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All lattice data shown are obtained in Ny = 0 QCD: gluon plasma.




Viscosity: dissipative fluid dynamics

A small perturbation Ty, = T (2, x) of a fluid around equilibrium
satisfies the diffusion equation

0 To, — Daf To, =0, D= j_ (shear mode)
erp

A sound wave with wavelength A = 27 /k. is damped as

To(t, k) ¢ 2 HORY (e4p) (sound mode) .

Tox= momentum density n = shear viscosity ¢ = bulk viscosity




Why n/s ?

in a heavy-ion collision, the relaxation time 7z should be small compared to
the expansion rate I'e, for hydrodynamics to be applicable

TR 2> 3

ﬁ - 7 ~ 24 (causality bound Rischke et al [0907.3906])

« validity of hydrodynamics = | 7 12 < 1.
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n/(P+p) xT (N,=0,2,3,4)

Perturbative QCD results
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Calculating transport coefficients in lattice QCD: the case of sound damping
To calculate the viscosity, we will study the damping of sound waves in the
QGP. Sound waves are longitudinal fluctuations in the pressure of the fluid.

o (T33)eq = pressure in the z-direction
e let —1p(w,q,T) be the imaginary part of the retarded correlator of 733

= | (37 + )(T) =limy—o Zp(w,q=0,T)| Kubo formula

The correlator C(xo) of T33, computable on the lattice, is related to p by

coshw(1/2T — xo)
sinhw/2T

[Karsch, Wyld, *86]

C(x():an) = / dw P(%Cb T)
0

p is called the “spectral function”. The same applies in the shear channel with
the substitutions 753 — T13 and (31 + () — n.



Spectral function at weak coupling and in AdS/CFT (shear channel, q = 0)

-
7 (@)

mp

%Y

8r B 025
F Y
> g Solid: (T"T Y(w)/(02T4) (for bulk)
C 02
6;* 8 Dotted: %(T 2T 12)(0)/(T4/0?) (for shear)
5F E‘_ 015 4
g 5
a- b
£ n o
3 -
E -
£ 2,
2F 8 oos
E S
1F 3
E - =] | | . [
ST, LA S I I P I I = 0
% 02040608 1 121416 1.8 2 0 02 04 06 08 !
W(2mT) Frequency w/g*T
[Teaney 06] Weak coupling [Moore, Saremi 2008]

free field theory: pip 12(w, T) = ﬁmh -+ (3% ) dsT* w(w)

Q: is the QCD spectral function qualitatively like the red or the dotted curve?



‘Ward identities of translation invariance

00Too + OkToxr =0
OkTox + OcTie =0

Ward Identities deriving from { = (q = ge3)

' iq- o0 coshw(Ly — xp)
/dgx "% (Too (x0,%) Too (0)) = / dw  psnd(w,q) 271
. 0 sinh swLo
—i [ sinhw(3Ly — xo)
J xS Tt 0 o) = [ w (e T A
2” 0
— [ dx e (To3(x0,x) To3(0)) } Lo coshw(3Lo — xo)
. i- = = dw w?* ,
_ fd3x 9% (Too (x0, X) Ta3(0)) 2 Jo psnd (W, @) ———— sinh ZWLO
i [ smhw( Ly — x0)
dPx eV (To3(x0,%) T33(0)) = 7 dw w* pona(w, Q) ——2—— R
0 ;who
iq- 1 [ coshw( Ly — xo)
dx e (T33(x0,%) T33(0)) =  — dw w* pond(w, @) ———2—"
4
. q° Jo sinh 1 swlo




p(@)/ (da T* tanh(ay 2T) )

Sound channel spectral function poo 0(w, q)

Hydrodynamics spectral function pgg odw)
3.5 T T

hydro g=0.3 (2nT) ——
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(Kovtun, Starinets 2006)



Hydrodynamics predictions for the spectral functions at small (w, q = gé3)

> 1* order prediction for hydrodynamic pole structure: (Teaney 06)

o opooo(w,q)  wg—o T (e+P)g'
sound channel: A ~ P @ — @) + o)
4
_ §7Z+€_ .
Iy = P = sound attenuation length

> 2" order corrections to sound dispersion relation: (Baier et al 07)

Iy I
o=t ) =v {1+ B (m- ) +owh )

711 is the relaxation time



Sum rule in the bulk channel



Which spectral functions are analytic at w = 0?

Recall the small (w, k) hydrodynamic prediction freaney osi

p3333(w, k, T) _etp |
w m (w?— c2k2)? + (T,wk?)?’
NB.Vf st [ f(x)dx =1, 1f(x/e) provides a rep" of the é-function. Here
1 X 5
f0 = |y ] PE e/ (TR, e=T
= limk_o 7%3’”&*’” = #FS + (e 4+ p)c2d(w) +

= separate the smooth part of the spectral function from the singular term,

e+p .o 2 oo (0,0,T) — 9¢
3 (Bc; — 1) wd(w), P % 1) _ 26

v (w,0,T smooth 1,0, T .
Prpv (W, )p“(7’)+cs o =

smooth

Equivalently, work with T, + (3¢ — 1)Too, whose spectral function = pjii5%,.



Sum rule in the bulk channel

oo d _
/fx(T““(x)T””(O)>T‘° :/ DD (@,0,T) = 50 e—3p
0

or T*
Taking into account the §-function: [Son, Romatschke 09]
| e @01 =301 38+ )~ 4le - 30).
0

3(1-3¢c¢?) -4(e-3p)/(e+p)

L)
1 With the §-function in place, the
‘ sum rule no longer suggests a

¢ large bulk viscosity just above T..
Rl R ¢ + 1 However, if relaxation time is long,
Al . + ] the transport peak makes only a
+ + ‘ small contribution to the LHS of
5 t ‘ the sum rule.
0.5 1 15 2 25

[HM 09]



An alternative to calculate the velocity of sound

no derivative: p(T)=—f(T) = glog{Z(T)/Z(O)} (for V large)
one derivative: e = Tzai;%, = %
two derivatives: ¢ = e Vi = —
' YTor g

Alternative method based on exact lattice sum rules [Hm07):
Cy cnnn
F o= Z Ty (0) T (0))5

_~_§ +4%" 3p d’B/d(loga)* (T},.) _ d*r/d(loga)® (T},.)
T3 T dp/dloga  T* drx/dloga T*

No T-derivatives required!

a4Ti# (%) Z ReTr = Upv ()}

dloga

@ Tu) = dk,gaDﬁ YU ()1 = )+ a) + P+ ai) Uy () (14 7))




A note on the “reconstructed” correlator

Ly=1/T oo coshw(X — ¢
Celt, ) 2/ / dop(eo, T = 0) @G =0
0 sinhwLg/2
e} eiw,,t
= ZT/ dw wp(w, T =0 —_
A ol )}; g
oo % Ju’ iw’ (t4+mLg)
0 wp) o 27 w? 4w’
oo
— / dwp(w, T = 0) Z e—w|t+mL0\
0 meZ

= D C(T =0, |t + mLo))
meZ

It is not necessary to reconstruct p(w, T = 0) in order to evaluate Cr.c (2, T). ‘

coshw(% — 1)

for Ap.
simhwLoe/2 0 2F

= solve [C— Cr(t,T) = / dwAp(w,T)
0

w— 00

NB. Ap “—" 0 and satisfies the bulk sum rule.



Bulk viscosity near T,: { [ d®x "4 Too(xo, x) Too(0))

13.6(1.9) C(xg=1/2T), q)/ dp
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Bulk viscosity near 7: <f dBx X Too (X(), X) T()()(O))

C(%=1/(2T), q) / dp Hydrodynamics spectral function pgg odt)
T=1.01 T, —— 3.5 T T T T
T=1.27T, hydro g=0.3 (2ntT) ——
x 27T, — 3
4t intercept = ¢, / (daT°) T=149T, o || e hydro g=0.5 (2nT)
T=252T, — % 25
3l free theory =
N £ B
* 1s
2t =< 7
g 1
: R 3
* ° ot . E 05
0 0.1 02 03 04 05 06 07 08 0 1 2 3 4 5 6
(q/2nT)? /T
oo
Lo —4 p(w) 1
Clxo=—=) =T dw - .
2 o tanh(w/2T) cosh(w/2T)

e much larger slope at ¢ = 0 for T = 1.01T, than at other temperatures =
sound waves with wavelength A = 8/T = 5.8fm are strongly damped

see also [Kharzeev, Tuchin 07; Karsch, Hiibner, Pica 08; Kunihiro et al.]



Heavy-Quark Momentum Diffusion Constant in the QGP [caron-Huot, Laine, Moore 09]

The correlators to be computed on the lattice are (Lo = 1/7)

Ce(xo) = 1 : <ReTf{WO(LO,XO)IAVOi(XO)Wo(XO,0)?01(0)})7

32 Re Tr {Wo (Lo, 0)}
_ 1 (ReTr {Wo(Lo, o) Fua(0) Wo (x0, 0)Fua(0) 1)
Cp(x0) = EZ Re Tr {Wo(Lo, 0)} .

o Wo(xg,x0) is the parallel transporter from time x, to time x;.
the denominator is the Polyakov loop in the fundamental representation.
the correlator obeys a spectral representation

o hw(lLo —
Co(w) = / o) Gl = x0)
0

sinh %

The momentum diffusion constant is then given by

k(T) = lim 2r p(w).

w—0 W



Electric field correlators in finite-temperature HQET
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e weak-coupling prediction for the spectral function:
smooth on the scale T, not on scale 7%/M.



Concluding remarks

1. bulk sum rule can be used to constrain the spectral function, as long as
one keeps track of the exact §-functions in p(w).

2. [C — C] is more sensitive to the low-frequency part of p(w)
(but positivity is lost)

3. does the system become very dissipative near the (weakly 1st order)
phase transition?



Backup slides



Why n/s ?

in a heavy-ion collision, the relaxation time 7z should be small compared to
the expansion rate I'ey, for hydrodynamics to be applicable [see e.g. talk by U. Heinz]

e 7 &~ 7L in an ultrarelativistic plasma
Ts

« validity of hydrodynamics = | 2 22 « 1.
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The contribution of the wd(w) term to the Euclidean correlator
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Sound channel spectral function poo oo(w, q) at weak coupling

Hydrodynamics spectral function pyg odw) Free spectral function pog od®)
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How to reconstruct the spectral function p(w,q,T)?

coshw(1/2T — xo)
sinhw/2T

C33,33(%0,4q,T) :/ dw p(w,q,T)
0

plw,q=0,T)
w

%n+<:w

w=0

Hydrodynamics is a low-energy effective theory:
it predicts the functional form of p at small (w, q)

Perturbation theory + OPE predicts p at large w



Euclidean correlator of the energy density 7o [200°000 PC hours, allocated by USQCD]
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Cost formula for shear channel correlator

CPU cost for 1% error on Cy5 15(Xg) for LT=6 &=2
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One-level algo: ’ CPU-time  N!'N?

Two-level algo: ’ CPU-time x NSN3




Testing the restoration of translation invariance
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Ward identity check: C( xq, q)/dp
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Sound channel spectral functions from 16 x 48> lattice
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Contrast with weak-coupling ansatz
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Results at 1.6 and 2.3 7. PRELIMINARY

Quantity 1.575T, 2.32T, free gluons A\ = co SUSY
m+3¢/s 0203w 0.26(3)a % 1 /47 = 0.080
2T 3.1(3)stat 3.2(3)tat 00 2 —log2 =1.31
[+ 3¢]/[Tmns] 0.40(S)sae  0.51(5)sta 0.17 0.38

York,Moore Son,Starinets

~» my current best guess for viscosity at LHC:

[n/S]QGP]
[n/S]GP AMY

n/ S]QGP ~ [n/ s]GP,lattice : [ ~ 0.40
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Progress in accuracy of Euclidean correlators (8 x 283, shear channel)

Nakamura, Sakai ‘04 HM °07
Cex(X)
\ GlZ(t) 10000
. BB —e—
@ Simulation *
\ EE —e—
b\ — Fit d 1000
\ . EB —=—
\\ //
‘\\ ¥ 100
. * *Tf f . 10 - . " _ Xga
o 1 2 3 4 5 6 7 o 1 3 4
t
C(x) = %(CBB + Cge + 2Cgs)

multi-level algorithm rmoz: gain ~ 20 in the error bar on C(Ly/2)




Fit parameters

Psnd = Plow + Pmed + Phigh ,

pow(w,q,T) _ 2T, (e+P) g’ 1+ o1
anh(w/27) T (w2 =12 (q)) + (Cwg?)? |+ oo
pmed(w7 q, T) 4 2, W Lo

LSl e e tanh?(~2

tanh(w/2T) g tan (27‘) o2 + (W — ¢ — M2)?
phigh(w, g, T) 4. o, w. 2da

e e 7 J— t h -

tanh(w/2T) g tan (2]‘) 15(47)?

e perturbation theory and the operator product expansion =
systematically improve the knowledge of phigh

e fully matching hydrodynamics & linear response theory to 2™ order =
systematically improve functional form of piw (free parameters =
viscosity, relaxation time, ...)

o eventually, treat pmea With Maximum Entropy Method [Asakawa et al]
or expand it in a suitable orthogonal basis [HMm07).



Perturbative vs. hydrodynamics ansatz (II) (2.327,, 16 x 48%)
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p(w)/ (da T tanh(ay 2T) )

An alternative fit ansatz inspired by weak-coupling

Attempt to replace the low-frequency term by

poi(w,q,T) Ui(e+P)T ap+ai(w/q)’ + ar(w/q)*

tanh(w/27) g 1+exp{[(w/q)* —1]//?}

Free spectral function pog od )
18

e / ebmetul To get the correct ¢ — 0 limit, we must require
12 105 75

1 : - I
08 P @ 4 + 42 10a,
el _ 175 105 35
02 @2 = 7 492 3 %0

° 0 1 PR 3 4 5 6

The fit is driven to ay ~ 0 and leads to x3,; ~ 9.



The reconstructed spectral functions
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SYM spectral function. e black curve = §(0,w)



2007 Results: 1/s upper bounds, and estimates under smoothness assumption

LHC
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Perturbative and AdS/CFT calculations:

0.484 1.2507 —
n/s, /s = 72aZ10g(0.608/cxs)’ w2 log(4.06/ cty) Ny =0PT
1/(4m) , 0 N =4 SYM.

Arnold, Moore, Yaffe '03; Arnold, Dogan, Moore '06;
Policastro, Son, Starinets '01; Kovtun, Son, Starinets '04




The QCD energy-momentum tensor

e separating the traceless part 6., from the trace part
e gluons, denoted ‘g’, and quarks denoted ‘q’

Ty = 05, + 0%, 4+ 16, (05 +69),
08, = %5,“,FZUFZU — F,Fi,

— = — = _
0, = 320 D by + by Doty — 38ty D gypty,
0 = ﬁ(g)/(zg) FZUFZav 69 = _mef wfwf

* D,=D, — D,
e [(g) is the beta-function

o all expressions are written in Euclidean space.




o the Euclidean correlator Cx(xo) = £ 3, |Oun[? e 0B eFmo
(where Oun = (n|O|m), Esn = E, — En, Lo = 1/T) and the spectral function
p(LO’ w) = z blnh(UJL()/Z) Zn Jm 6((‘) - Enm) ei(E”#»EW)LD/z ‘O"”T'z

z
are related by Cr(x0) = [;dw hello/200) (1, ).

sinh wl /2

o the Minkovsky-space retarded correlator iGg(r) = 6(¢) {[O(), O(0)]) has

the spectral representation iGr(1) = %2 3, | |Oun[?e™10En (e — o= iFmt).

e Minkovsky and Euclidean correlator are related for r > 0 by

iGr(r) = lim (Ce(it + €) — Ci(~it + €)) = lim [ dw p(Lo,w)e e~ Iwle

e the corresponding relation in frequency space is

r P L07 ) ‘Wl‘e

T I w real =

Grlw+i6) = —[ dw

ImGg(w+i6) = [ _dw' (—7p(Lo,w’) eil“’/le) %m = —mp(Lo,w).




C4(Xo)

100

10

The Euclidean correlators (N, = 8, £ = 1; Ny = 0) HM 07

<T12T12>C shear <9 9>c bulk
100
102T, LT=3 —e— v
1.24T LT=5/2 M v
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. .
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, 222T, LT=6 —a—
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¢ near-conformal behavior in shear channel
o conformal anomaly correlator (66) falls off rapidly with T~
o small errors thanks to multi-level algorithm (HM ’03):

cost scales as instead of




Phase diagram of QCD and equation of state at ug = 0

Phase diagram
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e entropy as a fct. of temperature
on the vertical axis of the phase
diagram
e entropy/T° ~ #(d.o.f.) grows:
color is liberated

e but no discontinuity.



