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Introduction

I Barring a direct discovery of BSM particles at the LHC, flavour
physics is out best chance to discover new physics

I Precise determinations of CKM matrix elements depend on lattice
QCD predictions

I Some tension reported in Bs and Ds decays

I Maybe one can overconstrain CKM unitarity triangle  new physics
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Problems for heavy quarks on the lattice

I Multi-scale problem: Need L� m−1
π � m−1

Q � a

I a & m−1
Q : large discretisation effects
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Problems for heavy quarks on the lattice

I Multi-scale problem: Need L� m−1
π � m−1

Q � a

I L<∼m−1
π : large finite-volume effects
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Problems for heavy quarks on the lattice

I Multi-scale problem: Need L� m−1
π � m−1

Q � a

I Large L/a leads to big computational effort
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Problems for heavy quarks on the lattice

I Multi-scale problem: Need L� m−1
π � m−1

Q � a

I Another way: effective theories (HQET, NRQCD, mNRQCD)

Georg von Hippel Lattice Methods for Heavy Flavours



Intro Charm Bottom Other Outlook

Critical slowing-down of HMC

I Question mark over fine lattice
results . . .

I Autocorrelations of Qtop

increase dramatically as a→ 0
[Schaefer, Sommer, Virotta, 2009 ]

I May not affect charm
observables too much, but . . .

I a = 0.04 fm ensembles may
not be sampled correctly

I Solution may lie in new
simulation algorithm(s)
[Lüscher 2009 ]
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Charm quarks on large fine lattices

I HPQCD prediction of fDs = 241(3) MeV vs. PDG value
fDs = 273(10) MeV

I New physics ?

I Experimental value now down to fDs = 259(7) MeV [CLEO-c,

arXiv:0910.3602 ], HPQCD value likely to go up

I HPQCD prediction based on MILC configurations, HISQ valence
quarks, . . .

I Comparison with other discretisations
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The CLS coordinated lattice simulations effort

I CLS is a community effort to bring together the human and
computer resources of several teams in Europe interested in lattice
QCD

I Member teams: Berlin, CERN, DESY-Zeuthen, Madrid, Mainz,
Rome, Valencia

I All CLS simulations use Lüscher’s DD-HMC algorithm:

I Nf = 2 Wilson QCD with non-perturbative O(a) improvement
I Domain decomposition separates block and inter-block MD

forces
I Use a Schwarz-preconditioned GCR solver on each block
I Deflation to reduce the effort at smaller quark masses
I Chronological solver to further accelerate MD dynamics
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Results for Ds physics

I mPS , fPS from 〈PP〉 correlators

I Scale has been set on β = 5.3 ensembles using a combination of
mK and mK∗ [Del Debbio et al. 2007 ]

I Run to other β using L∗ from Schrödinger functional [Della Morte et al.

(ALPHA) 2007 ]

I Setting the strange quark mass via m2
K −m2

π/2 ∝ ms

I Setting the charm quark mass via mDs
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PRELIMINARY

a [fm] mπ [MeV] fDs [MeV] Mc [MeV]

D2 ∼ 0.08 ∼ 580 263(4) 1694(34) extrap. ms

E6 ∼ 0.08 ∼ 240 257(7) 1767(35) extrap. ms

Q4 ∼ 0.04 ∼ 590 260(4) 1666(33) extrap. mc , ms

Q5 ∼ 0.04 ∼ 480 243(4) 1710(33)
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HQET on the lattice

I Non-relativistic expansion of QCD Lagrangian:

L = ψ
(
D0 − D2

2M − σ·B
2M + . . .

)
ψ

I Preserve nonperturbative renormalisability by expanding e−S in
1/M:∫

D[U, ψ, ψ]e−S =

∫
D[U, ψ, ψ]e−S0 (1 + ωkinOkin + ωspinOspin + . . .)

where

S0 =
∑

x

ψD0ψ Okin =
∑

x

ψD2ψ Ospin =
∑

x

ψσ · Bψ

and ωkin = ωspin = 1/2M at tree level

I Nonperturbatively renormalisable order by order in 1/M

I Nonperturbative matching to QCD in small volume, then step
scaling to large volume [Della Morte et al. (ALPHA) 2007; Blossier et al. (ALPHA) 2009 ]
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Results in quenched HQET at O(1/m)

I Testing methods in quenched simulations

I Use a number of methods to reduce noise and systematic errors

I all-to-all propagators [Foley et al. (TrinLat) 2005 ]
I HYP1/HYP2 smearing for static action [Hasenfratz, Knechtli 2001; Della

Morte et al. (ALPHA) 2005 ]
I Covariant quark smearing with APE smeared spatial links [Güsken

et al. 1989; Albanese et al. (APE) 1987; Basak et al. 2006 ]
I variational method [Michael 1985; Lüscher, Wolff 1990; Blossier et al. (ALPHA) 2008 ]

I Three lattice spacings (β = 6.0219, 6.2885, 6.4956), L = 1.436 fm,
T = 2L, κ tuned to strange mass

I Nf = 2 simulations under way
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How far can HQET go?

arXiv:0911.1568 LPHAA
Collaboration
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Other recent proposals for heavy flavours

I Moving NRQCD for B decays at high recoil

I [Horgan, Wingate, GvH et al. (HPQCD) 2009 ]
I Discretise in a boosted frame to reduce discretisation errors
I cf. following slides

I Relativistic bottom quarks ???

I [McNeile, Davies et al. (HPQCD) 2009 ]
I Highly-improved quark action (HISQ) on fine lattices
I But discretisation errors are still sizable . . .
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Moving NRQCD

I B → π`ν and B → K∗γ are interesting

I High recoil leads to large discretisation errors

I Idea: absorb part of final meson momentum into frame choice

I Perform FWT transformation in a frame boosted by velocity v

ψ′(x ′) = γ−1/2BveiFψ(x)

and discretise in boosted frame
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Moving NRQCD

I Leading order Hamiltonian becomes

H0 = −iv ·D− D2−(v·D)2

2γM

I Many possible higher-order terms due to broken Galilean invariance

I Many parameters to tune

I Conceptual stage: calculation of renormalisation constants etc.
[Davies, Horgan, Lepage, Wingate, GvH et al. (HPQCD) 2009 ]

I Looks promising, studies of B → π`ν and B → K∗γ under way
[Liu, Meinel, Wingate et al. 2009 ]
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Outlook for heavy flavours on the lattice

I To reliably study charm quarks using relativistic actions, very fine
lattices are needed

I Large fine dynamical lattices still difficult

I Effective field theories provide a rigorous, systematically improvable
way of studying heavy quarks on the lattice

I HQET works well for bottom quarks

I HQET may perhaps even work for charm quarks

I Nf = 0 HQET matched nonperturbatively

I Nf = 2 nonperturbative HQET well under way
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The end

Thank you for your attention
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Backup slides

— BACKUP —
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The CKM formalism

Cabibbo (1963): Mixing of quarks to explain decay patterns:[|d ′〉
|s ′〉
]

=

[
Vud Vus

Vcd Vcs

] [|d〉
|s〉
]

=

[
cos θC sin θC
− sin θC cos θC

] [|d〉
|s〉
]

Kobayashi, Maskawa (1973, Nobel 2008): Extension to three generations
predicts CP-violation

|d ′〉|s ′〉
|b′〉

 =

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

|d〉|s〉
|b〉


=

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

|d〉|s〉
|b〉
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The Unitarity Triangle

Unitarity requires columns to be orthogonal, e.g.

VudV ∗ub + VcdV ∗cb + VtdV ∗tb = 0

or equivalently

VudV ∗ub

VcdV ∗cb
+

VtdV ∗tb
VcdV ∗cb

= −1
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Nonperturbative HQET

I Want to determine HQET parameters by matching to QCD
nonperturbatively

ΦQCD
k = ΦHQET

k k = 1, . . . ,Nparms

I But that needs very small a

I Trick: make a small enough by going to small volume for matching
to QCD

I Then scale to larger volumes in HQET by finite-size scaling (for
which the continuum limit can be taken nonperturbatively) [Sommer et

al. (ALPHA) 2003 ]

I Afterwards, can use HQET in large volume at normal lattice
spacings

I Procedure has been carried out to O(1/M) in quenched QCD;
Nf = 2 underway
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The Generalised Eigenvalue Problem

For a matrix of correlation functions on an infinite time lattice

Cij(t) = 〈Oi (t)Oj(0)〉 =
∞∑

n=1

e−Entψniψnj , i , j = 1, . . . ,N

ψni ≡ (ψn)i = 〈n|Ôi |0〉 = ψ∗ni En ≤ En+1

the GEVP is

C (t) vn(t, t0) = λn(t, t0) C (t0) vn(t, t0) , n = 1, . . . ,N t > t0,

Define effective energy levels and matrix elements[Blossier, GvH et al.,2008 ]

E eff
n ≡ 1

a
log

λn(t, t0)

λn(t + a, t0)
= En + O(e−(EN+1−En)t)

ψeff
n ≡ 〈P(t)Oj(0)〉 vn(t, t0)j

(vn(t, t0) , C (t) vn(t, t0))1/2

λn(t0 + t/2, t0)

λn(t0 + t, t0)

= 〈0|P̂|n〉+ O(e−(EN+1−En)t0 )
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The Generalised Eigenvalue Problem

Can construct creation operator

Âeff
n
†(t, t0) = e−ĤtQ̂eff

n
†(t, t0)

Q̂eff
n (t, t0) = Rn (Ô , vn(t, t0) )

Rn = (vn(t, t0) , C (t) vn(t, t0))−1/2 λn(t0 + t/2, t0)

λn(t0 + t, t0)

for nth excited state:

Âeff
n
†|0〉 = |n〉+

∞∑
n′=1

πnn′(t, t0)|n′〉

where

πnn′(t, t0) = O(e−(EN+1−En) t0) , at fixed t − t0
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The GEVP simplified

(Theoretically) split Cij into first N states and the rest

C
(0)
ij (t) =

N∑
n=1

e−Entψniψnj , C
(1)
ij (t) =

∞∑
n=N+1

e−Entψniψnj

The (time-independent) dual vectors are defined by

(un, ψm) = δmn , m, n ≤ N . (un, ψm) ≡
N∑

i=1

(un)i ψmi

One then has

C (0)(t)un = e−Entψn ,

C (0)(t) un = λ(0)
n (t, t0) C (0)(t0) un,

λ(0)
n (t, t0) = e−En(t−t0) , vn(t, t0) ∝ un

and an orthogonality relation valid at all t

(um,C
(0)(t) un) = δmn ρn(t) , ρn(t) = e−Ent .
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The GEVP simplified

The operators

Ân =
N∑

i=1

(un)i Ôi ≡ (Ô, un) ,

create the eigenstates of the Hamilton operator

|n〉 = Ân|0〉 , Ĥ|n〉 = En |n〉 .
So arbitrary matrix elements can be written as

p0n = 〈0|P̂|n〉 = 〈0|P̂Ân|0〉
generalization:

p0n = 〈P(t)Oj(0)〉(un)j =
〈P(t)An(0)〉
〈An(t)An(0)〉1/2

eEn t/2

=
〈P(t)Oj(0)〉 vn(t, t0)j

(vn(t, t0) , C (t) vn(t, t0))1/2

λn(t0 + t/2, t0)

λn(t0 + t, t0)

Georg von Hippel Lattice Methods for Heavy Flavours



Intro Charm Bottom Other Outlook

Perturbation theory for the GEVP

Following [Ferenc Niedermayer & Peter Weisz, 1998, unpublished ] we set up the perturbative
expansion for the GEVP as

Avn = λnBvn , A = A(0) + εA(1) , B = B(0) + εB(1) .

(v (0)
n ,B(0)v (0)

m ) = ρn δnm .

λn = λ(0)
n + ελ(1)

n + ε2λ(2)
n . . .

vn = v (0)
n + εv (1)

n + ε2v (2)
n . . .

We will later set

A(0) = C (0)(t) , εA(1) = C (1)(t) ,

B(0) = C (0)(t0) , εB(1) = C (1)(t0)
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Perturbation theory for the GEVP

To second order

A(0)v (1)
n + A(1)v (0)

n = λ
(0)
n

h
B(0)v (1)

n + B(1)v (0)
n

i
+ λ

(1)
n B(0)v (0)

n ,

A(0)v (2)
n + A(1)v (1)

n = λ
(0)
n

h
B(0)v (2)

n + B(1)v (1)
n

i
+ λ

(1)
n

h
B(0)v (1)

n + B(1)v (0)
n

i
+ λ

(2)
n B(0)v (0)

n .

Solve using orthogonality (v
(0)
n ,B(0)v

(0)
m ) = δmn ρn

λ
(1)
n = ρ−1

n

“
v

(0)
n ,∆nv

(0)
n

”
, ∆n ≡ A(1) − λ(0)

n B(1)

v
(1)
n =

X
m 6=n

α
(1)
nm ρ

−1/2
m v

(0)
m , α

(1)
nm = ρ

−1/2
m

“
v

(0)
m ,∆nv

(0)
n

”
λ

(0)
n − λ

(0)
m

λ
(2)
n =

X
m 6=n

ρ−1
n ρ−1

m

“
v

(0)
m ,∆nv

(0)
n

”2

λ
(0)
n − λ

(0)
m

− ρ−2
n

“
v

(0)
n ,∆nv

(0)
n

”“
v

(0)
n ,B(1)v

(0)
n

”
.

Also find an all-orders recursion formula for the higher order coefficients
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Perturbation theory for the GEVP

Inserting our specific case and using (for m > n)

(λ(0)
n − λ(0)

m )−1 = (λ(0)
n )−1(1− e−(Em−En)(t−t0))−1

= (λ(0)
n )−1

∞∑
k=0

e−k(Em−En)(t−t0)

we get

εn(t, t0) = O(e−∆EN+1,n t) , ∆Em,n = Em − En ,

πnn′(t, t0) = O(e−∆EN+1,n t0 ) , at fixed t − t0

π1(t, t0) = O(e−∆EN+1,1 t0e−∆E2,1 (t−t0)) + O(e−∆EN+1,1 t) .

to all orders in the perturbative expansion
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Applications in HQET

Expand in 1/M

Cij(t) = C stat
ij (t) + 1/MC

1/M
ij (t) + O(1/M2)

and find to first order in 1/M

E eff,stat
n (t, t0) = log

λstat
n (t, t0)

λstat
n (t + 1, t0)

= E stat
n + O(e−∆E stat

N+1,n t) ,

E eff,1/M
n (t, t0) =

λ
1/M
n (t, t0)

λstat
n (t, t0)

− λ
1/M
n (t + 1, t0)

λstat
n (t + 1, t0)

= E 1/M
n + O(t e−∆E stat

N+1,n t) .

where

C stat(t) v stat
n (t, t0) = λstat

n (t, t0) C stat(t0) v stat
n (t, t0) ,

λ1/M
n (t, t0) =

(
v stat
n (t, t0) , [C 1/M(t)− λstat

n (t, t0)C 1/M(t0)]v stat
n (t, t0)

)
Note that the GEVP is solved only for C stat

ij
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