
Fluctua'on	analysis	for	the	STAR	experiment	
---	mul'-dimensional	unfolding	of	net-number	and	

temperature	including		volume	fluctua'on	---	
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ShinIchi	Esumi	
Tomonaga	Center	for	the	History	of	the	Universe	
(TCHoU),	Ins'tute	of	Physics,	University	of	Tsukuba	

•  Looking	for	a	criJcal	fluctuaJon	in	conserved	number	and	possibly	
also	in	temperature	distribuJon	simultaneously	with	unfolding	
method	including	volume	fluctuaJon	

•  Volume	fluctuaJon	study	with	UrQMD	by	T.	Sugiura,	T.N.,	S.E.	
•  Another	soluJon	for	non-binomial	effect	by	T.	Nonaka,	M.K.,	S.E.	



Possible	signal	from	
Cri'cal	Point?	

PRL112	(2014)	032302		

J-parc/Fair	 STAR,	QM15	
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6th-order	cumulants		
of	net-proton	and		

net-charge		

Higher-order	cumulants	are	expected	
to	be	more	sensiJve	to	the	criJcal	
fluctuaJon	than	lower	orders.	
Even	more	staJsJcs	needed	though	...		

STAR,	QM18	 STAR,	QM17	
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Unfolding	result	of	net-proton	
distribu'on	with	non-binomial	effect	

STAR,	QM18	
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Toy-Experiment		
true	(known)	

Experimental	filter	(efficiency	
assump'on	based	on	Full	Geant	
and/or	Embedding)	

Toy-Experiment		
measured	

MC	gene.	

MC	reco.	

Response	matrix	
RMFor,	RMRev	

(Forward	,	Reversed)	

Real-Experiment		
true	(unknown)	

Real-Experiment		
measured	

Actual	experiment	

Reversed	RMRev	

Forward	RMFor	

Take	difference	from	the	measured		
data	to	get	correc'on	factor	(CF)	

Transform	CF	into	the	generated	
coordinate	with	Reversed	RMRev	

Apply	CF	to	modify	unfolded		
data	and	repeat	un'l	it	is	unchanged	

Un-folded	data	

Re-folded	data	

Conven'onal	Unfolding	Method	

If	the	response	matrix	is	wide	
enough	for	the	experimental	
data,	this	should	work.		



(Na
gen,Nb

gen)			(0-39,	0-39)	
	
(0,0)					(4,0)					(9,0)				(14,0)			(19,0)	

(0,4)					(4,4)					(9,4)	

(0,9)					(4,9)	

(0,14)	

(Na
rec,Nb

rec)		
table	(40,40)	
The	integral	is		

normalized	to	1.0	

Forward	Matrix			(MCgen	--->	MCrec)	

(Na
rec,Nb

rec)			(0-39,	0-39)	
	
(0,0)					(4,0)				(9,0)				(14,0)			(19,0)	

(0,4)					(4,4)					(9,4)	

(0,9)					(4,9)	

(0,14)	

(Na
gen,Nb

gen)		
table	(40,40)	
The	integral	is		

normalized	to	1.0	

Reversed	Matrix			(MCrec	--->	MCgen)	

RMfor	
Forward	Response	Matrix	

for	Re-folding	

RMrev	
Reversed	Response	Matrix	

for	Un-folding	

Response	Matrix	(including	MC	input	weigh'ng)	
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Toy-Experiment		
true	(known)	

Experimental	filter	(efficiency	
assump'on	based	on	Full	Geant	
and/or	Embedding)	

Toy-Experiment		
measured	

MC	gene.	

MC	reco.	

Take	difference	to	define		
correc'on	factor	(CF)	

Response		
Matrix	(RM)	

Transform	CF	into	generated	
coordinate	with	RM		
(and	smoothing	CF)	

Apply	CF	to	modify	MC	gene.	
and	sample	with	the	filter	to	
get	next	MC	reco.	and	repeat	
un'l	MC	gene.	is	unchanged	

“Incremental	unfolding”	procedure	

Real-Experiment		
true	(unknown)	

Real-Experiment		
measured	

Actual	experiment	
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This	will	become	feasible,	
once	the	response	matrix	
can	be	parameterized	
based	on	the	simulaJon.	



(T)											Poisson	
Exp	true	(15,	10)	

(A)	
Exp	meas.	

(G)									Poisson	
MC	gen.	(17,	8)	

(B)	
MC	rec.	

Difference		
(C)	=	(A)	-	(B)	

1st	

CorrecJon	Fac.	
(D)	:	(C)xRMrev	

weak	smoothing	
func'on	applied	

50th	

(1)  True	is	unkown,	there	is	only	exp	meas.	(A)	
(2)  generate	mc_gen	(G)	and	sample	mc_rec	(B)	distribuJons	
(3)  take	difference	between	exp_meas.	(A)	and	mc_rec	(B)	to	define	(C)	
(4)  transform	(C)	to	(D)	by	RMrev	and	smoothing	funcJon	
(5)  apply	this	correcJon	factor	(D)	to	mc_gen	(G)	for	next	iteraJon	
(6)  repeat	above	steps	(2)-(5)	iteraJvely	

Corrected	dist.	
(G’)	=	(G)	+	α	(D)	
   [ α	=	0	~	1	]	
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sampling		(εx=0.7,	εy=0.65	with	various	assumpJons)	

Incremental	unfolding	by	upda'ng	the	response	matrix	



Eff(A)	=	0.7	
Eff(B)	=	0.6	

Eff(A)	=	0.6	
Eff(B)	=	0.5	

Eff(A)	=	0.5	
Eff(B)	=	0.4	

Eff(A)	=	0.4	
Eff(B)	=	0.3	

Eff(A)	=	0.3	
Eff(B)	=	0.2	

input	shape	

measured	shape	with	different	efficiencies	

reconstructed	shape	with	incremental	iteraJve	unfolding	

with	addiJonal	convenJonal	unfolding	

Some	examples	of	this	hybrid	unfolding	with	various	
efficiency	assump'ons		(cri'cal	shape	2)	

one	of	the	last	
	black	points	

one	of	the	last	
	light	blue	points	
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Poisson	superposiJon	
w/o	Vol. Fluc.	(0%)	

Poisson	superposiJon	
with	Vol.	Fluc.	(10%)	

Poisson	superposiJon	
with	Vol.	Fluc.	(15%)	

Poisson	superposiJon	
with	Vol.	Fluc.	(20%)	

Volume	fluctuaJon	is	assumed	to	be	known	precisely	according	to	Glauber	(or	any	
other	iniJal)	model.	V.F.	naturally	induces	a	posiJve	correlaJon	between	NA	vs	NB.	
Gaussian	fluctuaJon	is	used	in	this	toy	model	simulaJon.	

“nA	vs	nB”	distribuJon	per	source	will	be	
extracted,	where	the	number	of	sources	
“nS”	has	well	known	fluctuaJon	from	VF.			

Unfolding	with	Volume	Fluctua'on	(V.F.)	

NA	

NB	

nB	

nA	

NB	

NA	 NA	

Poisson	source	:	<nA>	=	0.15	,	<nB>	=	0.1	
Gaussian	fluc.	:	<nS>	=	100	+/-	V.F.(%)	
NA	=	nA	x	nS	,		NB	=	nB	x	nS	
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Toy-Experiment		
true	(known)	

Experimental	filter		
(efficiency	assump'on	based	on	
full	Geant	and/or	Embedding)	

Toy-Experiment		
measured	

MC	gene.	

MC	reco.	

Take	difference	to	define		
correc'on	factor	(CF)	

Response		
Matrix	(RM)	

independent	par'cle	genera'on	assump'on	“Incremental	unfolding”	with	V.F.	

Real-Experiment		
true	(unknown)	

Real-Experiment		
measured	

Actual	experiment	
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Volume	Fluctua'on	filter		
as	superposi'on	of	sources			

Npart	fluctua'on	
Glauber	model?	

Transform	CF	into	generated	
coordinate	with	RM		
(and	smoothing	CF)	

Apply	CF	to	modify	MC	gene.	
and	sample	with	the	filter	to	
get	next	MC	reco.	and	repeat	
un'l	MC	gene.	is	unchanged	

true	source	
(nA,nB)	

toy	source	
(nA,nB)	 MC	(nA,nB)	
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Posi'vely	
Correlated	
Source	
with	V.F.	

•  Modified	Poisson	Source	
(posiJve	correlaJon)	:		
<nA>	~	0.15	,	<nB>	~	0.1	

•  Gaussian	Vol.	fluc.	:		
<nS>	=	100	+/-	15(%)	

•  εx=0.85	,	εy=0.65	

corr.	scr.	 no	corr.	

EXP	true	w.	VF	 MC	gen.	w.	VF	

EXP	true	w/o	VF	 MC	gen.	w/o	VF	

(Y’)	w.	VF	 (Y”)	w.	VF	

(Y’)	w/o	VF	 (Y”)	w/o	VF	

EXP	meas.	(A)	 MC	rec.	(B)	

EXP	Source	(X)	 MC	Source	(Y)	 (Y’)	=	(Y)	+	α(D)	 (Y”)	Final	iter.	

(C)	=	(A)-(B)	 (D)	=	(C)*RMrev	

Recovery	of		
Source	distribu'on	

Superposi'on	of	
fixed	#	of	sources	

Superposi'on		
of	sources	with		
volume	fluctua'on	
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Nega'vely	
Correlated	
Source	
with	V.F.	

•  Modified	Poisson	Source	
(negaJve	correlaJon)	:		
<nA>	~	0.15	,	<nB>	~	0.1	

•  Gaussian	Vol.	fluc.	:		
<nS>	=	100	+/-	15(%)	

•  εx=0.85	,	εy=0.65	

corr.	scr.	 no	corr.	

EXP	true	w.	VF	 MC	gen.	w.	VF	

EXP	true	w/o	VF	 MC	gen.	w/o	VF	

(Y’)	w.	VF	 (Y”)	w.	VF	

(Y’)	w/o	VF	 (Y”)	w/o	VF	

EXP	meas.	(A)	 MC	rec.	(B)	

EXP	Source	(X)	 MC	Source	(Y)	 (Y’)	=	(Y)	+	α(D)	 (Y”)	Final	iter.	

(C)	=	(A)-(B)	 (D)	=	(C)*RMrev	

Recovery	of		
Source	distribu'on	

Superposi'on	of	
fixed	#	of	sources	

Superposi'on		
of	sources	with		
volume	fluctua'on	



pT	distribuJons	
of	one	parJcular		
event	for	parJcle		
1	and	parJcle	2	

N1	(parJcle	1)	

N
2	
(p
ar
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le
	2
)	

slope	T1	(parJcle	1)	

slo
pe

	T
2	
(p
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	2
)	

<pT>	P1	(parJcle	1)	
<p

T>
	P
2	
(p
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Jc
le
	2
)	

Extrac'on	of	net-number	and	temperatures	simultaneously	

1/pT	dN/dpT	~	exp(-pT/T)	

EMMI	Workshop	-	Phase	Structure,	2019/Mar/25,	GSI	 ShinIchi	Esumi,	Univ.	of	Tsukuba,	TCHoU	 14	

<pT>	= Σ pT	/	N		

number	(N1,	N2)		
correlaJon	

net-number	
distribuJon	

mean	pT	(P1,	P2)	

temperature	(T1,	T2)	
correlaJon	

temperature	of	
net-distribuJon	



1st	iteraJon	 3rd	iteraJon	 17th	iteraJon	

N1	vs	N2	 T1	vs	T2	

N1	vs	N2	

M1	vs	M2	 P1	vs	P2	

M1	vs	M2	

Generated	MC	events	

Measured	MC	events	

Difference	between	measured	EXP	and	measured	MC	events	
T1	vs	T2	

P1	vs	P2	

Transformed	difference	with	response	matrix	as	correcJon	factor	for	the	next	iteraJon	
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Test	itera'on	without	correla'ons	

2	out	of	total	6	2D-projecJons	are		
shown	for	visualizaJon	purpose.	



Rev.	Resp.	Matrix	(M1,M2)	bins		
generated	(N1,N2)	distribuJon	

Forw.	Resp.	Matrix	(N1,N2)	bins		
measured	(M1,M2)	distribuJon	

Rev.	Resp.	Matrix	(P1,P2)	bins		
generated	(T1,T2)	distribuJon	

Forw.	Resp.	Matrix	(T1,T2)	bins		
measured	(P1,P2)	distribuJon	

Response	Matrix	
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6	x	2D-RM’s	
work	only	in	
un-correlated	
cases	



N1	(parJcle	1)	

<p
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N1	(parJcle	1)	

N2	(parJcle	2)	

N1	vs	N2	 T1	vs	T2	 M1	vs	M2	 P1	vs	P2	

True																																							unfolding	iteraJon	

4D-Unfolding	of	temperature	and		
net-number	distribu'ons	for	
higher	order	fluctua'on	

(NGen,	TGen)												(NMeas,	<pT>Meas)	

dN/dpT	~	pT	exp(-pT/T)	 <pT>	= Σ pT	/	N		
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correlated	input	

correlaJon	recovered	



20
*T

1+
T 2

	(b
in
)	

20*N1+N2	(bin)	 20*N1+T1	
20
*N

2+
T 2

	

20*T1+N1	

20
*T

2+
N
2	

True	answer	 True	answer	 True	answer	

aver	49th	iteraJon	 aver	49th	iteraJon	 aver	49th	iteraJon	

2D	view	of	4-dimen'onal	unfolding	
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T.	Sugiura	



EMMI	Workshop	-	Phase	Structure,	2019/Mar/25,	GSI	 ShinIchi	Esumi,	Univ.	of	Tsukuba,	TCHoU	 20	

T.	Sugiura	
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T.	Sugiura	

Raw	

CBWC	 VFC	
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Analy'cal	approach	of	efficiency	correc'on	
with	non-binomial	effects	

NIM	A906	(2018)	10-17,	arXiv:1805.00279	
T.	Nonaka,	M.	Kitazawa,	S.E.	

If	the	fi]ng	works	with	the	L-th	order	polynomial	
func'on	of	N,	the	“R”	can	be	determined	in	order	
to	solve	the	equa'ons.		
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Summary	
	
•  unfolding	of	net-distribuJon	including	volume	
fluctuaJon	and	simultaneously	extracJng	the	
temperature	distribuJon	

•  Volume	fluctuaJon	vs	correlated	parJcle	
producJon	

•  AnalyJcal	approach	to	awack	non-binomial	
efficiency	

	



C1	=	5.66+/-	0.01	 C2	=	46.5	+/-	0.1	 C4	=	-1600	+/-	15	C3	=	-6.5	+/-	0.5	

true	 MC	in	 1st	itr.	 50th	itr.	

response	matrix	from	
original,	10th,	20th,	30th,	40th	
incremental	unfolding	

Hybrid	itera'on	
---	with	criJcal	signal	---	
(εx=0.7,	εy=0.65)	

0thit+1stcy	 0thit+50thcy	 10thit+50thcy	 40thit+50thcy	
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number	of	itera'on	

	input	cN	
	incremental	
	convenJonal	

10	different	trials	(staJsJcally	indep.)	



Extracted	Cumulant	(Cn)	a`er	unfolding	itera'ons	with	V.F.	

ou
tp
ut
	C

4	

input	C4	

ou
tp
ut
	C

3	

input	C3	

C2	 C3	 C4	ou
tp
ut
	C

2	

input	C2	

Cn	with	V.F.		
Cn	excluding	V.F.		
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25	

26	 20	

5	 25	

95	

V.F.	0	%	

V.F.	5	%	

V.F.	10	%	

V.F.	15	%	

•  Unfolding	tests	with	50	
random	MC	inputs	

•  Poisson	Source	:		
<nA>	=	0.15	,	<nB>	=	0.1	

•  Gaussian	Vol.	fluc.	:		
<nS>	=	100	+/-	V.F.(%)	

•  NA	=	nA	x	nS	,		NB	=	nB	x	nS	
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10k	True	
100k	MC	
	
100k	True	
1M	MC	
	
1M	True	
10M	MC	

test	sample		
with	

correlaJons	

+/-	0.1	

+/-	0.5	

+/-	2.0	

+/-	10.0	

N1	 T1	 N2	 T2	

C1	

C2	

C3	

C4	

number	of	iteraJon	 0			10		20		30		40		50	

2	par'cle/bin	
0.1	GeV/bin	
are	not	scaled		
correctly	yet...	


