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QCD Phase Diagram
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The different phases of QCD matter can be understood by studying the characteristics of 
the phase diagram

‣  QGP is formed at large T,     ; ordinary hadronic matter at small T, 

‣  Crossover transition at T ~ 155MeV; possible first order phase transition 


❖ Search for the critical point with the Beam Energy Scan (BES)

NSAC 2015 Long Range Plan for Nuclear Physics
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Evolution of a heavy-ion collision

• Chemical freeze-out: inelastic collisions cease; the chemical composition is 
fixed (yields and fluctuations)


• Kinetic freeze-out: elastic collisions cease; spectra and correlations are fixed
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Chemical freeze-out in heavy-ion collisions
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Is there a flavor hierarchy in the chemical freeze-out temperature? 

Utilize Hadron Resonance Gas (HRG) model to directly compare with experiment  
and extract chemical freeze-out parameters 
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Hadron Resonance Gas Model
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In the low temperature regime, the system is well-described by a gas of hadrons:

‣  Grand Canonical Ensemble

‣  Interacting gas of ground-state hadrons


❖  Treat as non-interacting system of resonant states

‣  Adaptable to match experimental conditions

‣  List of particles from the Particle Data Group (PDG)


Theory: Hadron Resonance Gas model

I Interacting hadrons in the ground state well approximated by non-interacting
resonance gas

I Pressure given by the sum of partial contributions:

P
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where:

I energy ✏i =
p

p2 + m2

i

I conserved charges ~Xi = (Bi, Si, Qi)

I degeneracy di, mass mi, volume V

NOTE: model fed with hadronic spectrum. Particle spectrum becomes a “variable”!
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Theory: Hadron Resonance Gas model
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Hadron Resonance Gas Model
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List made by C. Ratti

05/24/2019



7/16

Fluctuations of Conserved Charges

The volume-independent ratios are:

11

10 210

0.03

0.1

0.2
0.3

Net Kaon
Au+Au

(a)

10 210

0

0.2

0.4

0.6

0.8 0-5%    STAR   
70-80% STAR    
0-5%    Poisson
0-5%    NBD 

  0-5%    UrQMD  

(b)

7 8 10 20 30 40 100 200

2−

0

2
(c)  < 1.6 GeV/c, |y| < 0.5

T
0.2 < p

 ( GeV )NNs

2
σ
κ

2
σ

M
/

σS

FIG. 11. (Color Online). Collision energy dependence of the
values of M/�2, S�, �2 for �NK multiplicity distributions
from 0-5% most central and 70-80% peripheral collisions in
Au+Au collisions at

p
sNN = 7.7, 11.5, 14.5, 19.6, 27, 39, 62.4

and 200 GeV. The error bars are statistical uncertainties and
the caps represent systematic uncertainties. The expectations
from Poisson and NBD and the results of the UrQMD model
calculations are all from the 0-5% centrality.

for net-baryon) [29] and net-charge [30] fluctuations in
Au+Au collisions from the first phase of the beam en-
ergy scan at RHIC. In this paper, we present the first
measurements of the moments of net-kaon (proxy for net-
strangeness) multiplicity distributions in Au+Au colli-
sions from

p
sNN = 7.7 to 200 GeV. The measured M/�2

values decrease monotonically with increasing collision
energy. The Poisson baseline for C1/C2 slightly under-
estimates the data. No significant collision centrality de-
pendence is observed for both S� and �2 at all energies.
For C3/C2 (=S�), the Poisson and NBD expectations are
lower than the measured S� values at low collision en-
ergies. The measured values for C4/C2 (=�2) are con-
sistent with both the Poisson and NBD baselines within
uncertainties. UrQMD calculations for S� and �2 are
consistent with data for the most central 0-5% Au+Au
collisions. Within current uncertainties, the net-kaon cu-
mulant ratios appear to be monotonic as a function of
collision energy. The moments of net-kaon multiplicity
distributions presented here can be used to extract freeze-
out conditions in heavy-ion collisions by comparing to
Lattice QCD calculations. Future high statistics mea-
surements with improved e�ciency correction method
will be made for fluctuation studies in the second phase
of the RHIC Beam Energy Scan during 2019-2020.
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Directly compare HRG Model to experiment 
to identify chemical freeze-out conditions!
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Fluctuations of Conserved Charges

 Limits of integration correspond to the acceptance cuts from the experiment

 Strangeness neutrality imposed on                 matches the experimental 
conditions:

 Include feed-down from resonances by utilizing the branching ratios:

Kaon susceptibilities in the HRG Model:

R. Bellwied, JS, et al., Phys. Rev. C99 (2019) 034912

Pri→Knet
= Bri→Knet

ni(Knet)

R. BELLWIED et al. PHYSICAL REVIEW C 99, 034912 (2019)

to the freeze-out parameters, compared to the corresponding
particle yields [24]. The STAR Collaboration recently pub-
lished experimental measurements for the energy dependence
of the fluctuations of net protons [25], net charge [26], and
net kaons [27]. Experimentally, one can only measure charged
particles, so that K0’s, π0’s, and neutrons are not included in
these measurements. A previous study in the HRG model with
all experimental effects, such as acceptance cuts in p T and
rapidity and isospin randomization [28], found that the net-
proton and net-charge fluctuations indicate a lower chemical
freeze-out temperature than the one quoted in the thermal fits.

If chemical freeze-out is reached within the hadron gas
phase, then only hadronic degrees of freedom should be
considered, which makes the HRG model the ideal tool to
study this point in the evolution of the system. An advan-
tage in using the HRG model is that acceptance cuts and
resonance decays can be taken into account [12], which is
not possible when directly comparing to lattice QCD results.
While these effects appear to be small at high collision

energies [12], at large baryon chemical potentials and for
higher order susceptibilities they do play a role. In this paper
we use the HRG model to extract the kaon chemical freeze-out
parameters by comparing the model predictions for net-kaon
fluctuations to the recent STAR data from the Beam Energy
Scan [27]. We find that the kaons need larger freeze-out
temperatures, compared to the light hadrons. We also predict
the values of the " fluctuations, calculated in the HRG model
at the freeze-out parameters of the kaons and of the light
hadrons. The results show a clear separation, which can hope-
fully be resolved by the forthcoming experimental results.

II. METHODOLOGY

The HRG model assumes that a gas of interacting hadrons
in its ground state can be well approximated by a noninteract-
ing gas of ground-state hadrons and their heavier resonances.
The pressure from this model is defined as

p (T, µB, µQ, µS) =
∑

i∈HRG

(− 1)Bi+1 diT
(2π )3

∫
d3 p⃗ ln

[
1 + (− 1)Bi+1 exp

{
−

(√
p⃗ 2 + m2

i − BiµB − SiµS − QiµQ
)/

T
}]

, (1)

namely it is the sum over all known baryons and mesons of
the pressure of a baryon/meson gas. The conserved charges
are baryon number B, strangeness S, and electric charge Q.
The main input to the model is the list of hadrons that have
an individual degeneracy di, mass mi, and quantum numbers
Bi, Si, and Qi. The chemical potentials are all linked due to
strangeness neutrality and the approximate ratio of 0.4 protons
to baryons in the colliding nuclei such that

∑

i∈S

ni(T, µB, µQ, µS) = 0,

∑

i∈Q

ni(T, µB, µQ, µS) = 0.4
∑

i∈B

ni(T, µB, µQ, µS). (2)

In this paper we use the hadron resonance gas model with
the same Particle Data Group list used in Ref. [28], in order
to perform a consistent comparison between the freeze-out
parameters obtained from net-p and net-Q fluctuations and
the ones from net-K fluctuations obtained here. The effect of
including a more extended resonance list, which appears to
have the best global fit to the lattice QCD partial pressures
[16], goes beyond the scope of this paper and will be explored
in a separate study.

In order to take into account the influence of hadron
resonance decays, we adapt the formula used in [24,28,29],
which contains the proper acceptance cuts in rapidity and
transverse momentum that were used in the experiment, to just
include the decays into charged kaons:

χnet-K
n =

∑

i∈HRG

(Pri→net-K)n

T 3− (n− 1)

S1− n
i di

4π2

∂n− 1

∂µn− 1
S

×

⎧
⎨

⎩

∫ 0.5

− 0.5
dy

∫ 1.6

0.2
d p T

p T

√
p 2

T + m2
i Cosh[y]

(− 1)Bi+1 + exp ((Cosh[y]
√

p 2
T + m2

i − (BiµB + SiµS + QiµQ))/T )

⎫
⎬

⎭ . (3)

Here Pri→net-K = Pri→K+ − Pri→K− is the probability for a
resonance i to decay into a K+, minus the probability to decay
into a K− . These probabilities can be expressed as Pri→K+(− ) =
Bri→K+(− ) ni(K+(− ) ), where Bri→K+(− ) is the branching ratio for
the resonance i to decay into K+(− ), while ni(K+(− ) ) is the
number of K+(− ) produced in that particular channel. Here we
use the same acceptance cuts as described in [27].

When making comparisons to experimental data, the ratios
of susceptibilities are always used to cancel out the volume

factor and reduce the free parameters to just the freeze-out
temperature and chemical potential. Then, one can calculate
χnet-K

1 /χnet-K
2 (T, µB) across the entire phase diagram of tem-

perature and baryon chemical potential. In the Beam Energy
Scan, different center-of-mass-energies that correspond to
different trajectories across the QCD phase diagram (lower
energies correspond to larger µB) are systematically scanned.

For the light hadrons, at each individual energy there are
two unknowns: {Tf , µB f } and two experimental data points
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of susceptibilities are always used to cancel out the volume

factor and reduce the free parameters to just the freeze-out
temperature and chemical potential. Then, one can calculate
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2 (T, µB) across the entire phase diagram of tem-

perature and baryon chemical potential. In the Beam Energy
Scan, different center-of-mass-energies that correspond to
different trajectories across the QCD phase diagram (lower
energies correspond to larger µB) are systematically scanned.

For the light hadrons, at each individual energy there are
two unknowns: {Tf , µB f } and two experimental data points
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μB, μQ, μS
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condition. We used the corresponding µB , µQ, nB and
nQ values at each given simulation point. For the T -
derivative in the entropy density we used the derivatives
of the already fitted functions (4). The naive T derivative
of these fit functions is a directional derivative along con-
stant µB/T and variable µQ and µS defined by Eq. (2).
Using the temperature dependence of µQ one can calcu-
late the partial T -derivative that defines the entropy. The
terms in " and s that are related to the variable µQ/T in
a fixed-µB/T dataset are smaller than the overall error.
Nevertheless, in the numerical analysis none of the terms
were dropped.

Therefore it is possible to obtain all the thermody-
namic quantities at finite chemical potential. In partic-
ular, we start with the entropy density s and baryonic
density nB . These quantities are relevant because, in
the absence of dissipative e↵ects, the medium created in
a heavy ion collision expands without generation of en-
tropy (S) and with a fixed baryon number (NB), so that
S/NB = s/nB is fixed in this case. We calculate the ratio
s/nB for the values of the freeze-out temperatures and
chemical potentials extracted in Ref. [31], which corre-
spond to the various collision energies of the RHIC beam
energy scan. After the initial collision, the system starts
from a point in the (T, µB) plane and follows a trajec-
tory which will bring it to one of the freeze-out points.
We start from the freeze-out points and reconstruct the
isentropic trajectories backwards in the (T, µB) plane.
This is done for the first time from lattice QCD simula-
tions to order µ6

B . Such isentropic trajectories are shown
in Fig. 3. The black points are the freeze-out parame-
ters from Ref. [31]. The last point corresponds to the
preliminary analysis of the new STAR run at 14.5 GeV
[32]. The curves are continued in the hadronic phase by
means of the Hadron Resonance Gas (HRG) model.

0 50 100 150 200 250 300 350 400
µB

MeV

100

150

200

250

300

T
MeV

S/
N

B
=

42
0

(2
00

G
eV

)

S/
N B

=
14

4
(6
2.4

GeV
)

S/
NB

=
94

(39
GeV

)

S/N
B

=
70

(27
GeV

)

S/NB
= 51 (19

.6 GeV)

S/NB
= 30 (14.5

GeV)

FIG. 3. The QCD phase diagram in the (T, µB) plane with
the isentropic trajectories: the contours with fixed S/NB

value. The green points are the chemical freeze-out parame-
ters extracted in Ref. [31]. The S/NB ratios correspond to the
RHIC energies 200, 62.4, 39, 27, 19.6 and 14.5 GeV. The last
point is based on preliminary STAR data [32]. The freeze-
out parameters are obtained by a combined fit of net-electric
charge and net-proton fluctuations in the HRG model.

We use the continuum extrapolated fit parameters and
the formulas in Eq. (5) to extrapolate the pressure and
the trace anomaly to finite density. In Fig. 4 we plot
these observables for two of the RHIC energies along the
isentropic trajectories of Fig. 3. The e↵ect of the finite
chemical potential is more prominent at high tempera-
ture for the pressure, while the interaction measure is
mildly a↵ected by the change in µB , and mainly at low
temperatures.

FIG. 4. Pressure (upper panel) and interaction measure
(lower panel) as functions of temperature, calculated along
the highest and lowest isentropic trajectories from Fig. 3.

In conclusion, we have presented lattice QCD results
for the Taylor expansion coe�cients of the pressure up to
order (µB/T )6. These results, simulated at the physical
mass and continuum extrapolated, are achieved for the
first time in this paper, using to the method of analyti-
cal continuation of the baryonic density from imaginary
chemical potential and taking its derivatives with respect
to µB . As our results indicate, this approach leads to
a more precise determination of the coe�cients, as com-
pared to their direct simulation at µB = 0. Starting from
the freeze-out parameters of Ref. [31], we have then de-
termined the isentropic trajectories in the (T, µB) plane
up to order (µB/T )6, and calculated the pressure and
interaction measure along these trajectories. The results
presented here allow to reliably extend the calculations
of the thermodynamic quantities up to µB/T ' 2, which
covers most of the Beam Energy Scan program at RHIC.
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Lattice QCD Isentropes

In order to extract the {            }, we utilize the isentropic trajectories 
from Lattice QCD

‣S/NB is conserved 

‣Shows the path of the system across the phase diagram

Guenther, J. et al. Nucl.Phys. A967 (2017) 720-723 

Tf , μB, f
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isentropic trajectories of Fig. 3. The e↵ect of the finite
chemical potential is more prominent at high tempera-
ture for the pressure, while the interaction measure is
mildly a↵ected by the change in µB , and mainly at low
temperatures.

FIG. 4. Pressure (upper panel) and interaction measure
(lower panel) as functions of temperature, calculated along
the highest and lowest isentropic trajectories from Fig. 3.

In conclusion, we have presented lattice QCD results
for the Taylor expansion coe�cients of the pressure up to
order (µB/T )6. These results, simulated at the physical
mass and continuum extrapolated, are achieved for the
first time in this paper, using to the method of analyti-
cal continuation of the baryonic density from imaginary
chemical potential and taking its derivatives with respect
to µB . As our results indicate, this approach leads to
a more precise determination of the coe�cients, as com-
pared to their direct simulation at µB = 0. Starting from
the freeze-out parameters of Ref. [31], we have then de-
termined the isentropic trajectories in the (T, µB) plane
up to order (µB/T )6, and calculated the pressure and
interaction measure along these trajectories. The results
presented here allow to reliably extend the calculations
of the thermodynamic quantities up to µB/T ' 2, which
covers most of the Beam Energy Scan program at RHIC.
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In order to extract the {            }, we utilize the isentropic trajectories 
from Lattice QCD

‣S/NB is conserved 

‣Shows the path of the system across the phase diagram

Tf , μB, f



Kaon fluctuations

Calculate 𝜒1/𝜒2  along the isentropes corresponding to the five highest 
energies of the Beam Energy Scan at RHIC

‣ Extract Tf by identifying the overlap regions
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to match {χ p
1 /χ

p
2 ,χQ

1 /χQ
2 }. Such an analysis was performed

in Ref. [28]. However, for strange particles only net kaons
have been measured, so it is not possible to determine both
{Tf , µB f } by fitting χK

1 /χK
2 . We tried a simultaneous fit of

χK
1 /χK

2 and χK
3 /χK

2 , but the experimental error bars on the
latter did not allow a precise determination of the freeze-out
parameters. In Fig. 3 of Ref. [30], isentropic trajectories using
lattice QCD results for the Taylor-reconstructed QCD phase
diagram at finite µB are shown. These trajectories assume that
the entropy per baryon number is conserved and illustrate the
path across which the quark gluon plasma evolves through
the phase diagram after a heavy-ion collision in the absence
of dissipation. They are a reasonable approximation of the
actual ones over a short section of the system evolution,
close to the freeze-out. Thus we assume that the evolution
of the system created in a heavy ion collision lies on the
lattice QCD isentropic trajectories, which yield a relationship
between T and µB. These isentropes were determined by
starting from the chemical freeze-out points for light hadrons
from Ref. [28], calculating S/NB at those points, and imposing
that the ratio is conserved on the corresponding trajectory.
In this way we take into account the possibility that kaons
can freeze-out at a different moment in the evolution of
the system at a given collision energy, related to the light
particle freeze-out point by the conservation of S/NB. This
procedure allows us to determine {Tf , µB f } for kaons. Re-
cently, the authors of Ref. [31] performed an analysis similar
to the one presented here, but they determined the freeze-
out chemical potentials by fitting the antibaryon-over-baryon
abundance ratios for the different collision energies. The
results they found are compatible with ours.

III. RESULTS

In Fig. 1, χK
1 /χK

2 is calculated along the lattice QCD
isentropic trajectories (pink, dashed band) and compared

to the (M/σ2)K (mean-over-variance) data from the STAR
Collaboration [27] (gray, full band). At

√
sNN = 200 GeV, due

to the large experimental uncertainty, the region of overlap
between the theoretical band and the experimental data corre-
sponds to a temperature range of T ≈ 163–185 MeV, which
is clearly above the light chemical freeze-out temperature
T f = 148 ± 6 MeV. At lower energies, the overlap region is
smaller but it is still located around T ≈ 160 MeV. We would
like to stress that, even though we calculate χK

1 /χK
2 in the

HRG model up to temperatures as high as T ≈ 190 MeV,
we do not expect this approach to hold for these values of
T , well above the pseudocritical temperature predicted from
lattice QCD. Nevertheless, we show the curves up to these
high temperatures for completeness, and to see how large the
overlap region with the experimental value turns out to be in
this approach.

In Fig. 2 we directly compare our acceptable bands for the
strange {T f , µ

f
B} (gray bands) and the light {T f , µ

f
B} from

Ref. [28] (red points). Note that the shape of the strange
{T f , µ

f
B} regions reflects the shape of the overlap regions

seen in Fig. 1. From the plot it is clear that, performing the
same analysis as was done in Ref. [28] for light particles, the
freeze-out parameters that we obtain from kaon fluctuations
are in disagreement with the light particle ones. Therefore,
we conclude that the kaon fluctuation data from the STAR
Collaboration cannot be reproduced within the HRG model,
using the freeze-out parameters obtained from the combined
analysis of χ

p
1 /χ

p
2 and χQ

1 /χQ
2 . Kaon fluctuations seem to

confirm a flavor hierarchy scenario. In the same figure, we also
show the freeze-out parameters from thermal fits to particle
yields by the STAR Collaboration at

√
s = 39 GeV [10].

The orange triangular point has been obtained by fitting all
measured ground-state hadrons, while for the blue diamond-
shaped point the fit only included protons, pions and kaons.
It is clear that the inclusion of all strange particles drives the
freeze-out temperature to values which are close to the ones

FIG. 1. Results for χK
1 /χK

2 calculated in the HRG model along the lattice QCD isentropic trajectories (pink, dashed band) compared to
(M/σ2)K data from [27] (gray, full band) across the Beam Energy Scan at STAR.

034912-3

At 200 GeV: 
Tf  ~ 163 - 190 MeV
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Freeze-out parameters for net-kaons

Compare the freeze-out parameters for net-K to: 

‣  light freeze-out (combined fit of net-proton and net-electric charge)

‣ thermal fits from the experiment

R. Bellwied, JS, et al., Phys. Rev. C99 (2019) 034912
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FIG. 2. Freeze-out parameters across the highest five energies
from the Beam Energy Scan. The red points were obtained from
the combined fit of χ

p
1 /χ

p
2 and χQ

1 /χQ
2 [28], while the gray bands

are obtained from the fit of χK
1 /χK

2 in this work. Also shown are
the freeze-out parameters obtained by the STAR collaboration at√

s = 39 GeV [10] from thermal fits to all measured ground-state
yields (orange triangle) and only to protons, pions, and kaons (blue
diamond-shaped symbol).

we find from kaon fluctuations. The fit to protons, pions, and
kaons yields a freeze-out temperature compatible to the one
obtained from the combined fit of net-proton and net-charge
fluctuations in [28].

Experimental data for " fluctuations will soon become
available. They could serve as a further test for the two freeze-
out scenario, as they carry strangeness as well. For this reason,
in Fig. 3 we show our predictions for χ"

2 /χ"
1 (upper panel)

and χ"
3 /χ"

2 (lower panel) as functions of the collision energy,
calculated at the values of Tf and µB f extracted from the fit
of χK

1 /χK
2 (orange, full line), and from the combined fit of

χ
p
1 /χ

p
2 and χQ

1 /χQ
2 (blue, dashed line). Both observables show

a clear separation between the two scenarios, that the future
experimental results will hopefully be able to resolve.

IV. CONCLUSIONS

We performed a fit of the net-kaon χ1/χ2 data from the
STAR Collaboration, in order to extract the freeze-out pa-
rameters for kaons. We observe a clear separation between
the freeze-out temperatures extracted from net-kaon fluctua-
tions and those obtained from a combined fit of net-proton
and net-charge fluctuations, up to µB ≈ 200 MeV. As µB
increases, it appears that there could be a convergence of
the strange vs light temperatures; however, the acceptable
band at

√
sNN = 19.6 GeV for the strange chemical freeze-out

temperature is quite large, due to the current experimental
and theoretical uncertainties. Thus one cannot make a clear
statement at low energies. We also would like to point out
that, at the highest collision energy, the overlap of the data
with the isentropic trajectories is so large that it yields values
of the freeze-out temperature as high as 190 MeV, which is
clearly incompatible with the temperature predicted for the
chiral phase transition on the lattice.

FIG. 3. Upper panel: χ"
2 /χ"

1 as a function of
√

s. Lower panel:
χ"

3 /χ"
2 as a function of

√
s. In both panels, the orange points joined

by a full line are calculated at the values of Tf and µB f extracted from
the fit of χK

1 /χK
2 , while the blue points joined by a dashed line are

calculated at the values of Tf and µB f extracted from the combined
fit of χ

p
1 /χ

p
2 and χQ

1 /χQ
2 in Ref. [28].

It is worthwhile to point out that the bands that we show in
Fig. 2 do not take into account possible sources of systematic
uncertainties that are intrinsic in our analysis, performed
within the ideal HRG model. In particular, one should keep
in mind that the experimental data that we used might be
affected by several sources of nonthermal fluctuations, such
as global conservation laws [32,33], fluctuations in the ratio
of electric charge vs baryon number in Eq. (2), volume
fluctuations [33–36], and modifications of the p T distribution
due to radial flow. However, most of these effect are expected
to be small for the mean-over-variance ratio considered here.
Other versions of the HRG model which include excluded vol-
ume [37,38] or Van der Waals interactions [39,40], or which
incorporate hadronic interactions by means of the S-matrix
formalism [41,42], might also lead to different results. Finally,
final-state interactions in the hadronic phase might affect
fluctuations of different quark flavors differently [43,44].

Our results have interesting implications for hydrodynam-
ical modeling at the Beam Energy Scan. They provide the
first evidence (beyond tantalizing hints from thermal fits) that
strange hadrons could freeze out at around T ≈ 10–15 MeV
higher temperatures than light hadrons. Certainly, at the high-

034912-4
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Lambda predictions

Calculate fluctuations for net-𝛬 using the kaon and light hadron freeze-

out parameters and compare with preliminary experimental data

R. Bellwied, JS, et al., Phys. Rev. C99 (2019) 034912
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Freeze-out with different PDG lists

Different particle lists will yield different results for the freeze-out parameters

PDG2012: 524 particles PDG2016+: 739 particles

Theory: Hadron Resonance Gas model

I Interacting hadrons in the ground state well approximated by non-interacting
resonance gas

I Pressure given by the sum of partial contributions:

P

T 4
=

1

V T 3

X

i

ln Zi(T, V, ~µ)

with:

ln ZM/B
i = ⌥

V di

(2⇡)3

Z
d3p ln

�
1 ⌥ exp

⇥
�
�
✏i � µaX

i
a

�
/T

⇤�

where:

I energy ✏i =
p

p2 + m2

i

I conserved charges ~Xi = (Bi, Si, Qi)

I degeneracy di, mass mi, volume V

NOTE: model fed with hadronic spectrum. Particle spectrum becomes a “variable”!

12 / 44

Recall the pressure in the HRG Model:
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Lattice QCD Isentropes with 2016+ 
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Calculate new isentropes from freeze-out parameters determined with PDG 2016+ 

Thermodynamic Quantities

05/08/2019

Derivatives of the pressure determine other thermodynamic variables:
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FIG. 1. From left to right, top to bottom: expansion coe�cients �B
2 , �Q

2 ,�
S
2 , �BQ

11 , �BS
11 ,�QS

11 , �B
4 , �Q

4 ,�
S
4 as functions of the

temperature. In each panel, the black dots are the HRG model results, the red triangles correspond to the lattice QCD results
and the thick blue line indicates the Stefan-Boltzmann limit. The thin solid, black curve shows our parameterization of the
data.

pressure from Eq. (1). The other thermodynamic quan-
tities are then derived from the pressure as follows:

s

T 3
=

1

T 3

@p

@T

����
µi

,
✏

T 4
=

s

T 3
� p

T 4
+
X
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µi

T

ni

T 3

ni

T 3
=

1

T 3

✓
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@µi

◆����
T,µj

, c2s =
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@✏

����
ni

+
X

i

ni

✏+ p

@p

@ni

����
✏,nj

.(4)

Everywhere in the above equation, i 6= j is intended.
In Fig. 3 we show the dependence of the normal-

ized pressure, entropy density, energy density, baryonic,
strangeness and electric charge densities on the temper-
ature, along lines of constant µB/T = 0.5, 1, 2, both
with hnSi = 0, hnQi = 0.4hnBi (solid black lines), and
in the case µS = µQ = 0 (dashed red lines). We find
that the thermodynamic quantities that are less sensi-
tive to the chemical composition of the system do not
show large discrepancies between the two scenarios, for

all three values of µB/T . On the other hand, when re-
alistic conditions on the global chemical composition of
the system are imposed, the baryon density is largely af-
fected, and substantially decreased; the opposite e↵ect
is visible for the electric charge density, which is heavily
enhanced.
We also compare the isentropic trajectories between

these two cases. They are shown in Fig. 4 for selected
values of s/nB , which correspond to the indicated colli-
sion energies [40]. Also in this case, the solid black lines
correspond to hnSi = 0, hnQi = 0.4hnBi while the dashed
red lines to µS = µQ = 0.

CONCLUSIONS

In this manuscript, we constructed an equation of state
for QCD at finite temperature and B, Q, S chemical po-
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4 as functions of the

temperature. In each panel, the black dots are the HRG model results, the red triangles correspond to the lattice QCD results
and the thick blue line indicates the Stefan-Boltzmann limit. The thin solid, black curve shows our parameterization of the
data.

pressure from Eq. (1). The other thermodynamic quan-
tities are then derived from the pressure as follows:
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Everywhere in the above equation, i 6= j is intended.
In Fig. 3 we show the dependence of the normal-

ized pressure, entropy density, energy density, baryonic,
strangeness and electric charge densities on the temper-
ature, along lines of constant µB/T = 0.5, 1, 2, both
with hnSi = 0, hnQi = 0.4hnBi (solid black lines), and
in the case µS = µQ = 0 (dashed red lines). We find
that the thermodynamic quantities that are less sensi-
tive to the chemical composition of the system do not
show large discrepancies between the two scenarios, for

all three values of µB/T . On the other hand, when re-
alistic conditions on the global chemical composition of
the system are imposed, the baryon density is largely af-
fected, and substantially decreased; the opposite e↵ect
is visible for the electric charge density, which is heavily
enhanced.
We also compare the isentropic trajectories between

these two cases. They are shown in Fig. 4 for selected
values of s/nB , which correspond to the indicated colli-
sion energies [40]. Also in this case, the solid black lines
correspond to hnSi = 0, hnQi = 0.4hnBi while the dashed
red lines to µS = µQ = 0.

CONCLUSIONS

In this manuscript, we constructed an equation of state
for QCD at finite temperature and B, Q, S chemical po-
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temperature. In each panel, the black dots are the HRG model results, the red triangles correspond to the lattice QCD results
and the thick blue line indicates the Stefan-Boltzmann limit. The thin solid, black curve shows our parameterization of the
data.

pressure from Eq. (1). The other thermodynamic quan-
tities are then derived from the pressure as follows:
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Everywhere in the above equation, i 6= j is intended.
In Fig. 3 we show the dependence of the normal-

ized pressure, entropy density, energy density, baryonic,
strangeness and electric charge densities on the temper-
ature, along lines of constant µB/T = 0.5, 1, 2, both
with hnSi = 0, hnQi = 0.4hnBi (solid black lines), and
in the case µS = µQ = 0 (dashed red lines). We find
that the thermodynamic quantities that are less sensi-
tive to the chemical composition of the system do not
show large discrepancies between the two scenarios, for

all three values of µB/T . On the other hand, when re-
alistic conditions on the global chemical composition of
the system are imposed, the baryon density is largely af-
fected, and substantially decreased; the opposite e↵ect
is visible for the electric charge density, which is heavily
enhanced.
We also compare the isentropic trajectories between

these two cases. They are shown in Fig. 4 for selected
values of s/nB , which correspond to the indicated colli-
sion energies [40]. Also in this case, the solid black lines
correspond to hnSi = 0, hnQi = 0.4hnBi while the dashed
red lines to µS = µQ = 0.

CONCLUSIONS

In this manuscript, we constructed an equation of state
for QCD at finite temperature and B, Q, S chemical po-

I
T4 = 1

T4 (ϵ − 3P)

Particle density:

Energy density:

Entropy density:

Trace anomaly:

Knowledge of the temperature dependence of these variables defines the Equation of State 
(EoS) of QCD
‣  Hydrodynamical models

‣  Interpretation of experimental results: transport coefficients
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Thermodynamic Quantities
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Derivatives of the pressure determine other thermodynamic variables:
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Everywhere in the above equation, i 6= j is intended.
In Fig. 3 we show the dependence of the normal-

ized pressure, entropy density, energy density, baryonic,
strangeness and electric charge densities on the temper-
ature, along lines of constant µB/T = 0.5, 1, 2, both
with hnSi = 0, hnQi = 0.4hnBi (solid black lines), and
in the case µS = µQ = 0 (dashed red lines). We find
that the thermodynamic quantities that are less sensi-
tive to the chemical composition of the system do not
show large discrepancies between the two scenarios, for

all three values of µB/T . On the other hand, when re-
alistic conditions on the global chemical composition of
the system are imposed, the baryon density is largely af-
fected, and substantially decreased; the opposite e↵ect
is visible for the electric charge density, which is heavily
enhanced.
We also compare the isentropic trajectories between

these two cases. They are shown in Fig. 4 for selected
values of s/nB , which correspond to the indicated colli-
sion energies [40]. Also in this case, the solid black lines
correspond to hnSi = 0, hnQi = 0.4hnBi while the dashed
red lines to µS = µQ = 0.
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I
T4 = 1

T4 (ϵ − 3P)

Particle density:

Energy density:

Entropy density:

Trace anomaly:

Knowledge of the temperature dependence of these variables defines the Equation of State 
(EoS) of QCD
‣  Hydrodynamical models

‣  Interpretation of experimental results: transport coefficients
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Kaon freeze-out for PDG2012 and PDG2016+

Compare the freeze-out parameters for the kaons and light particles for the 
different lists in order to determine the effect of the number of resonant states:

Even with the inclusion of more states in the HRG Model, there is evidence of a flavor hierarchy

χ1K/χ2K PDG2012
χ1p/χ2p and χ1Q/χ2Q PDG2012
χ1K/χ2K PDG2016+
χ1p/χ2p and χ1Q/χ2Q PDG2016+
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Conclusions

• The net-kaon fluctuation data from the STAR collaboration cannot be 
reproduced in the HRG model by using the freeze-out parameters 

obtained from the combined fit of χp
1/χ

p
2 and χ

Q
1 /χ

Q
2 . 

• At the highest collision energy, the kaons freeze-out above T=163 
MeV, about 10-15 MeV higher than the light hadrons. 

• Confirmation of a freeze-out flavor-hierarchy by the inclusion of more 
resonances in the HRG Model.
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Is there a flavor hierarchy for chemical freeze-out?

• Chemical freeze-out: inelastic collisions cease; the chemical composition is 
fixed (yields and fluctuations)


• Kinetic freeze-out: elastic collisions cease; spectra and correlations are fixed
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FIG. 35: Choice on including more particles: (Color online) Extracted chemical freeze-out parameters (a) Tch, (b) µB , and
(c) γS along with (d) χ2/ndf for GCE using particle yields as input for fitting. Results are compared for Au+Au collisions at√
sNN = 39 GeV for four different sets of particle yields used in fitting. Uncertainties represent systematic errors.

by [51]

dN

pT dpT
∝
∫ R

0
r drmT I0

(

pT sinh ρ(r)

Tkin

)

×K1

(

mT cosh ρ(r)

Tkin

)

, (13)

where mT is the transverse mass of a hadron, ρ(r) =
tanh−1β, and I0 and K1 are the modified Bessel func-
tions. We use a radial flow velocity profile of the form

β = βS(r/R)n, (14)

where βS is the surface velocity, r/R is the relative ra-
dial position in the thermal source, and n is the exponent
of flow velocity profile. Average transverse radial flow
velocity ⟨β⟩ can then be obtained from ⟨β⟩ = 2

2+nβS .
Usually π±, K±, p, and p̄ particle spectra are fitted si-
multaneously with the blast-wave model. Including more
particles such as multi-strange hadrons in the fit would
amount to forcing all the species to freeze-out at the same
time which may not be true. It has been shown that at
top RHIC energy the spectra of multi-strange particles
reflect a higher kinetic freeze-out temperature [4, 90].
This can be interpreted as diminished hadronic inter-
actions with the expanding bulk matter after chemical

freeze-out. For the results presented here for kinetic
freeze-out, we use π±, K±, p, and p̄ spectra in the blast-
wave model fit. We also note the recent study of separate
fit of positively and negatively charged particles v2 using
a blast wave model [91, 92].
Figure 36 shows the blast wave model fits of π±, K±,

and p and (p̄) pT spectra in 0–5% central Au+Au colli-
sions at

√
sNN = 7.7, 11.5, 19.6, 27, and 39 GeV. The

model describes well the pT spectra of π±,K±, p, and
p̄ at all energies studied. The fit parameters are Tkin,
⟨β⟩, and n. The low pT part of the pion spectra is af-
fected by resonance decays, and consequently the pion
spectra are fitted only for pT > 0.5 GeV/c. The blast
wave model is hydrodynamics-motivated which provides
a good description of data at low pT , but is not suited
for describing hard processes at high pT [93]. Thus the
blast wave model results are sensitive to the pT fit ranges
used for fitting [66]. The results presented here use sim-
ilar values of low pT as were used in previous studies
by STAR and ALICE [43, 66]. We keep consistent pT
ranges for simultaneous fitting of the π±, K±, p, and p̄
spectra across all the BES energies as shown in Fig. 36.
The extracted kinetic freeze-out parameters for the BES
energies are listed in Table X.
Figure 37 shows the variation of Tkin with ⟨β⟩ for dif-


