichcouplesthetwo

SCcondensates.IntermsofrealbosonsSJreads

SJ=h
!

x

"
8

#

n

⇢3
n"[(�++i�)3(�"+i�)3+H.c.]

$
.

Weadded
%

n⇢3
nsuchthatSJisnonnegativeandthe

minimumofthepotentialisstillat�±,min=
#

2⇢0,
�min=0.IncludingatermcorrespondingtoSJin
thetruncation,theßowequationsofthepotentialand
fermionanomalousdimensionaresameasEqs.(6)and
(9),exceptthemassesaredi "erentduetothepresence
oftheJosephsoncoupling.Theßowequationofboson
anomalousdimensionsis

⌘b=
8KDZb#D+2(�2+288h⇢0)2⇢0

D(Zb#2+m2
+)2(Zb#2+m2

L)2+
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FIG.3.Theßowdiagramsofthepotentialcoe"cientø!2,SC
gap,andmassesofvariouscollectivemodesatcommensurate
PDWphase.Wehavescaledtheinitialvalueto1.(a)shows
theßowofdimensionlesscoe"cientø!2!2.(b)showsthe
ßowofsuperconductinggap,Higgsbosonmass,andLeggett
bosonmassdenotedby!2,m2

+,andm2
Lrespectively.Notice

thattheßowquantitieshavedimensionmasssquared.

ThemassesofHiggsmodeandLeggettmodearegiven
bym2

+=2�2⇢0andm2
L=288h⇢2

0,respectively.Note
thattheLeggettbosonmassisproportionaltostrength
oftheJosephsoncoupling.

Tostudytheßowofcollectivemodesinthecommensu-
ratePDW,wesetinitialvaluesinthePDWregimeclose
tothetransitionpoint.Fig.3(a),theßowdiagramofø�2,
showstwoÞxedpointscorrespondingtothePDWtran-
sitionpointandtheNGÞxedpointsimilartothatinin-
commensuratePDWstate.However,theNGÞxedpoint
isunstableinthecommensuratePDWstateduetothe
run-awayßowofø�2aftertheNGÞxedpoint.Thisbehav-
iororiginatesintheJosephsoncouplingwhichisdanger-
ouslyirrelevantatthePDWtransitionpointandtriggers
therun-awayßowofø�2.InFig.3(b),weshowtheßow
diagramsoftheSCgapandthemassesofthecollective
modes.IntheenergyrangecontrolledbyPDWtransi-
tionpoint,theßowsofSCgap!2andHiggsmassm2

+
areidentical.Moreinterestingly,theßowoftheLeggett
bosonmassm2

Lisfaster,becauseoftheirrelevanceofh
atthePDWtransition.Notethatitisarobustfeature
insensitivetotheinitialvalues[31].Thus,itprovides
anenergywindowtodetecttheLeggettboson,i.e.the
(dangerous)irrelevanceoftheJosephsoncouplingmakes
theLeggettmodedetectableincommensuratePDW.

IntheenergyrangecontrolledbytheNGÞxedpoint
onlyHiggsbosonmasscontinuestoßow,similarto
incommensuratePDWstate,whilebothSCgapand
Leggettbosonmassstoprunning.Finally,whenthe
systemreacheslowerenergies,allmassesstopßowing
andremainÞnite:unliketheincommensuratePDWs-
tatewheretheenhancedU(1)symmetryprotectsgapless
Leggettmodes,thereisnoprotectedgaplessmodeinthe
commensuratePDWphase.ThepresenceoftwoÞxed
pointsgivesrisetoaninterestingemergenthierarchyof
bosonmasses[33],whichmayshedlighttoamechanism
underlyingthehierarchyproblemintheStandardModel
ofparticlephysics[32].
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! Leggett mode  corresponds to relative phase ßuctuations between condensates

! Josephson coupling  between two condensates #  discrete ! n with term

! Dirac electrons on the honeycomb lattice



Summary & conclusions

! Fermion-induced quantum critical points

! continuous transition where discontinuous one is expected

! emergent U(1) symmetry at quantum critical point

" two divergent length/mass scales due to discrete SB 

" natural mechanism to generate small masses!


