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Nucleons make up all nuclei, and hence most of the visible matter in the Universe

Nucleons are bound states of quarks and gluons (partons)
whose dynamics is described by Quantum Chromodynamics (QCD)

Parton Distribution Functions (PDFs), f(x,Q?), can be (roughly) regarded
as the probability of finding a parton f in a nucleon
x is the fraction of the nucleon’s momentum carried by the parton
Q? is the characteristic energy scale of the interaction
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Theoretical Input

@ Collinear leading twist factorisation of physical observables | ]

S Crpla,as(Q*)®F(x, Q2 +p.s. comrections  f@g = / dyyf(y)g@;)

f=a,q,9

@ Evolution of PDFs; DGLAP equations | ]
s fi2, Q%) ifj/l © by (z00(@) £ (£.07)
9ln Q2 2 - . 2z gi \#) Xs 3J P

© Perturbative expansion of coefficient and splitting functions

Cry(y, as) Zakc<’“>(y) Pji(z, ) Z a"HP® (2), s = o/ (4m)

Cry known up to NNLO for an increasing number of processes Pj; known up to NNLO

@ Theoretical constraints
positivity of cross sections, sum rules, symmetries, integrability of some PDF combinations

The dependence of the PDF on x cannot be computed from perturbative QCD
it must be determined from a (global) analysis of experimental data
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The problem: a global determination of PDFs

Determine the probability density (measure) P[f] in the space of PDFs [f] )

For any observable O depending on a set of PDFs [f]

its expectation value and uncertainty are functional integrals over the space of PDFs

(O[f]) = /Df PIf10O[f] expectation value

1/2

colf] = [ [ preu ©u - ey uncertainty

ILL-DEFINED PROBLEM
determine a set of infinite-dimensional objects (the PDFs of each parton)
from a finite piece of information (the experimental data points Naa, ~ O(5000))

Choose a PDF parametrisation at an initial scale Q% for each independent parton f
2 b
of(x, Qo) = Apa®l (1 —2)" F(x,{cs})
that should be sufficiently GENERAL, SMOOTH, FLEXIBLE (or MINIMALLY BIASED)

Problem reduced to determine the optimal set of parameters {a} = {Ay,ay,bs,{cs}} J
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A global PDF determination: the underlying strategy

[ QCD theory } { PDF parametrisation ]

[ theoretical predictions ]

minimisation
algorithm

comparison with
experimental data

i

yes

[ best-fit parameters ]

FITTING ALGORITHM

Ngat

= ZT[f] (cov*)ij(mf]—D»

(cov),; = diss? + Zafc; J(CO)LD Dj + Za(ﬁ) (ﬁ)TOTO
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A global PDF determination: the ingredients we need
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: the theoretical details h
! of the QCD analysis '
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! :
! 1
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! 1

partonic cross sections experimental uncertainties

DGLAP evolution

METHODOLOGY

or

1
uncorr./corr. add./mult. !
L 1

a prescription to
determine PDFs

parametrisation
minimisation
error propagation

validation

Each of these ingredients is a source of uncertainty in the PDF determination
PDFs with faithful uncertainties are crucial e.g. for SM/BSM physics at the LHC J
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A. Uncertainty representation

@ Propagating the data uncertainty: the Hessian and the Monte Carlo methods
@ Characterising methodological uncertainties: closure tests

@ Theoretical uncertainties in PDF fits: a proposal
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The Hessian method: general strategy

@ Expand the x? about its global minimum at first (nontrivial) order

; i 1 0°x*{a}
2fa) & y 2 ‘Hida), Hy == SX &S
x{a} = x“{ao} + da"H;;dd’, 975 Db,

{a}={ao}
@ Assume linear error propagation for any observable O depending on {a}

00{a}
3&1

- 00{a} 00{a}

[oxe) ~ 0;
{a} 7 8ai 8aj

(Ofa}) = Ofao} +ai

{a}={ao} {a}={ao}

© Determine o;; from H;; from maximum likelihood (under Gaussian hypothesis)

-1 _ &?x*{a}

K 8&1‘8(1]‘

= Hi;
{a}={a0}

A C.L. about the best fit is obtained as the volume (in parameter space) about
P P
x°{ao} that corresponds to a fixed increase of the x?; for Gaussian uncertainties:

68% C.L. <= Ax> = x*{a} — x*{ao} =1
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The Hessian method: some remarks

@ Compact representation and computation of observables and their uncertainties

(Of(z,Q%)]) = Olfo(z, Q)]

Noar 1/2
ool f (@@ = | 3 (Ol Q%)) - Olfaz, @)’

@ Parameters can always be adjusted so that all eigenvalues of H;; are equal to one
(diagonalise H;; and rescale the eigenvectors by their eigenvalues)

Npar
2
daiHijoa; = Z [ai(a:)]” <= cogay = |V'O{a}]
i=1
The total contribution to the uncertainty due to two different sources
(possibly correlated) is obtained by simply adding them in quadrature

© Any rotation in the space of parameters preserves the gradient
(one can diagonalise a chosen observable without spoiling the result)

© Unmanageable Hessian matrix if the numer of parameters is huge
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The Hessian method: limitations

Uncertainties obtained with Ax? = 1 might be unrealistically small
(inadequacy of the linear approximation)
MSTW TOLERANCE PLOT FOR 13TH EIGENVEC.

Eigenvector number 13 \ MSTW 2008 NLO PDF fit
20

2
M giobal

cL

cL

Distance

cL
cL

NuTeVyN xF,

CHORUS VN xF,

3
1 0p99-00 6F°
o0

Donzrap.
COFNZrap.

NuTeVVNF,

GOFR VNosuX
NuToV'vHspuX
H1ep 97000}

WzEUs op o
DO pRinc. jets

COF pBin. jots

DO HWo i asym.

COFIW_sH asym.

Ess/MNusSea pdipp DY

uncertainties tuned to the distribution of deviations from best-fits for single experiments
for each eigenvector in parameter space
determine the CL for the distribution of best-fits of each experiment

rescale to the Ax? = T interval such that correct confidence intervals are reproduced
no statistically rigorous interpretation of T' (tolerance)
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The Monte Carlo method: general strategy

@ Generate (art) replicas of (exp) data according to the distribution

OEO®) o) L 1Mo i1 Ny k=1, Neep
(k)

where ;" are (Gaussianly distributed) random numbers for each k-th replica

(rgk) can be generated with any distribution, not neccesarily Gaussian)
@ Perform a fit for each replica k = 1,..., Nrep

© Compact computation of observables and their uncertainties
(PDF replicas are equally probable members of a statistical ensemble)

Nrep
(O[f(z, Q%)) N > oM (e, Q%)
P k=1
Nrep 1/2

olf@. @) = | 5= 3 (OUr¥@.@%) - O Q")

= no need to rely on linear approximation
=> computational expensive: need to perform N, fits instead of one
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The Monte Carlo method: determining the sample size

@ Generalise the way in which artificial replicas are generated
Ogart),(k) (337 Q 14+ Z T(k)UC Pt T(k)Us ; OEQXP) (QL‘, QQ)

o¢,p: correlated uncertainties

0s,p: uncorrelated uncertainties
k k .
ﬁ,}, r§,2 Gaussian random numbers

@ Define proper estimators to determine the sample size

<PE {(o(art)>]> (%] - [O(art)]

Nrep 10 100 1000 10 100 1000

Exp.l 237 35 2.9 76037 99547 99712

Exp2 194 56 12 94789 .99908 .99993
Ndat (art) (exp)

1 0. — O
<PE [(O(m)>rep]> H# Percentage Error
dat Nyat izl Oi
Olexp) (O (art) — (O(exp) ofart)
r [O(Ert)] = < < Ve s | Jaae {( ) ) Scatter Correlation

Ugexp)o_éart)
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The Monte Carlo method: determining the sample size

Require that the average over the replicas reproduces the central value
of the original experimental data to a desired accuracy
(the standard deviation reproduces the error and so on)

T 1E T T g
[ Mean values . ] [ Errors 1

0.8 — F B
E ] I ]

0.6— N —

[ ] w0 E
Al 7 s I ]
L2 T N o r ]
= C ] = r T
c 0.25 ] E=d L i
< [ ] <

o ] 102 E

C ] E x |

r © Ngp=10 ] r L - Ngp=10

0.2 — F : g
F « Negp=100 [ « Ngp=100
04l « Nigp=1000 ] « Nigp=1000
A N AN N AN I AR 10° Ll il
04 02 0 02 04 06 038 1 10° 102 107 1
Experimental Experimental
Accuracy of few % requires ~ 100 replicas J
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Alternative approaches to represent the data uncertainty

@ Nested Sampling (NS) [PrL120 (2018) 152502, arxiv1804.01965]

@ (Hybrid) Monte Carlo Markov Chain (MCMC) [er)c7s (2015) 304]

[=—1 HESS

[=1 IMC

8
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Closure tests: general idea | ]

Validation and optimisation of the fitting strategy with known underlying physical law )

r
INPUT SETTINGS

[ theory

[ underlying true law ] [ fitting methodology ]<—:-

1
1
1
1
1
| e.g. perturbative order
1

1

e.g. PDFs from MSTW08 e.g. minimisation algorithm :
1

1

generate a set
of pseudodata

i

perform a fit
to pseudodata

[ ready to fit real data )

1
] | VALIDATION & OPTIMIZATION

is the x? value
consistent?

is the underlying
law reproduced?

Full control/characterisation of methodological uncertainties J
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Closure tests: levels

© Level 0: generate pseudodata DY with zero uncertainty
(but (cov);; in the x2 is the data covariance matrix)
— fit quality can be arbitrarily good, if the fitting methodology is efficient: x2/Ngat ~ 0
— validate fitting methodology (parametrisation, minimisation)
— interpolation and extrapolation uncertainty

@ Level 1: generate pseudodata D} with stochastic fluctuations (no replicas)

Nsys
DI,1 = (14 rporgpor) DO + E : Tsys SYS + rstatgstat

(3

— experimental uncertainties are not propagated into FFs: x2/Nga; ~ 1
— functional uncertainty (a large number of functional forms with equally good x?)

© Level 2: generate N,op Monte Carlo pseudodata replicas Df’k on top of Level 2
Nsys

2,k k k tat,k
Di, — (1+T?Or’ J?or D1+ § : sys 57}’5 T$37 o_lstat

K3

— propagate the fluctuations due to experimental uncertainties into PDFs: x2/Nga ~ 1
— input PDFs within the one-sigma band of the fitted PDFs with a probability of ~ 68%
— data uncertainty
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Closure tests: examples

Level 0 closure test vs. MSTW

Ratios of d at different closure test levels

- Level 0 Closure Test Fit

SRS MSTW2008ni068c!

02 03 04 05(5 06 07 08 09

Level O closure test vs. MSTW

Lvi0 Closure Fi
LvI1 Closure Fit
LvI2 Closure Fi

Level 0 Closure Test Fit

MSTW2008nio68cl

10°

104

10° 102
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Closure tests: statistical estimators

Distribution of 2 for experiments Distribution of single replica fits in level 2 uncertainties

n
=3
(=]

ST I T I I I T

r

180

» D
o o

_§120
€ 100
w

N A O ®
© o © o

PSS N W W I A A IR

=}
IS

4 -3 -2 -1 0 1 2 3
Difference to theory (o)

o S 80 Eron o o S a0 Wigg o g Ton
Experiments M

X* = 5= SN (T[] — D) (cov™h),; (TiLf1 = Dj)
o2 =/ (X2[Tfacl, Dol) — x2[(T [fs]), Dol

_ X2UTUD D1 =T [fin]. D1l
Bz = X2[T fin], D1

— 1 1 N N1 s (1) i
€no = Nppr No Nms Zl PlDF Z ¥ I[ Z(l)(xg) n”f )(xa)] (< (xJ» B fin(wj))

X}=115 92 =0254 Apn=-0011 o =0699 € =0.948 (IvI2)
2=112 92 =0173 A =-0015 £, =0512 &, =0836 (Ivi1)

X
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Closure tests: applications

30k vs 80k generations
Central Value

Fi e (@ Q) —Fiin(2.Q))? °F ' ' ' '
do|x = € . F —s
o[z, \/ o[ fint](@,Q) 4F o
: °f
F@@) = (5@ @) =g sy M@, g °F o
rep rep < L
o [fl (2, Q%) = ) :
s EN (10 @ et - (s a?), ) :
X
flavour basis vs evolution basis 300 vs 37 parameters
Central Value Central Value
20f ; ; . . 20p ; ; . . -
r r —s ]
L L - .d i
¥ r o0
15 15 g 7]
g — F _.g ]
x 10 % 10F -5
° S [ ]
of oL .
.

aly
i

X
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Theoretical uncertainties in PDF fits | |

@ Denote the n data in a particular process by a vector y, and the corresponding

theoretical predictions by 7[f] = >% _ cm[f]. By Bayes' theorem
P(y|T)P(T)
P(Tly) = 2WDEU)
T =="p4ip)

@ We assume Gaussian uncertainties for the data, i.e.,
1 _
POIT) ~ exp { =50 =10~y - T)]

© We assume Gaussian theoretical uncertainties, i.e.,
d 1
P(T) = H P(em) P(cm) o exp <—§cﬁs_1cm)
m=0

@ Therefore, P(T|y) ~ exp (—1x*) with

X=X =T (0 +5) " (y—TIf)

Problem reduced to determine the theoretical covariance matrix s J
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B. Monte Carlo optimisation and delivery

@ Fitting without refitting: Bayesian reweighting
@ Compression of Monte Carlo sets and specialised minimal PDF sets

@ Hessian to Monte Carlo and Monte Carlo to Hessian
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Bayesian reweighting | ]

Assess the impact of including a new data set {y} = {y1,...,¥yn} in an old PDF set J

@ Evaluate the agreement between new data and each replica fx in a prior ensemble
X (s {fxd) Z{yl Tilfel} o, v — Tilfx]}

@ Apply Bayes' theorem to determine the conditional probability of PDF upon the
inclusion of the new data and update the probability density in the space of PDFs

Pacw = MPOG IS Poa ({fe}) - POG ALY = b () £} 2 Ve ik b

© Replicas are no longer equally probable. Expectation values are given by

Nrep

(Ofi(, Qnew = Y wiO[f{M (2, Q)]
k=1
Nrep

1
w, [Xi({y}v{fk})]é(n_l) —xi{uh D) with Nrop = Z wy,

.. Nre :
@ Loss of efficiency: Neg = exp [— >t Pk logpk] with pi = wk/Nrep
0 < Neg < Nrep; Neg must not be too low = increase the number of replicas in prior
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Bayesian reweighting in action

xg(x,Q?)

T
- Level 1 Reweighted

RN
RWIWN

Level 1 Fitted

Distribution of distance for Central Values

I I I I I I | |
02 03 04 0).(5 06 07 08 09 1

xg(x,Q%)
1.6p | S EEEREEREEEEEmEa! 1.6
1_4; - Level 2 Reweighted ; 1.4;
120 S\ Level 2 Fitted & 120
1
0.8 é 0.8;
0.6 E o6t
0.4 E o4
0.2 E 0.2f-
of L L L L L L L L L : o L
0.1 02 03 04 0).(5 06 07 08 09 1 0.1
Distribution of distance for Central Values
0.6 ‘ ‘ ‘ ‘LVL2‘ rewéighteé vs réfit ; 075
05 22 Distribution for 1 DOF | 0.6
' E 05
8 E 8 04
;3 1 B
E 0.
7; 01
7T o o

Emanuele R. Nocera (Nikhef, Amsterdam)

Statistical methods for PDFs

LVL1 reweighted vs refit
%2 Distribution for 1 DOF|

o



Compressed Monte Carlo PDF sets | ]

Reduce Niep PDFs to Ny, < Niep statistically equivalent PDFs in a MC set

Reduced set of replicas Minimization algorithm |
(GA) ;
L A .

‘ Compute the error function (ERF) ‘

+ Kolmogorov-Smirnov test + PDF correlations
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The compression

xg(x,Q), comparison

6 I Prior 1000 replicas 3
Compressed 50 replicas g
5 Q=141GeV E
4 El
El
3 4 =
ER
2 4%
E
1 =
EIR:
0 @
ERR:]
cl il il il
10 10 10? 10" 1
xg(x,Q), comparison
1
- Prior 1000 replicas
333333 Compressed 50 replicas
Q=100 GeV
H
2
s
B
o
g
<
E
H
H
g
8
Lonnl Lol Lonnl Lol

0.9
10° 10 10° . 102 107 1

algorithm in action

xd(x,Q), comparison

0.8

0.6

0.4

AL E o e
[ Prior 1000 replicas

Compressed 50 replicas

Q=141GeV

10° 10*

10° 10°? 107
X

xd(x,Q), comparison

oY

Ratio

B Prior 1000 replicas
s Compressed 50 replicas
Q=100 GeV

10
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Monte Carlo to Hessian |

@ Find a subset of Monte Carlo replicas {n% }i—1 Neig C {f(k) such that

.....

f =5 +Za(k)(n(z £y, k=1,...,Neep a=1,...,N;

@ Sample the replicas at a discrete set of points and construct the covariance matrix

000 = 72 (A0 106p) | = (50@), (1060),, )

© Determine the set of coefficients {a*)} by singular value decomposition of

2(k) ZZ{[ (k) (i) — f(k>(x1)] <COV ); [ (k) ( i) - (k)(:vj)]}

5, o,B

@ Determine the Hessian matrix by inverting the covariance matrix

cov(®) = iflzei 1 (< () <k)> <a’(k)>rep <a§k)>rep>

© Optimise the number of grid points N, and of eigenvectors Neig
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Monte Carlo to Hessian: optimisation and validation

135

68
120 Oa\Xi) — O, X;
€a(:) = o )68 o (@)l - _ .25
gsoo o83 (z;)
rﬂnanu*‘ 90
3 3001 o
g 200 \ ’5 Ny Ny I
100" o O'H o(@s) — ol (x3)
uuo ’ a5 ERFU - j :j :
_ ol (x:)
. N - /*u 0 30
AT s Nrep = 1000 Neig = 120
10200 W
NNPDF3.0 NLO, 0,=0.118 @ Q° = 2 GeV? NNPDF3.0 NLO, ¢,=0.118 @ Q° = 2 GeV?
7 T T T T 7 T T T T 7
6 ¥ Monte Carlo . ¥ Monte Carlo ]
. Hessian o @\ e Hessian E
S 3
—_ 3 - P~ -
g P g i
v 2 I "3 El
1 : 13
] - 8
0 i z 13
& 18
1 ]
1 Il Il 1l | 0 L Il Il Il 5
10 10° . 102 107 1 10° 10 10° . 102 107 1

Similarly produce minimal PDF sets for specific processes [ 76 (2016)205]
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Hessian to Monte Carlo |

@ Generate multi-Gaussian replicas in the space of parameters

Npar 1 1 Nrep
k) _ k k) _ (k) _ k
F® = ford® —ad® =37 S (i - SR A=— > d®
i=1 TeP p=1
g (x,Q) at Q=1.3 GeV, CT14 NNLO, asym. std. dev. d (x,Q) at Q=1.3 GeV, CT14 NNLO, asym. std. dev.
Hessian, MC1, MC2: solid, short-dashed, long-dashed  Hessian, MC1, MC2: solid, short-dashed, long-dashed
g H 7
2 1.4 214 /
S S
ERR 312}
H H
z Z
s |7 ]
% 038 % 038
E 7 % g
£ T 05 eaidmots 01 02 £ % o5 odidmos 01 02 0507
@ Combine different MC PDF sets (unweighted average)
g(x=0.01, Q=100 GeV ) 9(x=0.01, Q=100 GeV )
— NNPDF3.0 o si — MC900
— CT14 E .
— MMHT14 R Gaussian
- — MC900 < o CMC100
5 -+ Gaussian 5
g g oC
E z F
2 2 “F
o a E
© o F
a @ o2
o
E E, [ . .
Fr——rs CE R 7 #5 75 ¥

78 8 8
x*PDF(x.,Q) x*PDF(x, Q)
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C. Conclusions
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Summary

@ Parton Distribution Functions with faithful uncertainties

>
>
>
>
>

tested procedure to assess data and methodological uncertainties in PDF fits
representation of data uncertainties: are NS or MCMC more convenient than MC?
characterisation of procedural uncertainties: closure tests, sometimes impractical
is there an alternative/more efficient way of characterising uncertainties?

representation of theoretical uncertainties: work in progress, input useful

@ Monte Carlo optimisation and delivery

vV VY VY VY VY VY

performing a fit is computational expensive

Bayesian reweighting to update the probability density in the space of PDFs
Bayesian reweighting only useful when little data is added

are there alternative approaches to Bayesian reweighting?

a posteriori compression of MC replicas to obtain lighter ensembles

possibility to convert MC to Hessian and vv. to perform statistical combinations

are there other statistical methods to reduce the number of replicas?
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Summary

@ Parton Distribution Functions with faithful uncertainties

>
>
>
>
>

tested procedure to assess data and methodological uncertainties in PDF fits
representation of data uncertainties: are NS or MCMC more convenient than MC?
characterisation of procedural uncertainties: closure tests, sometimes impractical
is there an alternative/more efficient way of characterising uncertainties?

representation of theoretical uncertainties: work in progress, input useful

@ Monte Carlo optimisation and delivery

vV VY VY VY VY VY

performing a fit is computational expensive

Bayesian reweighting to update the probability density in the space of PDFs
Bayesian reweighting only useful when little data is added

are there alternative approaches to Bayesian reweighting?

a posteriori compression of MC replicas to obtain lighter ensembles

possibility to convert MC to Hessian and vv. to perform statistical combinations

are there other statistical methods to reduce the number of replicas?

Thank you
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Normalisation uncertainties: D'Agostini bias | ]

@ Consider one experiment with Ny, data d; of one theoretical quantity ¢

Nyat
XZ(t) = Z (t - dl) (Covil)ij (t - d])

4,5

@ The best-fit theoretical quantity to and its variance v; are given by

Naa - -
dx? Zi".j t (cov l)ij d; 1d2x2 1 1
7 Pl ra— vw=\577) =<V
t li=t, >oig (covTl),; t iy (covTh),
© Consider completely uncorrelated additive errors: (cov);; = s76;;
Naat d: 1 Naat 1
—w =2 i — 2 ; _
to=w=2X ZS—Q v =2 Wlthﬁ—z:s—2
i i i i
@ Consider an additional common normalisation error: (cov)i; = (s + o2d?)d;;
N,
»2 202(1 2 »2 dat di — 2
PO S e ot S i) Wimzzfz%
1+ r202w? /32 1+ r202w? /32 w? & s;

@ Both ty and v, are affected by a downward bias
smaller values of d; have a smaller normalization uncertainties od; and are thus preferred
10 October 2018 1/2

Emanuele R. Nocera (Nikhef, Amsterdam) Statistical methods for PDFs



Normalisation uncertainties: D'Agostini bias | ]
@ The penalty trick: redefine the fit quality

Ndat 2 _
20 -2 = Y WA N

i i

(e

ax>2 x> (1 d2x2>71 9 2 o
— = =-=0=1t= =|{z =X
ot |imyy  ON R SR ot

—— recover the unbiased estimators for tg and vy

@ The to method: redefine the covariance matrix

(cov);; — (coviy),; < (82 + 02d2)8;; — 528;; + ot}

_ ;i o2t2 »2
(covtl) :%— 2872<:>to:w v = 22 + o?w?
0 /ij s 5757 X2 4 o243

—> recover the unbiased estimators for tg and v¢, provided that w is tuned to tg
— w can be tuned to tg via an iterative procedure

The d’'Agostini bias and its solution can be generalised to more than one experiment
with different normalisation errors (per experiment/per data point) J
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