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Outline

• A Multi-Phase Transport (AMPT) model 
• Incorporation of finite nuclear thickness to string melting AMPT
• Analytical understanding by extending the Bjorken ε formula

to lower energies such as SIS100 / FAIR energies 

• Comparisons of extended Bjorken formula with AMPT results
• Summary
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AMPT aims to provide a self-contained kinetic description 
of essential stages of high energy heavy ion collisions:

• Event-by-event from initial condition to final observables
• Can address non-equilibrium dynamics

(e.g. partial equilibration and thermalization, initial flow)
• Self-consistent Chemical and kinetic freeze-out

• Publicly available since 2004 and often updated:
source codes at http://myweb.ecu.edu/linz/ampt/

A Multi-Phase Transport (AMPT) Model 

It is also a test-bed of different ideas & may lead to new discoveries:
• the discovery of v3 by Alver & Roland
• v2 & v3 may be dominated by anisotropic parton escape

instead of hydrodynamics flow, due to low/modest opacity
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Initial condition in default AMPT:
soft (strings) & hard (minijets)

String Melting AMPT: 
we convert strings into partonic matter;
should be more realistic at high energies;
this enabled AMPT to produced enough v2
at high energies using pQCD-like small
parton cross section.

minijets
¤

Beam axis

String melting version of  AMPT

ZWL and Ko, PRC 65 (2002)

Strings are in high density 
overlap area, 
but not in parton cascade.
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A+B

Final particle spectra

Hadronization (Quark Coalescence)

ZPC (parton cascade)

Strings melt to q & qbar 
via intermediate hadrons

Hadrons freeze out (at a global cut-off time);
then strong-decay most remaining resonances

HIJING1.0:
minijet partons,   excited strings,  spectator nucleons

Extended ART (hadron cascade)

Partons kinetic freezeout

Generate parton space-time

Structure of String Melting AMPT

ZWL et al. PRC72 (2005)
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String melting AMPT : 1 central Au+Au event at 200AGeV

Side view:

Beam axes
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AMPT-Def [1] AMPT-SM [2] AMPT-SM in [3] AMPT-SM in [4]

Lund string a 2.2 2.2 0.5 0.55 for RHIC, 
0.30 for LHC

Lund string b(GeV-2) 0.5 0.5 0.9 0.15, also limit
P(s)/P(q) ≤ 0.4

αs in parton cascade 0.47 0.47 0.33 0.33
Parton cross section ~3 mb ~ 6 mb 1.5 mb 3 mb
Model describes dN/dy, pT

not v2 or HBT
v2 & HBT
not dN/dy or pT

dN/dy, v2 (LHC)
not pT

dN/dy, pT & v2 
(π,K@RHIC, LHC)

[1] ZWL et al. PRC64 (2001).
[2] ZWL and Ko, PRC 65 (2002); ZWL et al. PRC 72 (2005).
[3] Xu and Ko, PRC 83 (2011). 

[4] ZWL, PRC 90 (2014): AMPT-SM can be tuned to reasonably reproduce simultaneously
dN/dy, pT –spectra & v2 of low-pT (<2GeV/c) π & K data

for central (0-5%) and mid-central (20-30%) 200AGeV Au+Au collisions (RHIC) 
or 2.76AGeV Pb+Pb collisions (LHC).

AMPT: default (Def) versus string melting (SM)

Predictions for 5.02ATeV Pb+Pb collisions in   Ma and Lin, PRC(2016)
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dN/dy of π & K:

ZWL, PRC 90 (2014)

String melting version of  AMPT at RHIC/LHC energies

pT -spectra of π & K (central collisions):

v2 of π & K (mid-central collisions):
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from bnl.gov

• At lower energies, trajectory of 
nuclear collisions is important for 
potential effects from the QCD 
critical point.

• Trajectory depends on the time 
evolution of energy density ε or T
& net-baryon density nB or µB

• Before studying these effects, 
the model first needs to describe
the initial densities, 
including the peak value
and time dependence:
εmax,  ε(t), …

Application of string melting AMPT to lower energies
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1 central Au+Au event 
at 200AGeV

String melting AMPT
was implemented for high energies:
finite nucleus width was neglected. 

At lower energies, 
finite width may have important effects.

So we have recently included finite width
to string melting AMPT.

ZWL & Y. He, in progress
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Incorporation of finite nuclear thickness for string melting AMPT

Effect of finite thickness
(filled circles):

• is large at low energy,
gives much lower εmax

and different shape

• small effect at high energy
as expected

What about analytical understanding?
→ extension of the Bjorken ε formula to lower energies

ZWL, arXiv:1704.08418v2/PRC(2018)
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d(E) d(E) 1 2d
hy =N

dy dy 2 t

It follows that the central energy density e is
N d(E) 1

dy 2t (4)

In the case of real ion-ion collisions we must re-
place the number of incident nucleons per unit area
N/W by some effective elementary area dp,

(5)

gions. We shall sharpen this statement somewhat
later on.
Now let us look at the collision in the center-of-

mass frame. From the arguments of the previous
paragraph it is clear that at least the baryon content
of the colliding pancakes interpenetrate, so that a
short time (say -3 fm/c) after the collision we will
have two pancakes which recede from the collision
point at the speed of light (y »1) and which con-
tain the baryon number of the initial projectiles. Of
course, many of the other ultimate collision prod-
ucts wi11 be contained in those pancakes and will
only evolve into a distinguishable system at consid-
erably later times. We shall concentrate on the sys-
tem of quanta contained in the region between the
two pancakes. Let us temporarily replace one of the
projectiles by a single nucleon traveling at the same
y, and look at the central particle production. Ac-
cording to assumption (2) the isotropic portion of
the particle production is approximately the same as
in a nucleon-nucleon collision. At SPS collider ener-
gies, this means

dX,h' =3.
dy

Guessing (E)-400 MeV and N„,„„,i/N, h-0. 5,
we would find, per colliding nucleon,

d(E) -3)&0.4)&1.5=1.8 GeV . (2)
dy

If the projectile, instead of a single nucleon, is a di-
lute gas of nucleons separated in impact parameter
by mean distances ) 1 fm, the energy production
should be additive.
Let us now estimate for this case the initial energy

density existing between the outward-moving pan-
cakes. We concentrate on a thin slab, of thickness
2d, centered between the pancakes (Fig. 2). Ignoring
collisions between the produced hadrons, the energy
contained within that slab is

2d~e =2hy=-ct
region of
interest

quanta emerging~—from collision point
at speed of light

receding
nuclear
pancake

I

ct
I

ct

FIG. 2. Geometry for the initial state of centrally pro-
duced plasma in nucleus-nucleus collisions.

tr(1 ~ 1/3 fm)2 4 5 fm2 d 2

or

dp-0. 7 fm .
We shall consider reasonable a range of values of dp
from 0.3 to 1 fm,

0.3(dp(1.0 fm .
This leads to an estimate of

1 GeV
2tdp

For an initial time tp of -1 fm/c, this gives an ini-
tial energy density

ep -1—10 GeV/fm
It is not clear at this energy density what the pro-

duced quanta which carry this energy really are:
constituent quarks? current quarks? gluons? had-
rons? However, this uncertainty should not affect
the estimated energy density provided the elementa-
ry collision processes which operate in nucleon-
nucleon collisions are operative in nucleus-nucleus
collisions. The quanta contained in our thin slab
should collide; indeed, we may anticipate that local
thermal equilibrium will be established. With a
mean energy density as given above, and with a
mean energy per quantum of 400 MeV, this implies
an initial density of quanta pp of -2—20 fm
This in turn implies a collision mean free path A,p,

If, for uranium, we assumed full additivity over the
A nucleons we would get

10 mb X (0.05—0.5 fm) .
Oint

(10)
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If, for uranium, we assumed full additivity over the
A nucleons we would get
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At high energies, initial particles are produced 
from a pancake (at z=0) at t=0.

For partons in a thin slab of thickness -d<z<d 
in central rapidity (y~0) at time t :

𝑣" = |tanh 𝑦 | ≈ 𝑦 < ,
-.

X

X

Energy within the slab is then

z0

X

A common model is
the Bjorken formula: 𝜖 𝜏 =

1
𝜏	𝐴3

𝑑𝐸3(𝜏)
𝑑𝑦

Extension of the Bjorken ε formula

Bjorken, PRD 27 (1983) 
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27 HIGHLY RELATIVISTIC NUCLEUS-NUCLEUS COLLISIONS:. . . 141

tropy or particle density} is sufficiently high to
make it very likely that the system rapidly comes
into local thermal equilibrium. It is also, as we al-
ready mentioned, sufficiently high to make it likely
that the plasma is in the deconfined quark-gluon
phase. However, the initial temperature is not ex-
pected to be high; we estimate -200—300 MeV.
During the expansion the energy density drops (in

4its local rest frame) as t "with 1 & y & —,, while the
temperature drops as t~ . The entropy density
falls as t '. This implies that the entropy per unit
rapidity is eonserued, a result which depends only
upon the boost symmetry of our boundary condi-
tions and not upon details of the equation of state.
This result implies that the particle production per
unit rapidity (which is proportional to the entropy)
in turn does not depend on the details of the hydro-
dynamic evolution, but only on the initial energy
(hence, entropy) deposition in the early stage of the
collision itself.
As the system evolves, the amount of fluid under-

going homogeneous longitudinal expansion de-
creases. When the separation of the outgoing pan-
cakes exceeds their diameter, the fluid enclosed be-
tween them will undergo three-dimensional radial
expansion and should rapidly cool. Already at the
onset of this part of the evolution, we estimate that
any phase transition will have been traversed, and
that the system is one of dense hadronic matter,
with temperature -150—200 MeV,
In the next section we discuss our proposed

space-time picture of the collision. In Sec. IV, we
briefly consider the question of equation of state,
and whether it has an effect on the picture. Section
IV is devoted to miscellaneous comments and con-
clusions.

II. SPACE-TIME EVOLUTION
In order to motivate our starting point for ion-ion

collisions, we begin by describing the assumption we
shall make for the simpler cases of hadron-hadron
and hadron-nucleus collisions.
In the case of hadron-hadron collisions we shall

assume (1) there exists a "central-plateau" structure
in the inclusive particle productions as function of
the rapidity variable. This is reasonably well borne
out by CERN SPS collider data. It is true that the
plateau height is energy-dependent, but that will not
affect our considerations very much. The existence
of the plateau implies that the particle distribution
at large angles, as seen in a typical center-of-mass
frame, does not depend upon the particular frame
which is chosen. For example, at SPS energies the
90' particle production in a 2SO+2SO GeV pp col-
lision appears to be not dissimilar to the 90' particle

production in a 10 GeV+6 TeV pp collision. This
apparent symmetry will be a central theme in the
discussion to follow.
Our second assumption is similar: (2) For

nucleon-nucleus collisions, there also exists a
"central-plateau" structure in the inclusive. particle
production as a function of the rapidity variable,
with plateau height about the same as for a
nucleon-nucleon collision. p-u collisions at the
CERN ISR (Ref. 7) lend some support for this
behavior, although it would be reassuring to have
better data on nucleon collisions with heavier nuclei.
The final assumption is the following. (3) There

exists a "leading-baryon" effect. That is, the net
baryon number of a projectile is found in fragments
of comparable momentum {more precisely of rapidi-
ty within -2—3 units of the rapidity of the source}.
Likewise the net baryon number from a target
baryon originally at rest is found in those produced
hadrons of relatively low momentum. This assump-
tion is again consistent with what is seen in pp, pa,
and aa collisions at the CERN ISR.
Given these hypotheses, we may now consider the

case of ion-ion collisions. First, let us consider the
collision in the rest frame of one of the nuclei. As
the highly Lorentz-contracted pancake passes
through this nucleus, it is reasonable that each nu-
cleon in the nucleus is struck. It is also
reasonable —and we shall assume its correctness—
that the secondary nucleon from each collision
possesses a momentum distribution similar to what
it would possess were it in isolation and not bound
in nuclear matter. This means it recoils semirela-
tivistically, with a typical momentum of several
hundred MeV. The result, as very thoroughly and
well described by Anishetty, Koehler, and McLer-
ran, is that the nuclear matter in the target nucleus
is found (in its original rest frame) in a distinct ellip-
soidal region (Fig. 1}moving with a y-2, and lag-
ging behind the highly contracted projectile pan-
cake.
The fact that the y of this system of baryons is

expected to be finite and not too large implies that
in ion-ion collisions the baryon number should be
found in (or near) the projectile fragmentation re-

FIG. 1. Schematic of the evolution of a compressed
"baryon fireball" in nucleus-nucleus collisions, according
to the mechanism of Anishetty, Koehler, and McLerran
{Ref.8).

Bjorken, PRD 27 (1983) 

200 PHENIX Collaboration / Nuclear Physics A 757 (2005) 184–283

Fig. 5. Figure from Bjorken [74] illustrating the geometry of initially produced particles at a time t after the
overlap of the incoming nuclei in some frame. The picture is valid in any frame in which the incoming nuclei
have very high energies and so are highly Lorentz contracted.

(dz/τForm) dN
dy , where y is longitudinal rapidity, since dy = dβ∥ at y = β∥ = 0. If these

particles have an average total energy ⟨mT ⟩ in this frame (E = mT for particles with no
longitudinal velocity), then the total energy divided by the total volume of the slab at t =
τForm is just

〈
ε(τForm)

〉
= dN⟨mT ⟩

dzA
= dN(τForm)

dy

⟨mT ⟩
τFormA

= 1
τFormA

dET (τForm)

dy
, (5)

where we have equated dET
dy = ⟨mT ⟩ dN

dy and emphasized that Eq. (5) is true for the trans-
verse energy density present at time t = τForm.
Eq. (5) here is essentially identical5 to Eq. (4) of Bjorken’s result [74], and so is usually

referred to as the Bjorken energy density εBj. It should be valid as a measure of peak
energy density in created particles, on very general grounds and in all frames, as long as
two conditions are satisfied: (1) A finite formation time τForm can meaningfully be defined
for the created secondaries; and (2) The thickness/“crossing time” of the source disk is
small compared to τForm, that is, τForm ≫ 2R/γ . In particular, the validity of Eq. (5) is
completely independent of the shape of the dET (τForm)/dy distribution to the extent that

5 A (well-known) factor of 2 error appears in the original.

From PHENIX NPA757 (2005):

In spite of Fig.1,
the Bjorken formula neglects 
finite thickness of (boosted) nuclei
→ it is only valid at high energies 
where       crossing time <<  τF

Extension of the Bjorken ε formula
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t = 0

z0

t = dt /2

t = dt

3 5 11.5 27 50 200
10.5 5.3 2.2 0.91 0.49 0.12

𝑠99	(GeV)
𝑑-	(𝑓𝑚/𝑐)

For central Au+Au collisions:

Need crossing time <<  τF
→ the Bjorken formula is only valid for

for τF = 0.5 fm/c.𝑠99 > ~50	GeV

Considering central A+A collisions 
in the center-of-mass frame
& using the hard sphere model for nucleus:
crossing time

𝑑- =
2𝑅G

sinh 𝑦JK
=
2𝑅G
γ	𝛽

Extension of the Bjorken ε formula
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Extension of the Bjorken ε formula
Goal:  fix this problem 
& derive a Bjorken-type formula 
that’s also valid at lower energies 
( 𝑠99< ~50 GeV).

Consider a schematic picture:
two nuclei come into contact at time 0
and pass each other at time dt .

The shaded area 
is the primary collision region,
so initial energy production takes place 
over a finite duration of t & z. 

K. Kajantie et al. / Hydrodynamics of hadronic matter 161 

densities attained. Still the hadron production time even in the TFR is shorter than 
the hydrodynamic evolution time R Afm, as long as A I/3 >> 1. 

The pairwise character of the interactions between the N^ nucleons in each 
one-dimensional nucleus (figs. 2-3, 5) is an essential feature of the inside-outside 
cascade model as formulated in sect. 2: after the two first nucleons have collided at 
t = x = 0 (fig. 5) they turn to a collection of pointlike quarks and gluons with a small 
probability of interacting when crossing the remaining nucleons. This pattern is 
repeated as many (--NA) times as there are nucleons in the one-dimensional 
(sections of) nuclei being discussed. With N Acc A 1/3 this leads to a central region 
pion rapidity density scaling as p~,A(y)ccA (A 2/3 comes from the transverse 
dimensions). 

Any interactions between the fragments and the nucleons would lead to a transfer 
of energy from the fragmentation regions to the central region and to an increase of 
the central rapidity density. Each crossing contributing equally would give another 
factor N A and O~A(Y) ~ -44/3. Equivalently, one might say that the nucleons are not 
Lorentz-contracted as in fig. 5 but that the slow-parton part of their wave function 
retains the width 1/AQc D - 1 fm. All slow-parton parts could then possibly interact 
with each other with the result O~A(Y) eC A4/3. Models with this property have been 
explicitly constructed [27]. If this really happened, the chances of attaining the 
quark-gluon plasma phase in the CR would correspondingly improve. We shall later 
include even this possibility in the numerical calculations. Note that already energy- 
momentum conservation restricts the increase of Og.A(Y) in the fragmentation 
regions to being proportional to A. 

Return now to fig. 2. For ~" < 1 the system is in a complicated nonthermal state of 
quarks and gluons with certain expectation values ~T~) and ~J~) which do not 
concern us. At • -- 1 hadrons start materializing and interacting. As in [4, 5] we shall 
assume that the hadronized part of the system immediately thermalizes with an 

~, \ \ x. 

\ x ~ N 

X \ ~" \ 

/ / / /  

i . / / / / / ' / , /  , , /  

/ / / 
, # / / ' #  

# J d 
J J 

/ 

Fig. 5. An alternative description of the A + A collision. In addition to the paitwise N + N collisions on 
the time axis (crosses), the secondaries may further interact with the incoming nucleons (circles). This 

would enhance the energy density in the central region. 

Kajantie et al. 
NPB (1983)

We shall neglect secondary scatterings
& only consider the central region (ηs ~0)
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z

t

0

z=t

z

t

0
d-d

ηs=y
τF

(a) for all rapidities: (b) for centrality rapidity ηs=y~0:
as d→0

Extension of the Bjorken ε formula

collision point collision point

Picture for the Bjorken formula: 
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Method: 
introduce the finite time duration
in the initial energy production
(but neglect the finite z-width)

z

t

0

dt

z=t

z=βt

z

t

0
d-d

x

dt

(b) for centrality rapidity ηs=y~0:
as d→0

(a) for all rapidities:

Picture with finite thickness: 

Extension of the Bjorken ε formula
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𝑑N𝐸3
𝑑𝑦	𝑑𝑥

Average energy density 𝜀	within the slab 
diverges as            ,
like the Bjorken formula.

So we assume a finite formation time τF
for initial particles, then at any time t ≥ τF:

𝑡 → 0

𝜀(𝑡) = S
GT
∫ 	,

VWT
,X	,Y

-Z[\
] 	 ,Y

-ZY
.

This applies even during the crossing time.

To proceed, we now take a specific form for the time profile            .

Extension of the Bjorken ε formula

z

t

0

dt

z=t

z=βt

z

t

0
d-d

x

dt

(b) for centrality rapidity ηs=y~0:
as d→0

(a) for all rapidities:
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Extension of the Bjorken ε formula: the uniform profile

x

The simplest (uniform) profile:
initial energy (at y~0) is produced 
uniformly from time t1 to t2 :

,VWT
,X	,Y

= S
-V_

,WT
,X	

for 𝑥 ∈ 𝑡S, 𝑡N ,
with t21≡ t2 − t1

𝜀(𝑡) = S
GT
∫ 	,

VWT
,X	,Y

-Z[\
] 	 ,Y

-ZY
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time

eUniform

2

pseudo-rapidity) needs to satisfy

| tanh y| ⇡ |y|  d

t� x

at y ⇠ 0. Note that the right-hand-side above can al-
ways be made small with small-enough d. Therefore the
average energy density in this region at time t is

E

2dAT

=
1

AT

Z
dt

0

d

2
ET

dy dx

dx

(t� x)
.

From now on we shall study the formed energy density
by assuming a finite formation time ⌧F for the produced
particles. A similar analysis gives the following average
formed energy density at any time t � ⌧F as

✏(t) =
1

AT

Z
t�⌧

F

0

d

2
ET

dy dx

dx

(t� x)
.

As in the Bjorken formula, ✏(t < ⌧F) = 0. However, an
important feature of the above formula is that it applies
to early times when the two nuclei are still crossing each
other (i.e. t  d

t

+ ⌧F). To proceed further, we will
next take specific forms for the time profile of the initial
energy production d

2
ET/dy/dx.

III. Results. For simplicity, we first assume that the
initial energy is produced uniformly from time t1 to t2

(with t21 ⌘ t2 � t1):

d

2
ET

dy dx

=
1

t21

dET

dy

, if x 2 [t1, t2].

Note that we only need the above assumption to apply
at y ⇠ 0. Also, we have not related t1 and t2 to d

t

for
the sake of generality. An illustration of this time profile
is shown as the dashed curve in Fig. 2. Equation (1)
then gives the following solution for the formed energy
density:

✏uni(t) =
1

ATt21

dET

dy

ln

✓
t� t1

⌧F

◆
, if t 2 [t1 + ⌧F , t2 + ⌧F ];

=
1

ATt21

dET

dy

ln

✓
t� t1

t� t2

◆
, if t � t2 + ⌧F .

One can easily verify that, for t1 = 0 and t2/⌧F ! 0, this
solution reduces to the Bjorken formula of Eq.(1).

FIG. 2: Time profiles for the initial energy production at mid-
rapidity: a uniform profile (dashed curve), beta profiles with
integer powers n = 1 to 5 (solid curves), and a triangular pro-
file (dot-dashed). Circles represent the time profile of partons
within mid-spacetime-rapidity from the string melting AMPT
model for central Au+Au collisions at

p
sNN = 11.5 GeV.

Qualitatively, this energy density starts from 0 at time
t1 + ⌧F , grows smoothly to the following maximum value
✏

max at time t2 + ⌧F , and then decreases abruptly after
the energy production stops:

✏

max

uni = ✏uni(t2 + ⌧F) =
1

ATt21

dET

dy

ln

✓
1 +

t21

⌧F

◆
.

Compared to the maximum energy density ✏Bj(⌧F) given
by the Bjorken formula, we have

✏

max

uni

✏Bj(⌧F)
=

⌧F

t21
ln

✓
1 +

t21

⌧F

◆
.

Therefore the ✏

max value above is always smaller than
the Bjorken initial energy density: ✏

max ⌧ ✏Bj(⌧F) at
low energies where ⌧F/t21 is small, while at high energies
✏

max ⇡ ✏Bj(⌧F). Furthermore, as ⌧F/t21 ! 0, the peak
energy density ✏

max grows as ln(1/⌧F), much slower than
the 1/⌧F growth of the Bjorken formula. This means
that, after taking into account the finite crossing time,
the maximum energy density achieved will be much less
sensitive to the uncertainty of ⌧F , especially at lower en-
ergies where t21 ⇠ O(d

t

) is bigger. In addition, Eq.(1)
shows that the initial energy density at time later than
t2 + ⌧F is independent of ⌧F . We shall see that these fea-
tures are general and also apply to the other time profiles.
Due to the typical spherical shape of a nucleus, there

will be few primary nucleon-nucleon interactions when
the two nuclei barely touch or almost pass each other,
while there will be many such interactions when the two
nuclei fully overlap (around time d

t

/2). We thus expect
the time profile of the initial energy production to peak
around time d

t

/2 while diminish at time 0 and d

t

. There-
fore we can choose the following time profile based on the
probability density function of the beta distribution with
equal shape parameters:

d

2
ET

dy dx

= a

n

[x(d
t

� x)]n
dET

dy

, if x 2 [0, d
t

].

In the above, power n does not need to be an integer, and
a

n

= 1/d2n+1
t

/B(n+1, n+1) is the normalization factor
with B(↵,�) being the Beta function. This smooth beta
profile reduces to a uniform profile when n = 0; with an
appropriate value of n it can also well describe the trans-
port model time profile, as shown in Fig. 2. We obtain
the following solution for the formed energy density:

✏beta(t) =
1
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dET

dy

[(t� ⌧F)/dt]
n+1

(n+ 1)B(n+ 1, n+ 1) t
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d
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,

if t � d

t

+ ⌧F .

F1 above is the Appell hypergeometric function of two
variables, and 2F1 is the Gaussian hypergeometric func-
tion. One can verify that for n = 0 the above solution
reduces to Eq.(1) for t1 = 0 & t2 = d

t

.
We now apply these solutions to central Au+Au colli-

sions. The nuclear transverse area is taken as

AT = ⇡R

2
A

, with R

A

= 1.12A1/3 fm,

t1+τF t2+τF

Bjorken formula

Uniform formula

• At high energies:
(thin nuclei, t21 /τF → 0):

𝜀bcd(𝑡) → 𝜀ef(𝑡)
analytically

• At lower energies:
very different 
from Bjorken

Central Au+Au@11.5GeV

𝜀(𝑡)

→ solution:

Extension of the Bjorken ε formula: the uniform profile

dET/dy parameterization
from PHENIX PRC 71 (2005) 

ZWL, arXiv:1704.08418v2/PRC(2018)
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time

eUniform

2) For t21 /τF >>1 (low energy):
ratio → 0;

so the peak energy density 
• << Bjorken value
• much less sensitive to τF

𝜀bcdghY ∝ ln S
[\

,      not S
[\
,

2

pseudo-rapidity) needs to satisfy

| tanh y| ⇡ |y|  d

t� x

at y ⇠ 0. Note that the right-hand-side above can al-
ways be made small with small-enough d. Therefore the
average energy density in this region at time t is
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d
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dx

(t� x)
.

From now on we shall study the formed energy density
by assuming a finite formation time ⌧F for the produced
particles. A similar analysis gives the following average
formed energy density at any time t � ⌧F as

✏(t) =
1

AT

Z
t�⌧

F

0

d

2
ET

dy dx

dx

(t� x)
.

As in the Bjorken formula, ✏(t < ⌧F) = 0. However, an
important feature of the above formula is that it applies
to early times when the two nuclei are still crossing each
other (i.e. t  d

t

+ ⌧F). To proceed further, we will
next take specific forms for the time profile of the initial
energy production d

2
ET/dy/dx.

III. Results. For simplicity, we first assume that the
initial energy is produced uniformly from time t1 to t2

(with t21 ⌘ t2 � t1):

d

2
ET

dy dx

=
1

t21

dET

dy

, if x 2 [t1, t2].

Note that we only need the above assumption to apply
at y ⇠ 0. Also, we have not related t1 and t2 to d

t

for
the sake of generality. An illustration of this time profile
is shown as the dashed curve in Fig. 2. Equation (1)
then gives the following solution for the formed energy
density:

✏uni(t) =
1

ATt21

dET

dy

ln

✓
t� t1

⌧F

◆
, if t 2 [t1 + ⌧F , t2 + ⌧F ];

=
1

ATt21
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ln

✓
t� t1

t� t2

◆
, if t � t2 + ⌧F .

One can easily verify that, for t1 = 0 and t2/⌧F ! 0, this
solution reduces to the Bjorken formula of Eq.(1).

FIG. 2: Time profiles for the initial energy production at mid-
rapidity: a uniform profile (dashed curve), beta profiles with
integer powers n = 1 to 5 (solid curves), and a triangular pro-
file (dot-dashed). Circles represent the time profile of partons
within mid-spacetime-rapidity from the string melting AMPT
model for central Au+Au collisions at

p
sNN = 11.5 GeV.

Qualitatively, this energy density starts from 0 at time
t1 + ⌧F , grows smoothly to the following maximum value
✏

max at time t2 + ⌧F , and then decreases abruptly after
the energy production stops:

✏

max

uni = ✏uni(t2 + ⌧F) =
1

ATt21

dET

dy

ln

✓
1 +

t21

⌧F

◆
.

Compared to the maximum energy density ✏Bj(⌧F) given
by the Bjorken formula, we have

✏

max

uni

✏Bj(⌧F)
=

⌧F

t21
ln

✓
1 +

t21

⌧F

◆
.

Therefore the ✏

max value above is always smaller than
the Bjorken initial energy density: ✏

max ⌧ ✏Bj(⌧F) at
low energies where ⌧F/t21 is small, while at high energies
✏

max ⇡ ✏Bj(⌧F). Furthermore, as ⌧F/t21 ! 0, the peak
energy density ✏

max grows as ln(1/⌧F), much slower than
the 1/⌧F growth of the Bjorken formula. This means
that, after taking into account the finite crossing time,
the maximum energy density achieved will be much less
sensitive to the uncertainty of ⌧F , especially at lower en-
ergies where t21 ⇠ O(d

t

) is bigger. In addition, Eq.(1)
shows that the initial energy density at time later than
t2 + ⌧F is independent of ⌧F . We shall see that these fea-
tures are general and also apply to the other time profiles.
Due to the typical spherical shape of a nucleus, there

will be few primary nucleon-nucleon interactions when
the two nuclei barely touch or almost pass each other,
while there will be many such interactions when the two
nuclei fully overlap (around time d

t

/2). We thus expect
the time profile of the initial energy production to peak
around time d

t

/2 while diminish at time 0 and d

t

. There-
fore we can choose the following time profile based on the
probability density function of the beta distribution with
equal shape parameters:

d

2
ET

dy dx

= a

n

[x(d
t

� x)]n
dET

dy

, if x 2 [0, d
t

].

In the above, power n does not need to be an integer, and
a

n

= 1/d2n+1
t

/B(n+1, n+1) is the normalization factor
with B(↵,�) being the Beta function. This smooth beta
profile reduces to a uniform profile when n = 0; with an
appropriate value of n it can also well describe the trans-
port model time profile, as shown in Fig. 2. We obtain
the following solution for the formed energy density:

✏beta(t) =
1

AT

dET

dy

[(t� ⌧F)/dt]
n+1

(n+ 1)B(n+ 1, n+ 1) t

⇤F1
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t� ⌧F

d

t

,

t� ⌧F

t

�
,

if t 2 [⌧F , dt + ⌧F ];

=
1

AT

dET

dy

1

t

⇤2F1
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,
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F1 above is the Appell hypergeometric function of two
variables, and 2F1 is the Gaussian hypergeometric func-
tion. One can verify that for n = 0 the above solution
reduces to Eq.(1) for t1 = 0 & t2 = d

t

.
We now apply these solutions to central Au+Au colli-

sions. The nuclear transverse area is taken as

AT = ⇡R

2
A

, with R

A

= 1.12A1/3 fm,

t2+τF

Bjorken formula

Uniform formula

𝜀bcdghY

1) For t21 /τF→ 0  (high energy):
ratio → 1  (→ Bjorken)

→ ratio over Bjorken: ≤ 1			always.

2

z

t

time

0
d-d

x

dt

FIG. 1: Particles around zero rapidity could be produced at
any time x within [0, dt] and propagate to observation time t.

ways be made small with small-enough d. Therefore the
average energy density in this region at time t is

E

2dAT

=
1

AT

Z
dt

0

d

2
ET

dy dx

dx

(t� x)
. (4)

From now on we shall study the formed energy density
by assuming a finite formation time ⌧F for the produced
particles. A similar analysis gives the following average
formed energy density at any time t � ⌧F as

✏(t) =
1

AT

Z
t�⌧

F

0

d

2
ET

dy dx

dx

(t� x)
. (5)

As in the Bjorken formula, ✏(t < ⌧F) = 0. However, an
important feature of the above formula is that it applies
to early times when the two nuclei are still crossing each
other (i.e. t  d

t

+ ⌧F). To proceed further, we will
next take specific forms for the time profile of the initial
energy production d

2
ET/dy/dx.

III. Results. For simplicity, we first assume that the
initial energy is produced uniformly from time t1 to t2

(with t21 ⌘ t2 � t1):

d

2
ET

dy dx

=
1

t21

dET

dy

, if x 2 [t1, t2]. (6)

Note that we only need the above assumption to apply
at y ⇠ 0. Also, we have not related t1 and t2 to d

t

for
the sake of generality. An illustration of this time profile
is shown as the dashed curve in Fig. 2. Equation (5)
then gives the following solution for the formed energy
density:

✏uni(t) =
1

ATt21

dET

dy

ln

✓
t� t1

⌧F

◆
, if t 2 [t1 + ⌧F , t2 + ⌧F ];

=
1

ATt21

dET

dy

ln

✓
t� t1

t� t2

◆
, if t � t2 + ⌧F . (7)

One can easily verify that, for t1 = 0 and t2/⌧F ! 0, this
solution reduces to the Bjorken formula of Eq.(1).

FIG. 2: Time profiles for the initial energy production at mid-
rapidity: a uniform profile (dashed curve), beta profiles with
integer powers n = 1 to 5 (solid curves), and a triangular pro-
file (dot-dashed). Circles represent the time profile of partons
within mid-spacetime-rapidity from the string melting AMPT
model for central Au+Au collisions at

p
sNN = 11.5 GeV.

Qualitatively, this energy density starts from 0 at time
t1 + ⌧F , grows smoothly to the following maximum value
✏

max at time t2 + ⌧F , and then decreases abruptly after
the energy production stops:

✏

max

uni = ✏uni(t2 + ⌧F) =
1

ATt21

dET

dy

ln

✓
1 +

t21

⌧F

◆
. (8)

Compared to the maximum energy density ✏Bj(⌧F) given
by the Bjorken formula, we have

✏

max

uni

✏Bj(⌧F)
=

⌧F

t21
ln

✓
1 +

t21

⌧F

◆
. (9)

Therefore the ✏

max value above is always smaller than
the Bjorken initial energy density: ✏

max ⌧ ✏Bj(⌧F) at
low energies where ⌧F/t21 is small, while at high energies
✏

max ⇡ ✏Bj(⌧F). Furthermore, as ⌧F/t21 ! 0, the peak
energy density ✏

max grows as ln(1/⌧F), much slower than
the 1/⌧F growth of the Bjorken formula. This means
that, after taking into account the finite crossing time,
the maximum energy density achieved will be much less
sensitive to the uncertainty of ⌧F , especially at lower en-
ergies where t21 ⇠ O(d

t

) is bigger. In addition, Eq.(7)
shows that the initial energy density at time later than
t2 + ⌧F is independent of ⌧F . We shall see that these fea-
tures are general and also apply to the other time profiles.
Due to the typical spherical shape of a nucleus, there

will be few primary nucleon-nucleon interactions when
the two nuclei barely touch or almost pass each other,
while there will be many such interactions when the two
nuclei fully overlap (around time d

t

/2). We thus expect
the time profile of the initial energy production to peak
around time d

t

/2 while diminish at time 0 and d

t

. There-
fore we can choose the following time profile based on the
probability density function of the beta distribution with
equal shape parameters:

d

2
ET

dy dx

= a

n

[x(d
t

� x)]n
dET

dy

, if x 2 [0, d
t

]. (10)

Central Au+Au@11.5GeV

𝜀(𝑡)

Peak energy density: 

• FWHM width in t >> Bjorken

Extension of the Bjorken ε formula: the uniform profile

t1+τF

ZWL, arXiv:1704.08418v2/PRC(2018)
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Extension of the Bjorken ε formula: beta or triangular profiles

A more realistic profile:
~0 energy is produced at x = 0 & dt , 
most energy is produced around x = dt /2 :

𝑑N𝐸3
𝑑𝑦	𝑑𝑥 = 𝑎c 𝑥(𝑑- − 𝑥) c

𝑑𝐸3
𝑑𝑦	 			(beta	profile)

or  a symmetric triangular profile

x = 0

z0

x = dt /2

x = dt
x

Circles: time profile of initial partons within mid-ηs
from string melting AMPT for central Au+Au @11.5 GeV. 

� �� �� ��
�

�/��

�/��

�/��

n=1

n=2

n=5
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Applying extended formula to central Au+Au collisions
We compare 1) the uniform time profile (with t1 = 0 & t2 = dt ), 
2) the beta time profile (n = 4). 3) the Bjorken formula:

<< Bjorken value,
is much less sensitive to τF :

𝜀ghY

factor of 2.1 or 2.5 change (not factor of 9) when τF changes from 0.1 to 0.9 fm/c.

At high energy,
solution ~ Bjorken.

At low energy:
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At lower energies: 
𝜀ghY << Bjorken value (at the same τF),

but increases with 𝑠99 much faster than the Bjorken formula

Peak energy density averaged
over the nucleus transverse area

Applying extended formula to central Au+Au collisions

ZWL, arXiv:1704.08418v2/
PRC(2018)
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εuni(t) ~ εbeta(t), since here we set t1 & t2 of the uniform profile 
so that it has the same mean & standard deviation as the beta profile. 

Overall:
• AMPT with F.T.

(filled circles)
~ our extension

• AMPT w/o F.T.
(open circles)

~ Bjorken formula,

• Small effect 
of  finite thickness 
at 200 GeV.

F.T.=finite thickness

Comparison of extended Bjorken formula with AMPT results
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Note: AMPT has
variable τF ,
Woods-Saxon,
secondary scatterings,
transverse expansion,
finite width in z.

Comparison of extended Bjorken formula with AMPT results

Here we set t1 & t2 of 
the uniform profile 
and triangular profile
so that they each have the same 
mean & standard deviation 
as the beta profile (n=4).
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Results from string melting AMPT

AMPT-SM results show:
• Effect of finite z-width is small, once finite t-width is included.
• Effect of finite t-width is very important at low energies
• Peak energy density 𝜀ghY increases with 𝑠99 much faster than Bjorken.

Our analytical results include finite width in t but not the finite width in z.
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• Effect of finite nuclear thickness is important at lower energies

• We have incorporated finite nuclear thickness into string melting AMPT,
to lay a better foundation for further studies of dense matter effects
when parton matter is expected to be formed.

• We have analytically extended the Bjorken ε formula:
now valid at low energies (as well as high energies)

• AMPT results confirm key features of the extended formula.
At low energies (compared to the Bjorken formula):
• the maximum energy density 𝜀ghY

is much lower,
but increases with 𝑠99 much faster,
is much less sensitive to the formation time τF.

• the initial energy density 𝜀(t) decreases much slower with time.

Summary Thank you!


