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PHYSICS (1/2): THE STRONG NUCLEAR INTERACTION
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PHYSICS (2/2): NUCLEAR POTENTIALS FROM 𝝌EFT 

Weinberg, van Kolck, Meissner, Epelbaum, Machleidt, Kaiser, Kaplan, Savage, Bernard, …

“Nucleons interact via a potential built 
from perturbative pion contributions, 
and indirectly everything else”

The LECs to determine
in order to predict nuclei

Lattice QCD

Effective Field Theory 

2018-10-11

Also Sarah Wesolowski’s & Achim Schwenk’s talks
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ONE QUESTION
• How can we handle a computationally expensive 

objective function ?
A possible scenario: we need to optimize a set of parameters in the theoretical model for the nuclear 
interaction. For various reasons we end up minimizing some objective function that is computationally 
expensive: it includes e.g. 3N scattering data, and/or A>4 many-body observable(s), and/or nuclear matter, 
…

• Budget: ~50-100 function evaluations ~(10-20-…) dimensional parameter space. 

• Some type of emulation/surrogate computation should be invoked.

• Exploiting/extracting derivatives is most likely out of the question. 

• I will focus on a possible method called Bayesian optimization to handle expensive objective functions.
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EMULATOR
Gaussian process: a collection of random variables, any finite number of 

which have joint Gaussian distributions.

A GP is a distribution of possible functions f(x) that are consistent with observed data. In a 
Bayesian view, it begins with a prior, and updates a posterior as new data comes in.

x

f(x)
For some x, we have observed
the outcome f(x).

f(x?)|x?, x, f(x)

We want the conditional probability of f(x*)

(Rasmussen & Williams, Gaussian Processes for Machine Learning)

2018-10-11

See also: Dick Furnstahl’s Bayes for physicists intro on Mondayx*

For some point x*
we would like to estimate f(x*)

?

?

?

?
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KERNELS
You have to pick a kernel
for the GP prior. This will
impact the optimization
performance.

cov(f(xp), f(xq)) = k(xp, xq)
<latexit sha1_base64="6bQBLk+sycujI03hKN2XCKLycK4=">AAACFXicbZDLSsNAFIYnXmu9RV26GSxCC7UkIqgLoejGZQVjC20Ik+mkHTq5ODMplpCncOOruHGh4lZw59s4TbLQ1h8Gfr5zDmfO70aMCmkY39rC4tLyympprby+sbm1re/s3okw5phYOGQh77hIEEYDYkkqGelEnCDfZaTtjq6m9faYcEHD4FZOImL7aBBQj2IkFXL0o6THfYjDcVr1qg9OEqW1embu01oNXsBRDus5cfSK0TAywXljFqYCCrUc/avXD3Hsk0BihoTomkYk7QRxSTEjabkXCxIhPEID0lU2QD4RdpKdlcJDRfrQC7l6gYQZ/T2RIF+Iie+qTh/JoZitTeF/tW4svTM7oUEUSxLgfJEXMyhDOM0I9iknWLKJMghzqv4K8RBxhKVKsqxCMGdPnjfWceO8Yd6cVJqXRRolsA8OQBWY4BQ0wTVoAQtg8AiewSt40560F+1d+8hbF7RiZg/8kfb5A+jynio=</latexit><latexit sha1_base64="6bQBLk+sycujI03hKN2XCKLycK4=">AAACFXicbZDLSsNAFIYnXmu9RV26GSxCC7UkIqgLoejGZQVjC20Ik+mkHTq5ODMplpCncOOruHGh4lZw59s4TbLQ1h8Gfr5zDmfO70aMCmkY39rC4tLyympprby+sbm1re/s3okw5phYOGQh77hIEEYDYkkqGelEnCDfZaTtjq6m9faYcEHD4FZOImL7aBBQj2IkFXL0o6THfYjDcVr1qg9OEqW1embu01oNXsBRDus5cfSK0TAywXljFqYCCrUc/avXD3Hsk0BihoTomkYk7QRxSTEjabkXCxIhPEID0lU2QD4RdpKdlcJDRfrQC7l6gYQZ/T2RIF+Iie+qTh/JoZitTeF/tW4svTM7oUEUSxLgfJEXMyhDOM0I9iknWLKJMghzqv4K8RBxhKVKsqxCMGdPnjfWceO8Yd6cVJqXRRolsA8OQBWY4BQ0wTVoAQtg8AiewSt40560F+1d+8hbF7RiZg/8kfb5A+jynio=</latexit><latexit sha1_base64="6bQBLk+sycujI03hKN2XCKLycK4=">AAACFXicbZDLSsNAFIYnXmu9RV26GSxCC7UkIqgLoejGZQVjC20Ik+mkHTq5ODMplpCncOOruHGh4lZw59s4TbLQ1h8Gfr5zDmfO70aMCmkY39rC4tLyympprby+sbm1re/s3okw5phYOGQh77hIEEYDYkkqGelEnCDfZaTtjq6m9faYcEHD4FZOImL7aBBQj2IkFXL0o6THfYjDcVr1qg9OEqW1embu01oNXsBRDus5cfSK0TAywXljFqYCCrUc/avXD3Hsk0BihoTomkYk7QRxSTEjabkXCxIhPEID0lU2QD4RdpKdlcJDRfrQC7l6gYQZ/T2RIF+Iie+qTh/JoZitTeF/tW4svTM7oUEUSxLgfJEXMyhDOM0I9iknWLKJMghzqv4K8RBxhKVKsqxCMGdPnjfWceO8Yd6cVJqXRRolsA8OQBWY4BQ0wTVoAQtg8AiewSt40560F+1d+8hbF7RiZg/8kfb5A+jynio=</latexit><latexit sha1_base64="6bQBLk+sycujI03hKN2XCKLycK4=">AAACFXicbZDLSsNAFIYnXmu9RV26GSxCC7UkIqgLoejGZQVjC20Ik+mkHTq5ODMplpCncOOruHGh4lZw59s4TbLQ1h8Gfr5zDmfO70aMCmkY39rC4tLyympprby+sbm1re/s3okw5phYOGQh77hIEEYDYkkqGelEnCDfZaTtjq6m9faYcEHD4FZOImL7aBBQj2IkFXL0o6THfYjDcVr1qg9OEqW1embu01oNXsBRDus5cfSK0TAywXljFqYCCrUc/avXD3Hsk0BihoTomkYk7QRxSTEjabkXCxIhPEID0lU2QD4RdpKdlcJDRfrQC7l6gYQZ/T2RIF+Iie+qTh/JoZitTeF/tW4svTM7oUEUSxLgfJEXMyhDOM0I9iknWLKJMghzqv4K8RBxhKVKsqxCMGdPnjfWceO8Yd6cVJqXRRolsA8OQBWY4BQ0wTVoAQtg8AiewSt40560F+1d+8hbF7RiZg/8kfb5A+jynio=</latexit>
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BAYESIAN OPTIMIZATION

p(f) = GP(f ;µ,K)

Setup prior belief about the function.
This is often a Gaussian process

Confront prior with some data
D1:n = [x1, x2, . . . xn; f1, f2, . . . fn]

p(f |D1:n) = GP(f ;µf |D1:n
,Kf |D1:n

)

Update the posterior description of the
Unknown function

Decide where to sample next
xn+1

D1:n+1

Augment the data and update the 
Gaussian process

When your objective function is 
expensive to evaluate !Jonas Mockus (2013). Bayesian approach to global optimization: theory and applications. Kluwer Academic.

2018-10-11
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BAYESIAN OPTIMIZATION
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Unknown function

Decide where to sample next
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Augment the data and update the 
Gaussian process

When your objective function is 
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THE ACQUISITION FUNCTION
Expected Improvement xn+1 = argmaxA(x)

A(x) = hu(x)i =
Z

f(x)
max(0, fmin � f(x))p(f(x)|D1:n) df

= (fmin � µ(x)D)�

✓
fmin � µ(x)D

�(x)D

◆
+ �(x)DN

✓
fmin � µ(x)D

�(x)D
; 0, 1

◆

It is not clear at the outset which acquisition function
will work best. Problem specific, but EI is commonly used.

Exploitation Exploration
Sampling areas of 
likely improvement

Sampling areas of 
high uncertainty

fmin: insofar lowest recorded function value.

Reward expected reduction in f
in proportion to the reduction.

2018-10-11
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LOWER CONFIDENCE BOUND
Being optimistic when facing uncertainty

lbfgs: limited memory Broyden–Fletcher–Goldfarb–Shanno algorithm

OPTIMIZING THE ACQUISITION
😃 “Fast” function, derivatives 😩 Multi-dimensional
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BAYESIAN OPTIMIZATION

2018-10-11
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BAYESIAN OPTIMIZATION
Exploitation vs. Exploration

Bayesian optimization can easily avoid 
local minima and explore the parameter 
domain. It can exploit prior assumptions 
about the function, and utilize all previous 
function evaluations.

It can be challenging to scale Bayesian 
optimization to multi-dimensional 
parameter domains. So, how far can 
we take this approach in nuclear 
physics applications?

2018-10-11
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NP SCATTERING, BELOW 75 MEV 
• Simple enough to benchmark different BayesOpt

algorithms. Complex enough provide a realistic setting. 

Theoretical model (N2LO chiral EFT) has 12 parameters.

Benchmarking 12 different BayesOpt solvers:
• 3 Gaussian process kernels (RBF, Matern 3/2, Matern 5/2)
• 2 Acquisition functions (EI, LCB)
• With and without Automatic Relevance Determination (ARD)

i.e. learn an individual lengthscale hyperparameter for each input dimension.

• We use the same 24 quasi-random (Sobol) starting points 
for all solvers.

R. Navarro-Perez et al, Phys. Rev. C 88, 064002 (2013).

• We have a model that we want to minimize. We 
sample how well different solvers (optimization algorithms)
perform by varying the starting points. 

2018-10-11
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VARYING THE SIZE OF THE PARAMETER SPACE

small medium large

X C̃(np)
1S0 C̃3S1 C1S0 C3S1 � C3P2 c1 c3 c4

X1 (�0.2,�0.1) (+2,+3) (�0.2,�0.1) (�1,+1) (�0.76,�0.72) (�3.66,�3.56) (+2.41,+2.47)
X2 (�5.0,+5.0) (�5,+5) (�5.0,+5.0) (�5,+5) (�0.76,�0.72) (�3.66,�3.56) (+2.41,+2.47)
X3 (�5.0,+5.0) (�5,+5) (�5.0,+5.0) (�5,+5) (�5.00,+5.00) (�5.00,+5.00) (�5.00,+5.00)

We explore problems in three different 
12-d parameter spaces.

2018-10-11

🧐
🙂

🤪
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DATA PROFILES FOR BENCHMARKING

ds(↵) =
1

|P| size
⇢
p 2 P :

tp,s
dp + 1

 ↵

�

<latexit sha1_base64="EYLLrjNmumDkn5b+0tDZZJhVXRA="></latexit><latexit sha1_base64="EYLLrjNmumDkn5b+0tDZZJhVXRA="></latexit><latexit sha1_base64="EYLLrjNmumDkn5b+0tDZZJhVXRA="></latexit><latexit sha1_base64="EYLLrjNmumDkn5b+0tDZZJhVXRA="></latexit>

The data profile enables direct comparison between a set of optimization algorithms S all of
which applied to a set of optimization problems P . For each (s, p) ∈ S × P , the performance
measure ts,p> 0 denotes the number of function evaluations that are required for optimization
algorithm s, applied to a problem p, to satisfy some convergence criterion. Thus, ds(α) is the
fraction of problems that can be solved within α function calls. The performance measure
can be normalized to dp + 1 (dimensional normalization) for comparing optimizers across
spaces of different dimensions.

J.J. Moré, S.M. Wild, Benchmarking Derivative-Free Optimization Algorithms, SIAM J. 
Optim. 20 (2009) 172–191. doi:10.1137/080724083.

2018-10-11
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DATA PROFILES
“small” problems, all BO algorithms

f(x0)� f(x) � (1� ⌧)(f(x0)� fL).
<latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit>

convergence criterion: 90% reduction
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DATA PROFILES
“medium” problems, all BO algorithms

f(x0)� f(x) � (1� ⌧)(f(x0)� fL).
<latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit>

convergence criterion: 90% reduction
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DATA PROFILES
“large” problems, all BO algorithms

f(x0)� f(x) � (1� ⌧)(f(x0)� fL).
<latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit>

convergence criterion: 90% reduction



ISNET-6 20

DATA PROFILES f(x0)� f(x) � (1� ⌧)(f(x0)� fL).
<latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit>

convergence criterion: 90% reduction

2018-10-11

all problems, all BO algorithms



ISNET-6 21

DATA PROFILES convergence criterion: 90% reduction

f(x0)� f(x) � (1� ⌧)(f(x0)� fL).
<latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit>

2018-10-11

all problems, all BO and POUNDERs
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TRACES (MINIMUM CHI-SQ VS ITERATION)
BayesOpt – EI – Matern 3/2 POUNDERs – Initial step length 0.3

Smaller “spread”

Lower Chi-Sq

/d
at

um

/d
at

um



ISNET-6 23

DATA PROFILES convergence criterion: 90% reduction

f(x0)� f(x) � (1� ⌧)(f(x0)� fL).
<latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit>

2018-10-11

Smalll space, all BO(EI) and POUNDERs



ISNET-6 24

DATA PROFILES convergence criterion: 90% reduction

f(x0)� f(x) � (1� ⌧)(f(x0)� fL).
<latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit><latexit sha1_base64="/0Q+0YP33Ymhk8iCw0KIVblOWcs=">AAACD3icbVC7TsMwFHXKq5RXgJHFokIkQ6sEIQFbBQsDQ5EIrdREkeM6rVXnge0gqqifwMKvsDAAYmVl429w2wzQcqSre3TOvbLvCVJGhbSsb620sLi0vFJeraytb2xu6ds7tyLJOCYOTljC2wEShNGYOJJKRtopJygKGGkFg4ux37onXNAkvpHDlHgR6sU0pBhJJfn6YWg8+JYJa6qb0O2RO2jYNVeizDSmVi30r8y6r1etujUBnCd2QaqgQNPXv9xugrOIxBIzJETHtlLp5YhLihkZVdxMkBThAeqRjqIxiojw8slBI3iglC4ME64qlnCi/t7IUSTEMArUZIRkX8x6Y/E/r5PJ8NTLaZxmksR4+lCYMSgTOE4HdiknWLKhIghzqv4KcR9xhKXKsKJCsGdPnifOUf2sbl8fVxvnRRplsAf2gQFscAIa4BI0gQMweATP4BW8aU/ai/aufUxHS1qxswv+QPv8Ad+LmOg=</latexit>

2018-10-11

Medium space, all BO(EI) and POUNDERs



ISNET-6 25

DATA PROFILES convergence criterion: 90% reduction

f(x0)� f(x) � (1� ⌧)(f(x0)� fL).
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Large space, all BO(EI) and POUNDERs



BAYESIAN OPTIMIZATION VS DIMENSION 
OF THE PARAMETER SPACE
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TEST FUNCTIONS
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A selected set of test 
functions with different 
characteristics.

They can be generalized 
to N=2,3,4,.. dimensions



ACKLEY
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One hole on a semi-flat surface with shallow local minima 



DECEPTIVE
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Very challenging multivariate test function for which the 
total size of the region for the local minima is 5d− 1 times 
larger than the region with a global optimum. This function 
has 3d− 1 local minima in Rd. 



RASTRIGIN
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Spherical function with cosine modulation to generate 
frequent local minima. 



ROSENBROCK
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Classic function with minimum located in very shallow valley. 



SCHWEFEL
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Smooth surface with several local minima and a global 
minimum located far away in a corner, which in turn is far 
away from the second best local minimum. 



SPHERE
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In many ways the simplest possible test function. It is convex 
and unimodal. 
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d=2 d=4

d=8 d=16
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COMMENTS
• It is challenging to handle expensive objectives. Any additional information 

should be incorporated. Next step:
• Exploit that the objective function is sum of squared residuals. (ignored in BayesOpt now) 

• BayesOpt can be infinitely tweaked and can balance exploration-exploitation strategies. 
It is not designed to locate the exact point of an optimum!

• For EFT: BayesOpt[EI,Matern] exhibits overall good performance. 
• Suggested strategy: Initiate optimization with BayesOpt. Refine with POUNDERs, and 

thereafter use higher-order (derivate-based) methods.

• Low-dimensional (N=2,3,4) problems is where I find Bayesian optimization to work best.

• I’ve used GPyOpt: A Bayesian Optimization framework in python 
http://github.com/SheffieldML/GPyOpt

THANK YOU FOR YOUR ATTENTION!



EXTRAS
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AN OPTIMIZATION PROBLEM
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We are after the point estimate of the parameter vector of the 
nuclear interaction model. 

✓? = arg min
✓2X⇢Rd

F (✓)
<latexit sha1_base64="+7MJyY2PANJP7DLAR1NOXz5EgoM="></latexit><latexit sha1_base64="+7MJyY2PANJP7DLAR1NOXz5EgoM="></latexit><latexit sha1_base64="+7MJyY2PANJP7DLAR1NOXz5EgoM="></latexit><latexit sha1_base64="+7MJyY2PANJP7DLAR1NOXz5EgoM="></latexit>

A typical objective function is a non-linear least squares
function, or some other measure of the goodness of fit.

Goal: find ‘optimal’ parameter vector(s)

Additional challenges in a realistic application 
to nuclear forces:

• high-dimensional parameter domain, 
• often several local optima, cases with ~100 local optima exist

10 . d . 30
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(finding global optimizers is generally intractable)
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POUNDERS: MODEL-BASED OPTIMIZATION
min

(
f(x) =

1

2
||F (x)||22 =

1

2

pX

i=1

Fi(x)
2 : x 2 X ⇢ Rn

)

<latexit sha1_base64="fCCVrypIHMa4/n/foDflr6aB4rE="></latexit><latexit sha1_base64="fCCVrypIHMa4/n/foDflr6aB4rE="></latexit><latexit sha1_base64="fCCVrypIHMa4/n/foDflr6aB4rE="></latexit><latexit sha1_base64="fCCVrypIHMa4/n/foDflr6aB4rE="></latexit>

Exploit known structure (sum-of-squares) and setup interpolating 
quadratic model of each residual Fi (x) centered around xk.

q
(i)
k = Fi(xk) + (x� xk)

T
g
(i)
k +

1

2
(x� xk)

T
H

(i)
k (x� xk)
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Solve for gk and Hk by interpolating to subset of common 
function values. A master model uses second order information

mk(xk + �) = f(xk) + �
T

pX

i=1

Fi(xk)g
(i) +

1

2
�
T

pX

i=1

⇣
g
(i)[g(i)]T + Fi(xk)H

(i)
⌘
�
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POUNDERs exploits the known ‘squared-
sum’ structure of the objective function!

Stefan Wild, Argonne National Laboratory, Preprint ANL/MCS-P5120-0414
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MACHINE LEARNING field of study that gives computers the ability to 
learn without being explicitly programmed.

- Arthur Samuel, 1959

Typically requires huge amounts of training data. Which we 
do not have in the scenario that I am discussing here today.

2018-10-11



✓
x1

x2

◆
⇠ N

✓
µ1

µ2

◆
,

✓
�11 �12

�21 �22

◆�

Easy to get the conditional probability of
one of the variables, given the other.

✓
f
f?

◆
⇠ N

✓
µ
µ?

◆
,

✓
K K?

(K?)T K??

◆�
”Gaussian Process”

cov(f(xp), f(xq)) = k(xp, xq) = exp


�1

2
|xp � xq|2

�
We express the covariance 
of the output in terms of 
the input.

The prediction f*, conditioned on 
the observations, given a 
covariance function, is given by: Cost: O(N3) 

f?|X?, X, f ⇠ N [K(X?, X)K(X,X)�1f ,

K(X?, X?)�K(X?, X)K(X,X)�1K(X,X?)]
Rasmussen & Williams, Gaussian Processes for Machine Learning.



Gaussian Process Data Function 1.96 sigma
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GP: 1D demo
Gaussian Process Data Function 1.96 sigma



100 iterations 
Acq.: Expected Improvement 
GP-kernel: Squared exponential

Doesn’t pick up on the 
structured details of the 
Langermann function



100 iterations 
Acq.: Expected Improvement 
GP-kernel: Matern 3/2 
(exponential * linear)

A Matern 3/2 kernel does 
at better job, although in 

this run it does not find the 
global minimum.
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RANDOM STARTING POINTS

= DiscrepancyLow-discrepancy sequence

The advantage over truly random (or pseudo-random) numbers is that a Sobol
sequence tends to be more evenly distributed for finite numbers of points.
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PHYSICS (3/2): THE SCHRÖDINGER EQUATION

But we do not yet know the qualitatitive or quantitative form of the nuclear interaction 

1 Q: Which data to use to determine the unknown parameters of the potential model ?

2 Q: how do we quantify and propagate uncertainties to theoretical predictions ?

Since 10 years: powerful (ab initio) methods for making controlled approximations in the solution of this 
equation. We can now solve for several interesting and non-trivial observables in nuclei with nearly 100 
constituent nucleons. Still, it quickly grows into an HPC problem…

0

@
AX

i=1

p2i
2mN

+
AX

i<j=1

VNN
ij (c, d, . . .) +

AX

i<j<k=1

VNNN
ijk (c, d, . . .) +

AX

i<j<k<l=1

. . .

1

A | i = E| i
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QCD ! LEFT(~⇡, ~N) ! [VNN (c, d, . . . ),VNNN (c, d, . . . ), . . .]
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FUNDAMENTAL NUCLEAR PHYSICS 
Nuclei determine the

stability of matter
How large is a neutron star?

Direct detection 
of dark matter ?

Nuclei probe neutrino 
masses and symmetries

A standard model frontier
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NNLOSAT– POUNDERS & AB INITIO IN A SMALL SPACE
Simultaneous optimization of the chiral 
NN+NNN interaction at NNLO to charge 
radii and binding energies of 3H, 3,4He, 14C,  
16O and binding energies of  22,24,25O and 
NN-data  (TLab <35 MeV). 

A.Ekström, et al. Phys. Rev C 91, 051301(R) (2015)

2018-10-11




