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@ Fluctuations
@ Looking for the critical point
@ Connecting to experiment
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The QCD Lagrangian
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Lattice QCD

Why LQCD?

1 _
EQCD = —ZF:VFQ’/J‘V + ’(/)(i’yuD‘u — m)¢

@ Because of the strong coupling and the self interaction of gluons
perturbation theory is not feasible

o Path integral quantization:

N A _fD¢($1~--q’5neide£
<0|T¢1¢)n|0>— fD¢eide£

First problem: There are many points in space-time D¢ = [[; do(x;)

Solution: Replace continuous space by a discrete 4d lattice



Lattice QCD

How do we do that?

@ We look at a 4d space-time lattice
with size N3 x N,

@ Fermions live on the lattice sites gauge
fields live on the links

@ We use Euclidean space-time: t — i1

@ We can do Monte-Carlo-Simulations (with importance sampling) to
solve our integrals

o Everything is determined in terms of our lattice spacing a

@ a has to be determined by comparison with physical observables (for

_ (amp)lattice
example a = “3P )

@ We have to take the limits a — 0, N, —

@ To do thermodynamics: T = %N!



Lattice QCD

The continuum limit
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Lattice QCD

The continuum limit
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Lattice QCD

The continuum limit

Ni=16
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Lattice QCD

The continuum limit

continuum limit
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Lattice QCD

The continuum limit
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Lattice QCD

The continuum limit
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Lattice QCD

The continuum limit

False continuum limit
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Lattice QCD

The work flow

simulation parameters
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Wuppertal-Budapest  STAR Preliminary data
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Lattice QCD

Why aren’t we finished yet?

@ Simulations take a lot of computer
time
@ Not everything can be calculated
directly. For example:
o Only observables that can be
calculated in Euclidean space
o Only thermal equilibrium
o Only simulations at

10*

strange light
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- .. . 77 ) R X8 —¥— —v—
heavy ion collision experiments i —
€10
3 o
Yo
.g 102 & %V v E
4
1000 configurations on a 643 x 16 lattice cost
about 1 million core hours 10t
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The (T, ug)-phase diagram of QCD
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Our observables:
T., Equation of state, Fluctuations
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The (T, ug)-phase diagram of QCD
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Lattice QCD

The sign problem

The QCD partition function:
Z( V, T, /14) = \/’DU’DwD'l/_J e_SF(UﬂPﬂZ’)—ﬁSG(U)
= /DU det M(U)e=556(V)

o For Monte Carlo simulations det M(U)e=?%¢(Y) is interpreted as
Boltzmann weight

o If there is particle-antiparticle-symmetry det M(U) is real
o If 2 > 0 det M(U) is complex



Lattice QCD

The sign problem

/ (100—x?

\/_
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The x; are drawn from a uniform distribution in the interval [—100, 100]

N = 1000
A = 95.68%

N = 10000
A =10.8T%




Lattice QCD

Importance sampling

0 — 1,2 N
N _2). L
/_00(100 x)m_;(loo x2)

The x; are drawn from a normal distribution




Lattice QCD

The sign problem




Lattice QCD

Dealing with the sign problem

Reweighting techniques
Canonical ensemble
Complex Langevin
Lefshetz Thimble
Density of state methods

Dual variables

o Taylor expansion — [Bazavov et al., Bazavov:2017dus],
[Bonati et al., Bonati:2018nut]

@ Imaginary u
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© The transition temperature



The transition temperature

Analytic continuation
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lattice simulations | real chemical potentials 272
Common technique: [de Forcrand, Philipsen, deForcrand:2002hgt],
[Bonati et al., Bonati:2015bha], [Cea et al., Cea:2015cya],

[D'Elia et al., DElia:2016jgh], [Bonati et al., Bonati:2018nut] ...



The transition temperature

Different functions

Analytical continuation on Ny = 12 raw data
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The transition temperature

First time

[ 100 200 300 200 E) )

uy/MeV

[de Forcrand, Philipsen, deForcrand:2002hgr]



The transition temperature

Curvature of the transition temperature

Curvature function:

To(us) s 4 G(x)=1+ bx?
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The transition temperature

Continuum limit in action

Continuum extrapolation:
2
_ ,.C 1
K=K+ A (M)
Combined curvature fit and con-
tinuum extrapolation with:

2
g =1 (s rag) (%)

c



The transition temperature

Continuum limit in action

Continuum extrapolation: Extrap. with Nt =8, 10, 12
2

— C 1
K=K +A(Nt F
Combined curvature fit and con- s
tinuum extrapolation with: Mok
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The transition temperature

Continuum limit in action

Continuum extrapolation: Extrap. with Nt =8, 10, 12
2
_ ,.C 1
K=K+ A (Nf
Combined curvature fit and con-
tinuum extrapolation with: Mo
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The transition temperature

Continuum limit in action

Continuum extrapolation: Extrap. with Nt =8, 10, 12
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The transition temperature

Curvature of the transition temperature

Curvature function:
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The transition temperature

Curvature of the transition temperature

Curvature function:

Te(ue) — 1 _ (@)2 Ci(x) =14 ax + bx?
TC(O) 2 Tc 1 + ax
4 G(x) =
+h (42) +0() 200 = T35
1
C e
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The transition temperature

Curvature of the transition temperature

Curvature function:

T(HB) =1- ( )2 Ci(x) = 1+ ax + bx?
T 14 ax
(5)"+ CL) = T
+ kg (2 X
1

Gs(x) = 1+ ax + bx?

[Steinbrecher:2018phh]
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The transition temperature

Curvature of the transition

temperature

Curvature function:

[Bazavov:2018mes]
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Equation of State

Equation of state with 2+1 quarks
stout: [Borsanyi:2013bia]
HISQ: [Bazavov:2014pvz]
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Equation of State

high temperatures

7 T T T T T T T T T 5 T T T T T T T T T
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4 2+1 flavor parametrization ——
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HRG =——
5 t s
3 Q
@ @
g 3 &2
Q
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1 2+1 flavor parametrization ——
2+1+1 flavor parametrization ——
g HRG = 0
100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
T [MeV] T [MeV]

[Borsanyi:2016ksw]

The influence of the charm quark shows up around 300 MeV.



Equation of State

P 12
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Fluctuations

The fit function

B.Q.S 8i+j+k(p/7—4)

YT @e) OReY (0ps) T T

p 1 o 1 gy 1 me 1 o 1 4.
T2 = X0 + 5 Xa E + gxa g + ax?uﬁs - QXSBM% - rmxfoulso

I

From this we can calculate the derivatives that we can measure on the

lattice:

ie) = 5o (£5) = xEha -+ 3ad + gnEih + 7xERb + g
X5 (fig) = 57;3 (%) = X5 + %xfﬂ% + %x?ﬁ‘é + éx?ﬁ% + %Xfoﬁ%
Blie) = iz () = xBite + 36 + a8 + 1o

o) = g () =28 + €+ b+ g



Fluctuations

X8, xB, x& and x&
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[D’Elia et al., DElia:2016jgh], see also [Bazavov et al., Bazavov:2017dus]




[Bazavov et al., Bazavov:2017dus]
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Fluctuations

Looking for the critical point

The (T, ug)-phase diagram of QCD

ILL B 900 MeV

Our observables:
T., Equation of state, Fluctuations



Fluctuations

Looking for the critical point

Convergence radius estimators

@ Ratio test for the pressure:

p(1) = po + p2fi® + pafi* + pefi® + . ..

; P _ [ pa
Ratio test — ry, = /52

@ Ratio test for the susceptibility:

Xa(1) = 2p2 + 12pafi® + 30psi* + . ..

2n(2n—1) p

. X e
Ratio test — ry; = @nrD)(2n+2) [2n



Fluctuations

Looking for the critical point

Ratios for the radius of convergence

10 x
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Fodor, Katz, 2004 ‘@
Datta et al., 2016 ©
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[Bazavov et al., Bazavov:2017dus] location of a critical point
— 0

135 140 150 155

145
T[MeV]



Looking for the critical point

Fluctuations

N; = 4 Toy model with critical endpoint
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Fluctuations

Looking for the critical point

Toy model without critical endpoint

0.3

<B>/ug Wuppertal-Budapest
preliminary

0.25 - —

1g/T=0 result
0.2 |

0.15 1
0.1 1

< shifted pg/T=0 result

0.05

~— simulated at
imaginary pg/T=2i

0 . . .
140 150 160 170 180 190 200
T[MeV]

o Start with some parametrization of the curve x2/ug at p =10

@ Assume that the only difference in the physics at finite p is a shift in
this curve

@ The inflection point of this curve is one possible definition of T, so
shift the curve by using the k values found in the literature

@ You now have a model prediction of xZ for any finite p, differentiate
it a few times at = 0 to get estimates of ¥, xZ and x&

NOTE: The model assumes no criticality



Fluctuations

Looking for the critical point

Fluctuations in the toy model

0.30FT T T ™3 0.10F"
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135 160 185 210

léS léO 1é5 ZiO
T/MeV T/MeV

CURVE: The simple model described in the previous slide without
criticality



Fluctuations

Looking for the critical point

Fluctuations in the toy model
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135 160 185 210 7135 160 185 210
T/MeV T/MeV

CURVE: The simple model described in the previous slide without
criticality
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Fluctuations

Connecting to experiment

Observables

Cumulants of the net baryon number distributions:

@ mean Mg

e variance 0

o skewness Sg: asymmetry of the distribution

@ kurtosis kg: “tailedness” of the distribution




Fluctuations

Connecting to experiment

Calculating observables

We have derivatives with respect to fig, fig and fis of the pressure at

s = @ = 0. Notation: e CIECTI CIEC T I ey
10°
@ 10
€ 10 ¢ i
[ ]
i 5 g AR gﬁm L
B,Q.S a’JUJrk(p/ T4) gwd’ (€130 GeV (62.4 Gov
X; Zk’ = T« YRR E“f i k
o (0fi) (OfQ) (Ofis) 2ol f3 1 A3
. ~ M 641 ; Z%"; 5 14
with ;= p/T. A s

We want ratios of the cumulants that are approximately independent of
the volume at ug > 0, (ns) =0 and (ng) = 0.4(ng):

12 Au+Au Collisions at RHIC
B PN e o Skellam Distribution
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Measured observables

On each ensemble we measure the X?J-Qf up to the fourth derivative:
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Extrapolation ko
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o 50_3
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