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FIG. 6. The 3-dimensional (T, µB , !µ ) QCD phase diagram in PQM
with r = 0 .2. The dash lines and the blue solid lines show the
crossover and Þrst order chiral phase boundary respectively. The red
solid line shows CP for different!µ .
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FIG. 7. This Þgure shows the Þrst order phase boundaries atT = 0
in PQM model withr = 0 (red solid line), 0.2(red dash line) and
0.3(red dot line) and(µB , !µ ) for neutron star matter calculated by
NJL [39] with r = 0 (black dash-dot line), TM1 [36](blue dot line)
and IOSTY [37](blue dash-dot line) [25].

Another example of dense asymmetric matter is the neu-
tron star core. In the neutron star core, the internal tem-
perature is of the order of106 K ! 10! 4 MeV, which is
small enough compared with the Fermi energy of neutrons.
The baryon density would reach a few times of the nuclear
density,! 1015 g/ cm3. Since the neutron density is much
larger than the proton density, the isospin chemical potential,
!µ = ( µn " µp)/ 2 = ( µd " µu )/ 2, is Þnite and large. In rel-
ativistic mean Þeld (RMF) models,!µ is calculated to reach
100 MeV in the neutron star core. Thus we can regard the
neutron star core matter as asymmetric matter at zero temper-
ature.

In Fig. 7, we compare the Þrst order phase transition bound-
ary in PQM and" equilibrium line in RMF atT = 0 [25].
Here we show the boundary for several values ofr . RMF
parameter sets of TM1 [36] and IOSTY [37] are adopted as
typical examples. TM1 is a model which describes bulk prop-

erties of normal and neutron rich nuclei as well as the nu-
clear matter saturation point. IOSTY is an extended versionof
TM1, which includes degrees of freedom of nucleons and hy-
perons. This comparison shows that forr = 0 .2 and 0.3, large
!µ makes the chiral transition in neutron star crossover. In
IOSTY, hyperons are calculated to appear atµB # 1100 MeV,
then the transition to quark matter occurs before hyperons
appear. Since the Þrst order transition generally makes the
equation of state softer at around the transition density, the
crossover nature may help to keep the EOS stiff enough and
to support the heavy neutron stars [38].

We also compare the phase boundary atT = 0 with those
in ßavor SU(3) NJL model results of the neutron star mat-
ter [39]. Since constituent quark mass in Ref. [39] is differ-
ent from that of the present work, we show their results with
shiftedµB . We Þnd that NJL shows small!µ values around
the transition. This difference mainly comes from the isovec-
tor coupling with quarks and nucleons. In quark matter, we
have chosen the vector coupling in the range0 $ r $ 0.3.
In nuclear matter, isovector-vector coupling is chosen to re-
produce binding energies of neutron rich nuclei, and it corre-
sponds tor # 1.0 ! 1.2. Thus!µ is calculated to be larger in
nuclear matter.

IV. SUMMARY

We have investigated the QCD phase transition in isospin
asymmetric matter using the Polyakov loop extended quark
meson (PQM) model. SpeciÞcally, we have discussed isospin
chemical potential!µ and quark-vector meson coupling de-
pendence of the QCD phase boundaries. In PQM, we show
!µ reduces the temperature of the QCD critical point, and for
large!µ , the critical point is found to disappear. We also show
the Þnite quark-vector meson coupling shifts the chiral phase
boundary to higher baryon chemical potential and reduces the
temperature of the CP. This scenario is in agreement with the
one obtained within other chiral models [6, 39].

We have also discussed the order of the chiral phase transi-
tion in neutron stars from the comparison of the QCD phase
diagram in PQM and the" equilibrium line in RMF. In neu-
tron stars,!µ is large, then the temperature of the CP becomes
lower. Therefore the chiral phase transition may be crossover,
even if the transition in symmetric matter (!µ = 0 ) is the Þrst
order. In this study, however, we use (µB , !µ ) values on the
" equilibrium line in neutron star matter calculated with RMF
models which do not include the QCD phase transition effects.
In order to discuss the QCD phase transition in compact astro-
physical phenomena more precisely, we need the EOS which
includes both baryonic and quark degrees of freedom.

One may consider the reduction ofTCP shown in this paper
would contradict to the Þnite lepton-number chemical poten-
tial result [24], which suggests the insensitivity ofTCP as a
function of the lepton-number chemical potential. Their re-
sults correspond to the!µ range!µ ! 40MeV, while we Þnd
that the shift ofTCP is large in the range!µ " 50MeV. Thus
their results could be consistent with ours.

The phase diagram structure shown in this article is based
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Phase transitions



Lattice QCD
• Lattice QCD fails at nonzero net baryon density  (             )


• Two symmetries - two transitions  


• Chiral symmetry (mq = 0)


• Center symmetry (mq =     )

• Physical quark mass,


• Two crossover transitions 

µB != 0
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Fig. 3. A sketch of the nature of the QCD transition as functions of the two degenerate light (up
and down) quarks with masses, mu,d ! ml , and a heavier strange quark with mass, ms , at zero
baryon chemical potential.

known to be Þrst order.65,66 Recent lattice QCD studies67,68 with improved actions
suggest that the extent of this Þrst order region is quite small, i.e. limited to
ml = ms ! mphys

s / 270 wheremphys
s is the physical value of the strange quark mass.

An additional ingredient in the discussion of the order of the transition in the
chiral limit arises from the role of the axial anomaly. The nature of the chiral
transition for the masslessNf = 2 theory , i.e. for ml ! 0 and ms ! 1, depends
on the magnitude of the axial UA (1) symmetry breaking. If this remains signiÞcant
close to the transition temperature then the relevant symmetry becomes isomorphic
to that of the 3-d O(4) spin model and the transition is expected to be second order
belonging to that universality class.10,69 However, if UA (1) symmetry breaking
becomes negligible near the chiral transition temperature, the relevant symmetry
becomes isomorphic toO(2) ⇥ O(4) and the transition be either Þrst order10 or
second order.70,71 In the intermediate quark mass region there is no true phase
transition, rather a crossover takes place from the hadronic to the quark-gluon
plasma phase.

All the Þrst order regions are separated from the crossover region by lines of
second order phase transitions belonging to the 3-dZ (2) universality class. The
Þrst order region for the Nf = 2 + 1 case, the second orderZ (2) line separating
the Nf = 2 + 1 Þrst order and the crossover regions and the second orderO(4) line
for the Nf = 2 case are supposed to meet at a tri-critical point characterized by a
certain value of the strange quark mass,mtric

s . Although, it is well established that
in the real world, i.e. for the physical values of the quark masses, the transition
is a crossover,61,72 the location of the physical point with respect to mtric

s has not
been established and evenmtric

s ! 1 cannot be ruled out. More speciÞcally, it

H.-T. Ding et al., Int. J. Mod. Phys. E24, 1520007



Chiral and deconÞnement 
transitions at high T

• Chiral order parameter


• Physical quark mass


• Polyakov loop                                                                              
(order parameter for                )


• Very smooth transition                                                     
-difficult to determine  

ml /m s = 1 / 27
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FIG. 1: The renormalized Polyakov loop calculated with the HISQ and stout action. The HISQ results for Nτ = 6, 8 and 12 are
from Ref. [8]. The continuum stout data are from Ref. [14]. The filled diamonds correspond to the continuum extrapolation
for the HISQ action. The right panel shows the closeup of the Polyakov loop in the low temperature region.

β ms T [MeV] #TU

Nτ = 10

6.285 0.0790 117 2423

6.341 0.0740 123 7679

6.390 0.0694 129 4990

6.423 0.0670 133 3640

6.460 0.0642 138 4200

6.488 0.0620 142 3370

6.515 0.0604 146 4988

6.550 0.0582 151 4990

6.575 0.0564 155 4990

6.608 0.0542 160 4990

6.664 0.0514 168 5000

6.700 0.0496 174 4990

6.740 0.0476 181 4990

6.770 0.0460 186 4990

6.800 0.0448 192 5310

6.840 0.0430 199 4990

6.880 0.0412 207 4990

Nτ = 8

6.050 0.1064 116 3977

6.125 0.0966 125 3180

6.175 0.0906 131 3732

TABLE I: Simulation parameters for 403 ! 10 and 323 ! 8
lattices. The last column shows the accumulated statistics in
terms of molecular dynamics trajectories.

Polyakov loop changes very smoothly in the temperature
interval where the chiral condensates drops rapidly and it
is difficult to tell whether the transition in the renormal-
ized Polyakov loop and chiral condensates are connected.
Comparison with the hadron gas model described in the

-0.2
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FIG. 2: The temperature dependence of the renormalized
Polyakov loop compared to the temperature dependence of
the renormalized chiral condensates ∆R

l and ∆ls as well as
the strange quark condensate ∆R

s . The values of ∆R
l and ∆R

s

have been normalized by the corresponding zero temperature
values. ∆ls goes to one in the zero temperature limit by con-
struction. All results are continuum extrapolated.

next section, however, can provide further insight into
this issue. Finally, the strange quark condensate shows
a smooth behavior similar to that of L ren .

III. THE HADRON GAS MODEL

As discussed in section I, at very low temperature the
free energy of a static quark is largely determined by the
binding energy of the lowest static-light meson. In addi-
tion, there are contributions from static-strange mesons
and baryons with one static quark. Thus, following Ref.

Tpc
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DeconÞnement temperature
•                                                                                              

vanish for uncorrelated                                                                   
baryons


•  


• Deconfinement of                                                              
u, d, s quarks                                                       
simultaneous


• Nonzero baryon density?

2

are the dimensionless baryon and strangeness chemical
potentials. PHRG

|S|=1,M is the partial pressure of all |S| = 1

mesons and PHRG

|S|=i,B
are the partial pressures of all |S| = i

(i = 1, 2, 3) baryons , for µB = µS = 0. For simplicity, we
have set the electric charge chemical potential µ̂Q = 0.

To investigate the sDoF we will use the dimensionless
generalized susceptibilities of the conserved charges

�XY

mn
=

@(m+n)[p(µ̂X , µ̂Y )/T 4]

@µ̂m

X
@µ̂n

Y

����
~µ=0

, (2)

where X,Y = B,S,Q and ~µ = (µB , µS , µQ). We also use
the notations �XY

0n ⌘ �Y

n
and �XY

m0 ⌘ �X

m
.

Using the two strangeness fluctuations (�S

2 ,�
S

4 )
and the four baryon-strangeness correlations
(�BS

11 ,�BS

13 ,�BS

22 ,�BS

31 ) up to fourth order, we have
a set of six susceptibilities that can be used to construct
observables that project onto the four di↵erent partial
pressures in an uncorrelated hadrons gas introduced in
Eq. (1).

M(c1, c2) = �S

2 � �BS

22 + c1v1 + c2v2 , (3)

B1(c1, c2) =
1

2

�
�S

4 � �S

2 + 5�BS

13 + 7�BS

22

�

+ c1v1 + c2v2 , (4)

B2(c1, c2) = �
1

4

�
�S

4 � �S

2 + 4�BS

13 + 4�BS

22

�

+ c1v1 + c2v2 , (5)

B3(c1, c2) =
1

18

�
�S

4 � �S

2 + 3�BS

13 + 3�BS

22

�

+ c1v1 + c2v2 . (6)

The combination c1v1 + c2v2 spans a two dimensional
plane in the 6-dimensional space of susceptibilities on
which the partial pressure PHRG

S
vanishes identically

when the sDoF are described by a gas of uncorrelated
hadrons irrespective of their masses. The two additional
free parameters, c1 and c2, can thus be used to construct
observables that have an identical interpretation in the
uncorrelated hadron gas, but di↵er under other circum-
stances, for instance in a medium where the sDoF are
carried by quark-like quasi-particles. For v1 and v2 we
choose the following combinations

v1 = �BS

31 � �BS

11 , (7)

v2 =
1

3
(�S

2 � �S

4 )� 2�BS

13 � 4�BS

22 � 2�BS

31 . (8)

Since in a hadron gas the baryonic sDoF are associated
with |B| = 1, the baryon-strangeness correlations di↵er-
ing by even numbers of µB derivatives are identical, giv-
ing v1 = 0. v2 can be re-written as the di↵erence of two
operators [? ] each of which corresponds to the partial
pressure of all strange hadrons in an uncorrelated hadron
gas, leading to v2 = 0. Thus, for a classical uncorrelated
hadron gas such as the HRG modelM(c1, c2) ! PHRG

|S|=1,M

and Bi(c1, c2) ! PHRG

|S|=i,B
(i = 1, 2, 3), independent of

! 2
B-! 4

B

v1

v2
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FIG. 1. Two combinations, v1 and v2 [see Eqs. (7-8)], of
strangeness ßuctuations and baryon-strangeness correlations
that vanish identically if the sDoF are described by an un-
correlated gas of hadrons. Also shown is the di!erence of
quadratic and quartic baryon number ßuctuations, ! B

2 � ! B

4 .
This observable also vanishes identically when the baryon
number carrying degrees of freedom are described by an un-
correlated gas of strange as well as non-strange baryons.
The shaded region indicates the chiral crossover temperature
Tc = 154(9) MeV [13]. The lines at low and high temper-
atures indicate the two limiting scenarios when the dof are
described by an uncorrelated hadron gas and non-interacting
massless quark gas, respectively. The LQCD results for the
N⌧ = 6 and 8 lattices are shown by the open and Þlled sym-
bols respectively.

the values of c1 and c2. For asymptotically high temper-
atures, i.e. when the sDoF are non-interacting massless
quarks, these observables will generically attain di↵erent
values for di↵erent combinations of (c1, c2).

Strangeness near the chiral crossover.— Here we inves-
tigate to what extent sDoF are described by an uncor-
related hadron gas in the vicinity of the chiral crossover
temperature Tc = 154(9) MeV [13]. The LQCD results
for the susceptibilities were obtained for two di↵erent
lattice spacings (a) corresponding to temporal extents
N⌧ = 1/aT = 6 and 8 using O(a2) improved gauge
and Highly Improved Staggered Quark [14] discretiza-
tion schemes for (2 + 1) flavor QCD. The up and down
quark masses correspond to a Goldstone pion mass of 160
MeV and the strange quark mass is tuned to its physical
value. The susceptibilities were measured on 3000�8000
gauge field configurations, each separated by 10 molec-
ular dynamics trajectories, using 1500 Gaussian random
source vectors for each configuration. Further details of
the LQCD computations can be found in [5, 13]. Al-
though the LQCD results presented here are not obtained
in the limit of zero lattice spacing, the e↵ects of contin-
uum extrapolations are known to be quite small for our
particular lattice discretization scheme, especially in the
strangeness sector [5]. This will also be substantiated by
the very mild lattice spacing dependence of our results
going from the N⌧ = 6 to the N⌧ = 8 lattices. Thus we
expect that the continuum extrapolated results will not
alter the physical picture presented in this paper.

�B
2 � �B

4 , v1, v2
<latexit sha1_base64="M9p+kggN3t+cxJ9fFfw6T/V08qY="></latexit><latexit sha1_base64="pinwqT4yaTqBntfG86oIsltV+xo="></latexit><latexit sha1_base64="pinwqT4yaTqBntfG86oIsltV+xo="></latexit><latexit sha1_base64="pinwqT4yaTqBntfG86oIsltV+xo="></latexit><latexit sha1_base64="qLLDmYty7SoaeDAzuv+Bm4BgphU="></latexit>

T decon
pc ! Tchiral

pc
<latexit sha1_base64="3NGRgKJkIiR49hHDmcbeqpQ+TFg="></latexit><latexit sha1_base64="AViIPqT4OwxVby9ZPIYNfJcvLKw="></latexit><latexit sha1_base64="AViIPqT4OwxVby9ZPIYNfJcvLKw="></latexit><latexit sha1_base64="AViIPqT4OwxVby9ZPIYNfJcvLKw="></latexit><latexit sha1_base64="iX0tNqeOkf4MB8AyMYDosIDfJwE="></latexit>



Nonzero baryon density
• Lattice QCD fails (sign problem)


• 1, 2 or even 3 transitions at low T?


• We don’t know! May also change at nonzero isospin!


• Many other phases, e.g. inhomogeneous ones, proposed. 

Fig. 1. The Óphase diagramÓ of QCD presented as envisaged by Cabibbo and Parisi.

position, the order and the universal properties [22] of the QCD phase dia-
gram.

It has been argued recently that there may be an additional phase, the Quarky-
onic Phase, of dense QCD [23]1 . This phase was rigorously shown to exist in
the limit of a large number of colorsNc. In this limit, both the exponential of
the free energy of a heavy test quark added to the system

e! !F q =
1

Nc
!L" , (1)

and the baryon number density are order parameters [23]. The baryon number
is an order parameter since!NB " # e! ! (M B ! µB ) . Thus, for temperatures of
T # ! QCD and with MB # Nc the !NB " # e! "N c $ 0 at largeNc, as long as
the baryon number chemical potential is small compared to the baryon mass,
i.e. µ % MB . When µB & MB , then baryons begin to populate the system
and the baryon number density is non-zero. In Ref. [23], it was argued that
there are at least three phases in QCD at largeNc: the mesonic-phase which
is conÞned and has zero baryon number density, the de-conÞned phase which
has Þnite baryon number density, and the quarkyonic-phase whichhas Þnite
baryon number density and is conÞned. The role of the chiral phasetransition
was not established.

The reason for the existence of the quarkyonic world was becausefor any Þnite
value of chemical potential for quarks,µQ = µB /N c, quark loops do not a"ect
the conÞning potential. The de-conÞnement temperature is at some Tc and is
independent ofµQ. Therefore when baryons are added to the system, one can
compress the baryons to very high chemical potential compared to ! QCD , and
the baryonic matter remains conÞned. WhenµQ &

'
Nc! QCD , then the e"ects

of the quark loops are felt on the potential and there is de-conÞnement, but

1 Speculations about related phases of matter were made in early strong coupling
lattice studies of QCD at high baryon number density [24,25].
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Fig. 5. The phase diagram for Nc = 3 obtained in our model with the current quark
mass m = 5 MeV. The solid lines indicate a first order phase transition while the
dashed lines cross over transitions. The critical end point (CEP) is indicated by a
dot on the chiral phase boundary lines.

µ2 + 4ΦT 2 = M2
Q

[

ln(2Λ/MQ)−
1

2

]

, (34)

µ2 + 2T 2 =
Cπ2(N2

c − 1)

16NcNf
T 2
[

−b2(T ) + b4Φ
2 + b6Φ

4
]

Φ .

(35)

Thus, in the large Nc limit they are two gap equations which describe the
quark and gluon sectors without any interference. Eq. (34) coincides with
Eq. (27) and thus the chiral phase transition is indicated by a straight line
µchiral(T ) = µchiral(T = 0). This also dictates the order of phase transition for
any T . Eq. (35) determines the first-order deconfinement transition described
by Φ(T ) and thermodynamics now depends only on T .

Fig. 5 shows the model phase diagram for Nc = 3. The chiral and deconfine-
ment cross over lines are identified as a maximum of derivatives ∂M/∂T and
∂Φ/∂T , respectively. The chiral and deconfinement lines are almost on top in
a wide range of µ. Near the critical end point (CEP) the chiral and quarkyonic
transitions are strongly coupled and the CEP appears near the intersection
of those boundary lines. The chiral phase boundary is influenced the decon-
finement transition, and may weaken the chiral transition and result in the
appearance of a CEP.

The evolution of the phase boundaries with Nc is shown in Fig. 6. The chiral
transition lines move to larger µ and approach the vertical line. Correspond-
ingly, the CEP is also shifted to the right with Nc and eventually disappears
in the Nc → ∞ limit. The coincidence of the chiral and deconfinement transi-
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Hadronic matter
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• Many-body theory with hadronic degrees-of-freedom
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interactions
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FIG. 2. (Color online) Energy per particle versus density fo r all individual N 3LO 3N and 4N force contributions to neutron
matter at the Hartree-Fock level. The bands are obtained by v arying the 3N/4N cuto! " = 2 ! 2.5 fm! 1. For the two-pion-
exchangeÐcontact and the relativistic-corrections 3N forces, the di!erent bands correspond to the di!erent NN contac ts, CT

and CS , determined consistently for the N 3LO EM/EGM potentials. The inset diagram illustrates the 3N/ 4N force topology.

ity of the energy to the single-particle spectrum used.
We find that the energy changes from second to third
order, employing a free or Hartree-Fock spectrum, by
0.8, 0.4, 1.3MeV (1.4, 0.9, 2.7MeV) per particle at n0/2
(n0) for the EGM 450/500, 450/700, EM 500 N3LO po-
tentials, respectively. The results, which include all these
uncertainties, are displayed by the bands in Fig. 1. Un-
derstanding the cutoff dependence and developing im-
proved power counting schemes remain important open
problems in chiral EFT [21]. For the neutron matter en-
ergy at n0, our first complete N3LO calculation yields
14.1 ! 21.0MeV per particle. If we were to omit the
results based on the EM 500 N3LO potential, as it con-
verges slowest at n0, the range would be 14.1 ! 18.4MeV.

As we find relatively large contributions from N3LO
3N forces, it is important to study the EFT convergence
from N2LO to N3LO. This is shown in Fig. 3 for the
EGM potentials (N2LO is not available for EM), where
the N3LO results are found to overlap with the N2LO
band across a ± 1.5MeV range around 17MeV at satura-
tion density. As expected from the net-attractive N3LO
3N contributions in Fig. 2, the N3LO band yields lower
energies. For the N2LO band, we have estimated the the-
oretical uncertainties in the same way, and the neutron
matter energy ranges from 15.5 ! 21.4MeV per particle

at n0. The theoretical uncertainty is reduced from N2LO
to N3LO to 14.1 ! 18.4MeV, but not by a factor " 1/3
based on the power counting estimate. This reflects the

0 0.05 0.1 0.15

n [fm-3]

0

5

10

15

20

E/
N

 [M
eV

]

N2LO
N3LO (only EGM)

FIG. 3. (Color online) Neutron matter energy per particle as
a function of density at N 2LO (upper/blue band that extends
to the dashed line) and N3LO (lower/red band). The bands
are based on the EGM NN potentials and include uncertainty
estimates as in Fig. 1.
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Model dependence
• NN-interactions fit phase-                                                    
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threshold, 


•                   (neutron matter)
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Quark matter
• Perturbative QCD


• Valid at high densities (asymptotic freedom)
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Fig. 2. The µB = 0 pressure and the second order light quark number susceptibility as functions of temperature, both normalized
to their respective free theory values. The lattice data are from the Wuppertal-Budapest (left figure and WB in the right figure)
[27] and BNL-Bielefeld [28] collaborations, while the yellow perturbative band in the left figure and the two perturbative bands
of the right figure are from [29] and [30], respectively.

atic for lattice methods, namely very high temperatures,
T ≫ Tc, is by now quite well under control [15].

A different first principles method, with properties largely
complementary to lattice QCD, is again perturbation the-
ory, or more generally weak coupling expansions. Here, one
proceeds to expand the functional integral corresponding
to the partition function in a generalized power series in
the coupling constant g, relying on the fact that asymp-
totic freedom guarantees that this is a well-defined proce-
dure at least at sufficiently high energy densities. Just like
with lattice simulations, there is a long history of thermal
perturbation theory, dating all the way back to the late
1970’s [16,17]. At present, the EoS of the QGP is known
up to O(g6 ln g) at high temperatures and at most mod-
erate chemical potentials µB ≤ 10T [18,19,20] (see also
related work in Hard Thermal Loop perturbation theory
[21,22]) and to order g4 at T = 0, including non-zero
quark masses [23]. Between these limits, there exists a
three-loop (i.e. O(g4)) result, which, however, relies on a
rather heavy numerics and has only been worked out for
one special case, namely a system of three massless quarks
in beta equilibrium [24].

In the region of the QCD phase diagram, where lattice
QCD is applicable, a direct comparison of the predictions
of lattice simulations and perturbative calculations for the
EoS and quark number susceptibilities (QNSs) shows re-
markably good agreement from temperatures of order 3Tc

onwards. This is demonstrated in figure 2, where we dis-
play the µB = 0 pressure as well as the second order di-
agonal QNS as predicted by lattice QCD and resummed
perturbation theory. The resummation applied in the per-
turbative results of fig. 2 (with the exception of the HTLpt
band on the right) is motivated by the dimensionally re-
duced effective theory EQCD [25,26] that can be used
to express the contribution of the soft momentum scales
gT and g2T — respectively corresponding to the electro-
and magnetostatic screening masses — to the EoS. At the

same time, the prediction of the MIT bag model with a
commonly used bag constant B = 150MeV, displayed for
the pressure in fig. 2 (left), is seen to lead to a wildly
differing prediction that in particular approaches the free
theory limit in a rapid power-law fashion, in stark contrast
with the logarithmic approach of the perturbation theory
result.

An important feature of the weak coupling expansion
method is that the results come with a built-in error es-
timator, given by their dependence on the scale param-
eter λ̄ of the renormalization scheme in question (here
the so-called modified minimal subtraction scheme). This
parameter is an artifact of having had to truncate the
weak coupling series after a finite number of terms, and
its value is in principle completely arbitrary. As long as the
perturbative expansion converges (in an asymptotic series
sense), the dependence on this scale diminishes order by
order, and hence it makes sense to choose some reasonable
central value for it, corresponding to the dominant energy
scales in the system (such as 2πT at high temperature),
and gauge the uncertainty in the result by varying the pa-
rameter around this number. This is the leading source of
the perturbative error bands in fig. 2, and in particular
explains their widening at lower temperatures, where the
coupling constant of the theory grows rapidly.

2.2 Zero temperature limit

Proceeding next to the zero temperature limit, relevant
for neutron star physics, we no longer have the lattice
QCD results available for comparison. To add to the com-
plication, there is no longer any effective theory descrip-
tion available for the IR sector of the theory, and hence
no natural resummation scheme that would significantly
improve the convergence of the weak coupling expansion.
Fortunately, some technical simplifications do occur in the
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Fig. 3. The pressure ofT = 0 quark matter, again normalized by the non-interacting li mit. The perturbative band corresponds
to the state-of-the-art three-loop calculation of [23], in cluding a nonzero strange quark mass.

exact T = 0 limit, which allow one to efficiently use the
so-called cutting rules, discussed in some length in [23]. In
brief, it is possible to reduce the computation of a vacuum
(bubble) diagram at zero temperature and finite chemical
potential to a sum of three-dimensional numerical phase
space integrals over amplitudes that are all evaluated at
µ = 0. This presents a significant simplification to the cal-
culations owing to the fact that results for the µ = 0 am-
plitudes can be efficiently evaluated using Integration By
Parts (IBP) techniques, and are in addition abundantly
available in the literature (for more discussion and refer-
ences, see [23]).

The fact that the weak coupling expansion of the T = 0
pressure has only been computed to order g4 and no re-
summation has been carried out in it can be seen in fig. 3,
where we plot the state-of-the-art perturbative result of
[23] — computed with nonzero quark masses — and com-
pare it to the same simple model prediction as in fig. 2
(left). We observe that just like in the high-temperature
case, the perturbative band narrows down at high (en-
ergy) densities, but this time it is somewhat wider than
in fig. 2 (left). Nevertheless, we observe that the error
bar decreases rapidly enough for the perturbative result
to have significant predictive power once µB becomes of
order 2.5-3 GeV.

Recently, it has been shown in [31] that in beta equi-
librium, the pQCD pressure can be cast in the form of a
very simple pocket formula,

PQCD(µB, X) = PSB(µB)
(

c1 −
a(X)

(µB /GeV)−b(X)

)

, (1)

a(X) = d1X−ν1 , b(X) = d2X−ν2 , (2)

where X is a parameter proportional to the renormaliza-
tion scale of the theory (typically varied withinX ∈ [1, 4]),

and we have denoted the pressure of three massless non-
interacting quark flavors (at Nc = 3) by

PSB(µB) =
3

4π2
(µB/3)

4. (3)

The values of the constants c1, d1, d2, ν1, ν2 are fixed by
making sure that the pressure, quark number density and
speed of sound squared obtained from the fit agree with
the full results of [23], leading to

c1 = 0.9008 d1 = 0.5034 d2 = 1.452 (4)

ν1 = 0.3553 ν2 = 0.9101. (5)

For these values, one obtains a good fit whenever µB <
2GeV, P (µB) > 0, and X ∈ [1, 4]. Similar pocket for-
mulas can be equally well derived outside the limits of
beta equilibrium and charge neutrality, e.g. for fixed lep-
ton fraction.

The above pocket formula for the pressure allows for
the derivation of a simple analytic expression for the trace
anomaly ϵQCD − 3PQCD, where ϵ stands for the energy
density,

ϵQCD−3PQCD =
µB

GeV
PSB(µB)

a(X)

[(µB/GeV)− b(X)]2
. (6)

For the MIT bag model, the corresponding result would
be simply 4B, i.e. a constant. It is thus clear that a bag
model description completely misses important physics,
namely the degree of conformality violation in the system
that is measured by the trace anomaly.

2.3 Intermediate region and future prospects

Somewhat counterintuitively, the technically most com-
plicated region for thermal perturbation theory is that of

Laine & Schroeder, PRD 73, 085009 Kurkela et al., PRD 85, 105021
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Fig. 1. Known limits of the stellar EoS on a logarithmic scale. On the horizontal axis we have the quark chemical potential
(with an offset so that the variable acquires the value 0 for pressureless nuclear matter), and on the vertical axis the pressure.
The band in the region around the question mark corresponds to the interpolating polytropic EoS used in [5].

The structure of our article is as follows. First, in sec-
tion 2 we review the current status and prospects of pQCD
both at high temperatures and high densities, concentrat-
ing on the lessons to be learned from studies of high-T
Quark Gluon Plasma (QGP). Next, section 3 is devoted
to explaining the matching and interpolation procedure
of [5], while in section 4 we review the implications of
these studies on neutron star structure. Section 5 finally
contains concluding remarks as well as our view of where
future efforts in the field should be directed, if we want
to decrease the current uncertainty of the EoS of neutron
star matter.

2 Equilibrium thermodynamics of cold quark
matter

The thermodynamic properties of deconfined quark mat-
ter has been a topic of active research for decades. In the
regime of high temperatures, the motivation stems from
ultrarelativistic heavy ion physics and the early universe,
while at lower temperatures and high densities the pri-
mary motivator has been the desire to understand the
composition and properties of compact stars. While at
high temperatures the leading source of information is by
now unequivocally lattice QCD, at high densities its use is
prevented by the famous Sign Problem, leaving the prob-
lem to be tackled by a combination of phenomenological
models and perturbative approaches, as discussed above.

In this section, we review the current status of research
on the bulk thermodynamics of quark matter, and in par-
ticular explain the prospects and limitations of first princi-
ples weak coupling calculations as a means of determining

the EoS of cold and dense deconfined matter. Though his-
torically important for the development of the field, we
leave the topic of non-first-principles model calculations
aside in our presentation; for a classic review with plenty
of references to relevant papers, see [9]. The section is
structured such that we first review the status of pertur-
bation theory at high temperatures, paying attention to
the agreement of the results with lattice simulations. Af-
ter this, we take a look at the zero-temperature limit, and
finally discuss the interpolation of perturbative results be-
tween these limiting cases as well as briefly comment on
the prospects of future developments.

2.1 Lessons from high temperatures

As the only nonperturbative first principles tool available,
lattice QCD has established itself as the method of choice
for the evaluation of thermodynamic quantities whenever
numerical Monte-Carlo simulations are feasible. At van-
ishing baryon density, the efforts of several independent
groups have indeed led to pinning down both the EoS, the
(pseudo-)critical temperature of the deconfinement transi-
tion and various other quantities to a very good accuracy
(see e.g. [10,11,12] for recent results), and by now there is
impressive agreement on all relevant observables. Proceed-
ing away from the µB = 0 axis, the complex-valuedness
of the lattice action, however, complicates things signifi-
cantly, and it is only for rather small values of µB/T that
methods such as Taylor expanding physical observables
around µB = 0 [13] or statistical reweighting [14] allow
one to accurately estimate their behavior. At the same
time, a different limit that has historically been problem-

Fraga et al., Eur. Phys. J. A52, 49
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The structure of our article is as follows. First, in sec-
tion 2 we review the current status and prospects of pQCD
both at high temperatures and high densities, concentrat-
ing on the lessons to be learned from studies of high-T
Quark Gluon Plasma (QGP). Next, section 3 is devoted
to explaining the matching and interpolation procedure
of [5], while in section 4 we review the implications of
these studies on neutron star structure. Section 5 finally
contains concluding remarks as well as our view of where
future efforts in the field should be directed, if we want
to decrease the current uncertainty of the EoS of neutron
star matter.

2 Equilibrium thermodynamics of cold quark
matter

The thermodynamic properties of deconfined quark mat-
ter has been a topic of active research for decades. In the
regime of high temperatures, the motivation stems from
ultrarelativistic heavy ion physics and the early universe,
while at lower temperatures and high densities the pri-
mary motivator has been the desire to understand the
composition and properties of compact stars. While at
high temperatures the leading source of information is by
now unequivocally lattice QCD, at high densities its use is
prevented by the famous Sign Problem, leaving the prob-
lem to be tackled by a combination of phenomenological
models and perturbative approaches, as discussed above.

In this section, we review the current status of research
on the bulk thermodynamics of quark matter, and in par-
ticular explain the prospects and limitations of first princi-
ples weak coupling calculations as a means of determining

the EoS of cold and dense deconfined matter. Though his-
torically important for the development of the field, we
leave the topic of non-first-principles model calculations
aside in our presentation; for a classic review with plenty
of references to relevant papers, see [9]. The section is
structured such that we first review the status of pertur-
bation theory at high temperatures, paying attention to
the agreement of the results with lattice simulations. Af-
ter this, we take a look at the zero-temperature limit, and
finally discuss the interpolation of perturbative results be-
tween these limiting cases as well as briefly comment on
the prospects of future developments.

2.1 Lessons from high temperatures

As the only nonperturbative first principles tool available,
lattice QCD has established itself as the method of choice
for the evaluation of thermodynamic quantities whenever
numerical Monte-Carlo simulations are feasible. At van-
ishing baryon density, the efforts of several independent
groups have indeed led to pinning down both the EoS, the
(pseudo-)critical temperature of the deconfinement transi-
tion and various other quantities to a very good accuracy
(see e.g. [10,11,12] for recent results), and by now there is
impressive agreement on all relevant observables. Proceed-
ing away from the µB = 0 axis, the complex-valuedness
of the lattice action, however, complicates things signifi-
cantly, and it is only for rather small values of µB/T that
methods such as Taylor expanding physical observables
around µB = 0 [13] or statistical reweighting [14] allow
one to accurately estimate their behavior. At the same
time, a different limit that has historically been problem-
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Fig. 6. The equation of state p = p(ϵ), obtained from different interpolation and extrapolation schemes. The green, turquoise
and blue bands correspond to our result, while the light blue ‘HLPS’ band stands for the result of [35].

sition. Indeed, assuming a Þrst order transition can be seen
to not lead to new solutions outside of the envelope shown
in Þg. 5.

The e!ect of the constraint at high density is perhaps
most clearly seen by comparing the interpolated EoS to
an extrapolation not taking into account the pQCD con-
straint. This is shown in Þg. 6, where the cyan and blue
bands (including the area of the green band) correspond
to the interpolation with two and three monotropes, re-
spectively. The band denoted HLPS is the extrapolation of
Hebeler et al. [35], who in addition required that the EoS
is able to support a 2M sol star and imposed additionalad
hoc constraints on the ! i Õs (1< ! 1 < 4.5, 0.5 < ! 2 < 8.5).
The additional constraints on the ! i Õs imposed by Hebeler
et al. are roughly compatible with the constraints deter-
mined from pQCD (2.23 < ! 1 < 9.2, 1.0 < ! 2 < 1.5),
though the pQCD constraint additionally excludes EoSs
that are too soft at small densities, so that! 1 > 2.23. The
pQCD constraint can thus be viewed as providing an a
posteriori justiÞcation for the choices made in [35].

Finally, imposing the additional condition on our EoSs
that the they must be able to support a 2M sol star leads
to the green band of Þg. 6. Summarizing our Þnding here,
using the constraints at low and at high densities, the EoS
is known within ± 30% at all densities, irrespective of the
amount of quark matter that is present in the cores of neu-
tron stars or whether there is a physical phase transition
between the quark matter and nuclear matter phases.

4 Implications on neutron star properties

In addition to severely constraining the EoS of cold strongly
interacting matter, the calculations explained above have
implications on the macroscopic properties of neutron stars.
Besides the mass-radius relation, one can investigate the

internal structure of stars in terms of their energy density
distribution, the e!ects of allowing for a Þrst order tran-
sition to quark matter, as well as the dependence of the
amount of quark matter inside a star on the latent heat
of the transition.

Fig. 7 (left) exhibits two clouds of M ! R curves cor-
responding to all of our generated EoSs. The maximal
masses of the stars are seen to fall inside the interval
M max " [1.4, 2.5]M⊙, while their radii lie in the range
R " [8, 14] km. At the same time, the maximal chemi-
cal potentials encountered at the center of the star satisfy
µcenter " [1.33, 1.84] GeV, corresponding to maximal cen-
tral densities of n " [3.7, 14.3]n0. This falls right in the
middle of the interval between the nucleonic and pQCD
regions, where the EoS is equally constrained by its low
and high density limits.

As discussed previously, the stellar matter EoS can be
further constrained by demanding that it is able to sup-
port the observed two solar mass stars. This requirement
produces the dark green area in the Þgure, correspond-
ing to the band of the same color in Þg. 6. For these
EoSs, the maximal chemical potentials are bound from
above by µcenter < 1.77 GeV, and the central densities by
n < 8.0n0. From Þg. 7, one can in addition read that for
1.4M⊙ neutron stars, our allowed radii range between 11
and 14.5 km, while for 2M⊙ pulsars, R " [10, 15] km. It
is also worth noting that within the bitrope approach, we
Þnd no conÞgurations with masses above 2.5M⊙.

In Þg. 7 (right), we add the e!ects from tritropic cor-
rections and the presence of a possible Þrst-order phase
transition in the EoS for comparison. Both e!ects are seen
to introduce only minor corrections to the earlier results.
For a more complete analysis of the case of a Þrst-order
phase transition, we refer the reader to [36], where the au-
thors also invvestigate the case of twin star conÞgurations,
which we have completely omitted in our study.

3

FIG. 2: The ! values for stars with M = 1 .4M ! as functions
of the corresponding radius. The color coding follows Fig. 1,
while the orange line ! = 2 .88 ! 10" 6(R/ km) 7.5 has been
included just to guide the eye.

with M = 1.4M ! . To a rather good accuracy, all tidal
deformabilities are observed to follow the empirical func-
tion ⇤(R) = 2.88 ! 10" 6(R/ km)7.5, shown as the orange
dashed line in this figure.

Due to the correlation between R and ⇤, the
LIGO/Virgo measurement leads to a strong constraint on
the possible radii of NSs: the 90% limit of ⇤(1.4M ! ) <
800 [10] directly translates into an upper limit of
R(1.4M ! ) < 13.6 km. Should this bound be tightened to
⇤(1.4M ! ) < 400 in the future (as roughly suggested by
the 50% contours of Fig. 5 of [10]), the constraint would
further tighten to R(1.4M ! ) < 12.5 km.

We note that this maximal-radius constraint is unaf-
fected by the proposed limit of Mmax < 2.16M ! [25–27],
stemming from the resulting kilonova observations asso-
ciated with the GW170817 event [10, 28–35]. This is
because, for a given radius, there are many EoSs whose
maximal mass is smaller than that of the EoS with the
highest maximal mass.

While the LIGO/Virgo limit on ⇤ favors soft EoSs,
the 2M ! constraint favors hard EoSs, thus setting a re-
strictive bound for the quantity. For those EoSs that do
support a 2M ! star, the tidal deformabilities are found to
take values in the range ⇤(1.4M ! ) " [120, 1504], imply-
ing that values smaller than 120 can be firmly ruled out.
A further investigation shows that the minimal allowed
values of ⇤ depend strongly on the low-density EoS: those
interpolated EoSs that are built with a soft hadronic com-
ponent correspond to ⇤ " [120, 1353], while those with
a hard low-density part correspond to ⇤ " [161, 1504].
Similarly, the 2M ! constraint is seen to lead to a strin-
gent limit for the radius of a 1.4M ! star (see Fig. 1),
R(1.4M ! ) > 9.9 km. We further note that this bound
is una↵ected by the conclusions of [13], which constrain
the minimum radius of a NS given the existence of the
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FIG. 3: Our ensemble of EoSs shown in the form of ! vs. p.
The color coding follows that of the previous Þgures, with the
addition of a blue region indicating the nuclear EoSs and an
orange region indicating the pQCD EoS. The black dashed
lines indicate where the upper and lower edges become trun-
cated with a further restriction of M max < 2.16M ! (see [25Ð
27]). Inset: the same function constructed with tritropic in-
terpolating functions only.

kilonova associated with GW170817.

B. Constraints on the Equation of State

In addition to the macroscopic observables discussed
above, we also study the e↵ects of the astrophysical con-
straints on the EoS itself. This is done in Fig. 3, where we
display our family of EoSs in the energy density vs. pres-
sure plane. Here, we see how the 2M ! constraint ex-
cludes EoSs that are soft at low densities, while the ⇤
constraint excludes EoSs that are more sti↵ at low densi-
ties. This is of course natural, considering that the latter
EoSs are the ones that produce stars with large radii
and thereby also large ⇤. Also in this figure, we dis-
play black dashed lines to indicate where the upper and
lower edges become truncated with a further restriction
of Mmax < 2.16M ! , a bound proposed in [25–27] stem-
ming from the resulting kilonova observations associated
with GW170817.
The EoS bounds can be quantified by inspecting the

e↵ects of the astrophysical observations on the EoS pa-
rameters. The parameter that is physically the most
meaningful is clearly ! 1, whose allowed values we show
for the tritropic and quadrutropic EoSs in Table I. Re-
stricting ourselves here to those EoSs where the first
polytropic interval extends to a density n # 1.5ns, so
that it is of non-negligible size, the range of ! 1 becomes
0.05 < ! 1 < 8.5. Imposing the 2M ! condition further
leads to the lower limit increasing to ! 1 > 0.6, while the
constraint ⇤(1.4M ! ) < 800 reduces the upper limit to

Fraga et al. Eur. Phys. J. A52, 49 
with mass constraint only

Annala et al., PRL 120, 172703

with M and     constraints  !

<latexit sha1_base64="kpSlKU4hzdngN6FcrpnQSPOwp64="></latexit><latexit sha1_base64="fSwmyxl8Bpzb2G8qG5aKB8ATZCk="></latexit><latexit sha1_base64="fSwmyxl8Bpzb2G8qG5aKB8ATZCk="></latexit><latexit sha1_base64="fSwmyxl8Bpzb2G8qG5aKB8ATZCk="></latexit><latexit sha1_base64="xSOX78ngmgojz/A9DOYje2QKTr4="></latexit>

3 and 4 polytropes

3 polytropes



With astrophysical constraintsEduardo S. Fraga et al.: Neutron star structure from QCD 7

100 1000 10000

Energy density [MeV/fm
3
]

1

10

100

1000

10000

P
re

ss
ur

e 
 [M

eV
/fm

3 ]

pQCD

2-tropes w/o
mass constraint

2-tropes with
mass constraint

Neutron matter

HLPS

3-tropes w/o
mass constraint

Fig. 6. The equation of state p = p(ϵ), obtained from different interpolation and extrapolation schemes. The green, turquoise
and blue bands correspond to our result, while the light blue ‘HLPS’ band stands for the result of [35].

sition. Indeed, assuming a Þrst order transition can be seen
to not lead to new solutions outside of the envelope shown
in Þg. 5.

The e!ect of the constraint at high density is perhaps
most clearly seen by comparing the interpolated EoS to
an extrapolation not taking into account the pQCD con-
straint. This is shown in Þg. 6, where the cyan and blue
bands (including the area of the green band) correspond
to the interpolation with two and three monotropes, re-
spectively. The band denoted HLPS is the extrapolation of
Hebeler et al. [35], who in addition required that the EoS
is able to support a 2M sol star and imposed additionalad
hoc constraints on the ! i Õs (1< ! 1 < 4.5, 0.5 < ! 2 < 8.5).
The additional constraints on the ! i Õs imposed by Hebeler
et al. are roughly compatible with the constraints deter-
mined from pQCD (2.23 < ! 1 < 9.2, 1.0 < ! 2 < 1.5),
though the pQCD constraint additionally excludes EoSs
that are too soft at small densities, so that! 1 > 2.23. The
pQCD constraint can thus be viewed as providing an a
posteriori justiÞcation for the choices made in [35].

Finally, imposing the additional condition on our EoSs
that the they must be able to support a 2M sol star leads
to the green band of Þg. 6. Summarizing our Þnding here,
using the constraints at low and at high densities, the EoS
is known within ± 30% at all densities, irrespective of the
amount of quark matter that is present in the cores of neu-
tron stars or whether there is a physical phase transition
between the quark matter and nuclear matter phases.

4 Implications on neutron star properties

In addition to severely constraining the EoS of cold strongly
interacting matter, the calculations explained above have
implications on the macroscopic properties of neutron stars.
Besides the mass-radius relation, one can investigate the

internal structure of stars in terms of their energy density
distribution, the e!ects of allowing for a Þrst order tran-
sition to quark matter, as well as the dependence of the
amount of quark matter inside a star on the latent heat
of the transition.

Fig. 7 (left) exhibits two clouds of M ! R curves cor-
responding to all of our generated EoSs. The maximal
masses of the stars are seen to fall inside the interval
M max " [1.4, 2.5]M⊙, while their radii lie in the range
R " [8, 14] km. At the same time, the maximal chemi-
cal potentials encountered at the center of the star satisfy
µcenter " [1.33, 1.84] GeV, corresponding to maximal cen-
tral densities of n " [3.7, 14.3]n0. This falls right in the
middle of the interval between the nucleonic and pQCD
regions, where the EoS is equally constrained by its low
and high density limits.

As discussed previously, the stellar matter EoS can be
further constrained by demanding that it is able to sup-
port the observed two solar mass stars. This requirement
produces the dark green area in the Þgure, correspond-
ing to the band of the same color in Þg. 6. For these
EoSs, the maximal chemical potentials are bound from
above by µcenter < 1.77 GeV, and the central densities by
n < 8.0n0. From Þg. 7, one can in addition read that for
1.4M⊙ neutron stars, our allowed radii range between 11
and 14.5 km, while for 2M⊙ pulsars, R " [10, 15] km. It
is also worth noting that within the bitrope approach, we
Þnd no conÞgurations with masses above 2.5M⊙.

In Þg. 7 (right), we add the e!ects from tritropic cor-
rections and the presence of a possible Þrst-order phase
transition in the EoS for comparison. Both e!ects are seen
to introduce only minor corrections to the earlier results.
For a more complete analysis of the case of a Þrst-order
phase transition, we refer the reader to [36], where the au-
thors also invvestigate the case of twin star conÞgurations,
which we have completely omitted in our study.
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FIG. 2: The ! values for stars with M = 1 .4M ! as functions
of the corresponding radius. The color coding follows Fig. 1,
while the orange line ! = 2 .88 ! 10" 6(R/ km) 7.5 has been
included just to guide the eye.

with M = 1.4M ! . To a rather good accuracy, all tidal
deformabilities are observed to follow the empirical func-
tion ⇤(R) = 2.88 ! 10" 6(R/ km)7.5, shown as the orange
dashed line in this figure.

Due to the correlation between R and ⇤, the
LIGO/Virgo measurement leads to a strong constraint on
the possible radii of NSs: the 90% limit of ⇤(1.4M ! ) <
800 [10] directly translates into an upper limit of
R(1.4M ! ) < 13.6 km. Should this bound be tightened to
⇤(1.4M ! ) < 400 in the future (as roughly suggested by
the 50% contours of Fig. 5 of [10]), the constraint would
further tighten to R(1.4M ! ) < 12.5 km.

We note that this maximal-radius constraint is unaf-
fected by the proposed limit of Mmax < 2.16M ! [25–27],
stemming from the resulting kilonova observations asso-
ciated with the GW170817 event [10, 28–35]. This is
because, for a given radius, there are many EoSs whose
maximal mass is smaller than that of the EoS with the
highest maximal mass.

While the LIGO/Virgo limit on ⇤ favors soft EoSs,
the 2M ! constraint favors hard EoSs, thus setting a re-
strictive bound for the quantity. For those EoSs that do
support a 2M ! star, the tidal deformabilities are found to
take values in the range ⇤(1.4M ! ) " [120, 1504], imply-
ing that values smaller than 120 can be firmly ruled out.
A further investigation shows that the minimal allowed
values of ⇤ depend strongly on the low-density EoS: those
interpolated EoSs that are built with a soft hadronic com-
ponent correspond to ⇤ " [120, 1353], while those with
a hard low-density part correspond to ⇤ " [161, 1504].
Similarly, the 2M ! constraint is seen to lead to a strin-
gent limit for the radius of a 1.4M ! star (see Fig. 1),
R(1.4M ! ) > 9.9 km. We further note that this bound
is una↵ected by the conclusions of [13], which constrain
the minimum radius of a NS given the existence of the
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FIG. 3: Our ensemble of EoSs shown in the form of ! vs. p.
The color coding follows that of the previous Þgures, with the
addition of a blue region indicating the nuclear EoSs and an
orange region indicating the pQCD EoS. The black dashed
lines indicate where the upper and lower edges become trun-
cated with a further restriction of M max < 2.16M ! (see [25Ð
27]). Inset: the same function constructed with tritropic in-
terpolating functions only.

kilonova associated with GW170817.

B. Constraints on the Equation of State

In addition to the macroscopic observables discussed
above, we also study the e↵ects of the astrophysical con-
straints on the EoS itself. This is done in Fig. 3, where we
display our family of EoSs in the energy density vs. pres-
sure plane. Here, we see how the 2M ! constraint ex-
cludes EoSs that are soft at low densities, while the ⇤
constraint excludes EoSs that are more sti↵ at low densi-
ties. This is of course natural, considering that the latter
EoSs are the ones that produce stars with large radii
and thereby also large ⇤. Also in this figure, we dis-
play black dashed lines to indicate where the upper and
lower edges become truncated with a further restriction
of Mmax < 2.16M ! , a bound proposed in [25–27] stem-
ming from the resulting kilonova observations associated
with GW170817.
The EoS bounds can be quantified by inspecting the

e↵ects of the astrophysical observations on the EoS pa-
rameters. The parameter that is physically the most
meaningful is clearly ! 1, whose allowed values we show
for the tritropic and quadrutropic EoSs in Table I. Re-
stricting ourselves here to those EoSs where the first
polytropic interval extends to a density n # 1.5ns, so
that it is of non-negligible size, the range of ! 1 becomes
0.05 < ! 1 < 8.5. Imposing the 2M ! condition further
leads to the lower limit increasing to ! 1 > 0.6, while the
constraint ⇤(1.4M ! ) < 800 reduces the upper limit to
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FIG. 2: The ! values for stars with M = 1 .4M ! as functions
of the corresponding radius. The color coding follows Fig. 1,
while the orange line ! = 2 .88 ! 10" 6(R/ km) 7.5 has been
included just to guide the eye.

with M = 1.4M ! . To a rather good accuracy, all tidal
deformabilities are observed to follow the empirical func-
tion ⇤(R) = 2.88 ! 10" 6(R/ km)7.5, shown as the orange
dashed line in this figure.

Due to the correlation between R and ⇤, the
LIGO/Virgo measurement leads to a strong constraint on
the possible radii of NSs: the 90% limit of ⇤(1.4M ! ) <
800 [10] directly translates into an upper limit of
R(1.4M ! ) < 13.6 km. Should this bound be tightened to
⇤(1.4M ! ) < 400 in the future (as roughly suggested by
the 50% contours of Fig. 5 of [10]), the constraint would
further tighten to R(1.4M ! ) < 12.5 km.

We note that this maximal-radius constraint is unaf-
fected by the proposed limit of Mmax < 2.16M ! [25–27],
stemming from the resulting kilonova observations asso-
ciated with the GW170817 event [10, 28–35]. This is
because, for a given radius, there are many EoSs whose
maximal mass is smaller than that of the EoS with the
highest maximal mass.

While the LIGO/Virgo limit on ⇤ favors soft EoSs,
the 2M ! constraint favors hard EoSs, thus setting a re-
strictive bound for the quantity. For those EoSs that do
support a 2M ! star, the tidal deformabilities are found to
take values in the range ⇤(1.4M ! ) " [120, 1504], imply-
ing that values smaller than 120 can be firmly ruled out.
A further investigation shows that the minimal allowed
values of ⇤ depend strongly on the low-density EoS: those
interpolated EoSs that are built with a soft hadronic com-
ponent correspond to ⇤ " [120, 1353], while those with
a hard low-density part correspond to ⇤ " [161, 1504].
Similarly, the 2M ! constraint is seen to lead to a strin-
gent limit for the radius of a 1.4M ! star (see Fig. 1),
R(1.4M ! ) > 9.9 km. We further note that this bound
is una↵ected by the conclusions of [13], which constrain
the minimum radius of a NS given the existence of the
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FIG. 3: Our ensemble of EoSs shown in the form of ! vs. p.
The color coding follows that of the previous Þgures, with the
addition of a blue region indicating the nuclear EoSs and an
orange region indicating the pQCD EoS. The black dashed
lines indicate where the upper and lower edges become trun-
cated with a further restriction of M max < 2.16M ! (see [25Ð
27]). Inset: the same function constructed with tritropic in-
terpolating functions only.

kilonova associated with GW170817.

B. Constraints on the Equation of State

In addition to the macroscopic observables discussed
above, we also study the e↵ects of the astrophysical con-
straints on the EoS itself. This is done in Fig. 3, where we
display our family of EoSs in the energy density vs. pres-
sure plane. Here, we see how the 2M ! constraint ex-
cludes EoSs that are soft at low densities, while the ⇤
constraint excludes EoSs that are more sti↵ at low densi-
ties. This is of course natural, considering that the latter
EoSs are the ones that produce stars with large radii
and thereby also large ⇤. Also in this figure, we dis-
play black dashed lines to indicate where the upper and
lower edges become truncated with a further restriction
of Mmax < 2.16M ! , a bound proposed in [25–27] stem-
ming from the resulting kilonova observations associated
with GW170817.
The EoS bounds can be quantified by inspecting the

e↵ects of the astrophysical observations on the EoS pa-
rameters. The parameter that is physically the most
meaningful is clearly ! 1, whose allowed values we show
for the tritropic and quadrutropic EoSs in Table I. Re-
stricting ourselves here to those EoSs where the first
polytropic interval extends to a density n # 1.5ns, so
that it is of non-negligible size, the range of ! 1 becomes
0.05 < ! 1 < 8.5. Imposing the 2M ! condition further
leads to the lower limit increasing to ! 1 > 0.6, while the
constraint ⇤(1.4M ! ) < 800 reduces the upper limit to
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Next, determine tidal 
deformabilities from each 
EoS and compare to LIGO 
results for 1.4𝑀⊙stars:
• Λ(1.4𝑀⊙) < 800 at 90%
• Λ(1.4𝑀⊙) < 400 at 50% 



EOS from nuclear 
collisions



EOS from nuclear collisions
• Cover gap in density


• Extrapolate in “temperature”                                                  
and isospin


• H-I collisions do not                                                    
produce cold matter


• Isospin close to valley                                                           
of stability (or smaller) 


• Closer to conditions in                                                              
supernovae, NS mergers  


• No controlled theory available,                                              
need models!

Fig. 1. Time evolution of the central baryon density in head-on Au+Au collisions for

beam energies 2 GeV ≤ Elab/A ≤ 50 GeV. The solid lines correspond to all baryons while

the dashed lines are for the participants only.
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Explore EOS in transport models

• Pioneering work                                                                                   
Danielewicz et al., Science 298, 159 


• Analyzed collective flow                                                        
for a family of simple EOS’


• Extrapolation to neutron                                                        
matter uncertain due to                                                        
poorly known symmetry                                                       
term L at the time (2002)


• Recent data provide more                                                        
stringent constraints at lowish                                                        
densities (talk by Yvonne Leifels)                                                             

er deflections.) The open and solid points in
Fig. 2 show measured values for the directed
transverse flow in collisions of197Au projec-
tile and target nuclei at incident kinetic ener-
giesEbeam/A, ranging from about 0.15 to 10
GeV per nucleon (29.6 to 1970 GeV total
beam kinetic energies) and at impact param-
eters ofb ! 5 to 7 fm (5 " 10# 13 to 7 "
10# 13 cm) (13Ð16). The scale at the top of
this figure provides theoretical estimates for
the maximum densities achieved at selected
incident energies. The maximum density in-
creases with incident energy; the flow data
are most strongly influenced by pressures
corresponding to densities that are somewhat
less than these maximum values.

The data in Fig. 2 display a broad maxi-
mum centered at an incident energy of about
2 GeV per nucleon. The short dashed curve
labeledÒcascadeÓshows results for the trans-
verse flow predicted by Eq. 1, in which the
mean field is neglected. The disagreement of
this curve with the data shows that a repulsive
mean field at high density is needed to repro-
duce these experimental results. The other
curves correspond to predictions using Eq. 1
and mean field potentials of the form

U ! $a%" b%&)/[1' (0.4%/%0)&Ð1] ' ( Up

(5)

Here, the constantsa, b, and& are chosen to
reproduce the binding energy and the satura-
tion density of normal nuclear matter while
providing different dependencies on density
at much higher density values, and( Up de-
scribes the momentum dependence of the
mean field potential (28, 33, 34) (see SOM
text). These curves are labeled by the curva-

ture K ¤ 9 dp/d%)s/%of each EOS about the
saturation density%0. Calculations with larger
values ofK, for the mean fields above, gen-
erate larger transverse flows, because those
mean fields generate higher pressures at high
density. The precise values for the pressure at
high density depend on the exact form chosen
for U. To illustrate the dependence of pres-
sure on K for these EOSs, we show the
pressure for zero temperature symmetric
matter predicted by the EOSs withK ! 210
and 300 MeV in Fig. 3. The EOS withK !
300 MeV generates about 60% more pres-
sure than the one withK ! 210 MeV at
densities of 2 to 5%0 (Fig. 3).

Complementary information can be ob-
tained from the elliptic flow or azimuthal
anisotropy (in-plane versus out-of-plane
emission) for protons (24, 25, 36). This is
quantified by measuring the average value
* cos2+, , where+ is the azimuthal angle of
the proton momentum relative to thex axis
defined in Fig. 1. (Here, tan+ ! py/px , where
px and py are the in-plane and out-of-plane
components of the momentum perpendicular
to the beam.) Experimental determinations of
* cos2+, include particles that, in the cen-
ter-of-mass frame, have small values for the
rapidity y and move mainly in directions
perpendicular to the beam axis. Negative val-
ues for* cos2+, indicate that more protons
are emitted out of plane (+ - 90¡or + -
270¡) than in plane (+ - 0¡or + - 180¡), and
positive values for* cos2+, indicate the
reverse situation.

Experimental values for* cos2+, for in-
cident kinetic energiesEbeam/A ranging from
0.4 to 10 GeV per nucleon (78.8 to 1970 GeV
total beam kinetic energies) and impact pa-
rameters ofb ! 5 to 7 fm (5 x 10# 13 to 7 "
10# 13 cm) (17Ð19) are shown in Fig. 4. Neg-
ative values for* cos2+, , reflecting a pref-
erential out-of-plane emission, are observed
at energies below 4 GeV/A, indicating that
the compressed region expands while the

spectator matter is present and blocks the
in-plane emission. Positive values for
* cos2+, , reflecting a preferential in-plane
emission, are observed at higher incident en-
ergies, indicating that the expansion occurs
after the spectator matter has passed the com-
pressed zone. The curves in Fig. 4 indicate
predictions for several different EOSs. Cal-
culations without a mean field, labeledÒcas-
cade,Óprovide the most positive values for
* cos2+, . More repulsive, higher-pressure
EOSs with larger values ofK provide more
negative values for* cos2+, at incident en-
ergies below 5 GeV per nucleon, reflecting a
faster expansion and more blocking by the
spectator matter while it is present.

Transverse and elliptic flows are also in-
fluenced by the momentum dependencies
( Up of the nuclear mean fields and the scat-
tering by the residual interaction within the
collision term I indicated in Eq. 1. Experi-
mental observables such as the values for
* cos2+, measured for peripheral collisions,
where matter is compressed only weakly and
is far from equilibrated (28), now provide
significant constraints on the momentum de-
pendence of the mean fields (21, 28). This is
discussed further in the SOM (see SOM text).
The available data (30) constrain the mean-
field momentum dependence up to a density
of about 2 %0. For the calculated results
shown in Figs. 2 to 4, we use the momentum
dependence characterized by an effective
massm* ! 0.7 mN, where mN is the free
nucleon mass, and we extrapolate this depen-
dence to still higher densities. We also make
density-dependent in-medium modifications
to the free nucleon cross-sections following
Danielewicz (28, 32) and constrain these

Fig. 2. Transverse flow results. The solid and
open points show experimental values for the
transverse flow as a function of the incident
energy per nucleon. The labels “Plastic Ball,”
“EOS,” “E877,” and “E895” denote data taken
from Gustafsson et al. (13 ), Partlan et al. (14 ),
Barrette et al. (15 ), and Liu et al. (16 ), respec-
tively. The various lines are the transport the-
ory predictions for the transverse flow dis-
cussed in the text.%max is the typical maximum
density achieved in simulations at the respec-
tive energy.

Fig. 3. Zero-temperature EOS for symmetric
nuclear matter. The shaded region corresponds
to the region of pressures consistent with the
experimental flow data. The various curves and
lines show predictions for different symmetric
matter EOSs discussed in the text.

Fig. 4. Elliptical flow results. The solid and open
points show experimental values for the ellip-
tical flow as a function of the incident energy
per nucleon. The labels “Plastic Ball,” “EOS,”
“E895,” and “E877” denote the data of Gutbrod
et al. (17 ), Pinkenburg et al. (18 ), Pinkenburg et
al. (18 ), and Braun-Munzinger and Stachel (19 ),
respectively. The various lines are the transport
theory predictions for the elliptical flow dis-
cussed in the text.
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modifications using observables sensitive to
stopping in collisions, such as the longitudi-
nal momentum distributions (pz distributions)
of reaction products.
Sensitivity to the pressure and to the

symmetric matter EOS. The elliptic and
transverse flow observables are sensitive to
the mean field and to the EOS at central
densities of 2 to 5 !0 (Figs. 2 and 4). We
compared the two observables to the calcula-
tions and did not find a unique formulation of
the EOS that reproduces all of the data. At
incident energies of 2 to 6 GeV/A, for exam-
ple, the transverse flow data lie near or some-
what below (to the low-pressure side of ) the
K " 210 MeV calculations, whereas the el-
liptic flow data lie closer to the K " 300 MeV
calculations. Some discrepancies are also ob-
served between the two sets of experimental
transverse data at incident energies of 0.25 to
0.8 GeV/A. Although it is not possible to
fully resolve the inconsistencies between the-
ory and experiment at the present time, one
can still use these data to provide constraints
on the EOS. For example, calculations with-
out a mean field (cascade) or with a weakly
repulsive mean field (K " 167 MeV) provide
too little pressure to reproduce either flow
observable at higher incident energies (and
correspondingly higher densities). The calcu-
lations with K " 167 MeV and K " 380 MeV
provide lower and upper bounds on the pres-
sure in the density range 2 ! !/!0 ! 5. These
comparisons also suggest that the upper
bound must lie lower than the pressures cor-
responding to the K " 380 MeV curve at
most densities and that a field that is less
repulsive than K " 380 MeV at densities ! #
3 !0 could provide a stricter upper bound on
the pressure.

Our transport theory calculations provide a
calibration for the transverse and elliptic flow

Òbarometers.ÓThese can be used, in turn, to
assess the pressures achieved in the hot and
nonequilibrium environment of a nuclear colli-
sion. From our transport theory, we determined
that maximum pressures in the range of P " 80
to 130 MeV/fm3 (1.3 $ 1034 to 2.1 $ 1034 Pa)
and P " 210 to 350 MeV/fm3 (3.4 $ 1034 to
5.6 $ 1034 Pa) are achieved at incident energies
of 2 and 6 GeV per nucleon. These pressures
are approximately 23 orders of magnitude larg-
er than the maximum pressures recorded previ-
ously under laboratory-controlled conditions
(37 ). They are about 19 orders of magnitude
larger than pressures within the core of the sun
but are comparable to pressures within neutron
stars.
Determination of constraints and

comparison to theoretical EOSs. Compar-
ing the calculations and data of Figs. 2 and 4
and factoring in the uncertainties due to the
momentum dependencies of the mean fields
and the collision integral, we have assessed
the range of pressure-density relationships.
These are shown for zero-temperature matter
and densities of 2 % !/!0 % 4.6 by the shaded
region in Fig. 3. These bounds on the EOS for
symmetric nuclear matter are the main
achievement of this work.

To illustrate the value of these constraints,
a few representative theoretical EOSs are
shown in Fig. 3. The EOS of Akmal et al. (3),
which passes through the allowed region,
represents a class of models that take the
two-nucleon interactions from fits to nucle-
on-nucleon scattering data. The EOS of
Lalazissis et al. (RMF:NL3) (6 ) represents a
class of relativistic mean field theory models
that derive the nucleon-nucleon interaction
from the exchange of effective & and ' me-
sons. Although most such models provide too
much pressure, we note that a recent inclu-
sion by Typel and Wolter (7 ) of nonlinear
terms in the Lagrangian can reduce the pres-
sure in such models so as to be consistent
with the present experimental constraints.
The EOS of Boguta (38 ) illustrates the soft-
ening of the EOS that might occur if there
were another phase more stable than nuclear
matter for densities of about 3 !0. This EOS
and the calculation without a mean field pro-
duce too little pressure. On the other hand, an
EOS that first increases in pressure, consis-
tent with our constraints, such as the Akmal
EOS, and then remains constant with density
above !/!0 " 3, consistent with the existence
of a different, more stable, phase at higher
densities !/!0 # 4, such as transition to a
phase composed of quarks and gluons (the
quark-gluon plasma), cannot be precluded by
the present analysis.

Our constraints on the EOS of symmetric
matter are relevant to the dynamics of superno-
vae and to the properties of neutron stars, where
such densities are achieved (1 ). Supernovae in-
volve admixtures of neutrons and protons that

are similar to the Au ( Au system; the appli-
cation of these constraints to supernovae is more
straightforward than is the application of these
constraints to extremely neutron-rich environ-
ments such as neutron matter or neutron stars. In
such neutron-rich environments, one must con-
sider how the EOS depends on the difference
between the neutron and proton concentrations.
This concentration difference vanishes for sym-
metric matter, but in pure neutron matter gives
rise to an additional source of pressure Psym "
!2d(Esym(!))/d!!s/!, which depends on the sym-
metry energy Esym(!). The symmetry energy
determines how the energies of nuclei and nu-
clear matter depend on the difference between
neutron and proton densities. This energy is
repulsive and is the reason why light nuclei have
nearly equal numbers of protons and neutrons.
Few experimental constraints on the density de-
pendence of Esym(!) exist. Therefore, we em-
ploy, in the following, the two parameterizations
for Esym(!) with the weakest (Asysoft) and stron-
gest (Asystiff) density dependence proposed by
Prakash et al. (4 ) to assess the sensitivity of
neutron star properties to the asymmetry term.
This assessment is summarized in Fig. 5.

Assuming either an asymmetry term
(Asystiff) with strong density dependence or
an asymmetry term (Asysoft) with weak
density dependence (see SOM text), the
allowed regions from Fig. 3 can be extrap-
olated (Fig. 5). Clearly, the uncertainty in
the pressure due to the asymmetry term,
represented by the difference between the
pressures for these two ÒallowedÓ regions
in Fig. 5, exceeds the remaining uncertainty
in the pressure due to the symmetric matter
EOS, represented by the width of each
region. The pressure in the actual neutron
star environment is somewhat smaller than
that for neutron matter (Fig. 5), reflecting
the small fraction of nucleons that are pro-
tons. The precise values of this proton frac-
tion and many other static and dynamical
properties of these dense astrophysical ob-
jects depend on the density dependence of
the asymmetry term (4 ).

In comparison to these ÒallowedÓpressures,
the pressure due to the Fermi motion of a pure
neutron gas (Fermi gas) is comparatively small;
the remaining pressure must arrise from the
repulsive mean field potential. The EOS of Ak-
mal et al. (3) and the av14uv11 EOS of Wiringa
(8 ) are both models that take the two-nucleon
interactions from fits to nucleon-nucleon scat-
tering data. The EOS [MS() " 0,* " 0)] of
Mu¬ller and Serot et al. (9 ) represents a class of
relativistic mean field theory models that derive
the nucleon-nucleon interaction from the ex-
change of effective & and ' mesons. Its predic-
tion is essentially the same as the neutron matter
predictions for the model of Lalazissis et al. (6 )
(RMF:NL3 in Fig. 3). Although these models
appear to provide too much pressure, other rel-
ativistic mean field theory models of Mu¬ller and

Fig. 5. Zero-temperature EOS for neutron mat-
ter. The upper and lower shaded regions corre-
spond to the pressure regions for neutron mat-
ter consistent with the experimental ßow data
after inclusion of the pressures from asymme-
try terms with strong and weak density depen-
dences, respectively. The various curves and
lines show predictions for different neutron
matter EOSs discussed in the text.
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Improving the constraints
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FIG. 18: Constraints deduced for the density dependence of
the symmetry energy from the present data in comparison
with the FOPI-LAND result of Ref. [5] as a function of the
reduced density !/! 0. The low-density results of Refs. [78Ð
81] as reported in Ref. [82] are given by the symbols, the gray
area (HIC), and the dashed contour (IAS). For clarity, the
FOPI-LAND and ASY-EOS results are not displayed in the
interval 0 .3 < !/! 0 < 1.0.

the flow ratio as represented in the figure, the correction
amounts to ∆! = ! 0.05. It represents an upper limit for
this particular effect because the veto paddles are aligned
with respect to the elements of the first plane of LAND
and not all particles passing through the veto gaps are
recorded. As an analysis detail, we note here that in test-
ing the coincidence of timing signals in the veto wall and
first plane of LAND the possibility of undetected ± 25-ns
displacements of one of the signals was taken into account
(errors in the positions derived from the time signals have
all been corrected, see Appendix). Other processes ex-
ist but are less important. The detection probability for
neutrons in the 5-mm veto paddles is below 1% (cf. Fig. 1
of Ref. [17]) and the coincidence requirement of a match-
ing hit in the first module of LAND further reduces the
probability of misidentifications of this kind. In the sim-
ulations, all these effects are included.

The adopted reduction ∆! = ! 0.05 ± 0.02 leads to a
final result for the power-law coefficient ! = 0.72 ± 0.19.
The quoted uncertainty is obtained by a linear addi-
tion of the systematic error of the correction and the
∆! = ! 0.17 uncertainty resulting from the comparison
of the acceptance-integrated flow ratio with the UrQMD
calculations (Fig. 17). The possibility of charge misiden-
tifications considered here has not been taken into ac-
count in the FOPI-LAND analysis. There its magni-
tude appears small in comparison with the uncertainty
∆! = ± 0.4 of this earlier result. It was also not included
yet in presentations of preliminary ASY-EOS results at

conferences [77].
The obtained constraint for the density dependence of

the symmetry energy is shown in Fig. 18 in compari-
son with the FOPI-LAND result of Ref. [5] as a function
of the reduced density "/" 0. The new result confirms
the former and has a considerably smaller uncertainty.
Judging from the purely statistical error of ∆! = ± 0.10
(Fig. 14), even smaller errors can be expected from future
measurements.
For reference, the low-density behavior of the symme-

try energy from Refs. [78–81] as reported in Ref. [82]
is included in the figure. The present parametrization
is found compatible also with these results from nuclear
structure studies and from reactions at lower bombard-
ing energy. The corresponding slope parameter describ-
ing the variation of the symmetry energy with density at
saturation is L = 72± 13 MeV. Judging from the analysis
work done with the FOPI-LAND data, one may expect
that the analysis of the present data with the Tübingen
QMD [6, 14] will lead to a similar or possibly slightly
larger value for the parameter L [15, 57, 83].
The sharp value Esym(" 0) = 34 MeV is a consequence

of the chosen parametrization [Eq. (8)]. Using values
lower than the default Epot

sym(" 0) = 22 MeV, as occa-
sionally done in other UrQMD studies [56, 84], is likely
to lower the result for L . Values of the symmetry en-
ergy at saturation in the interval between 30 MeV and
32 MeV seem to be favored by a majority of terrestrial
experiments and astrophysical observations as shown in
recent compilations [85, 86]. Motivated by these re-
sults, the present UrQMD analysis has, in addition, been
performed with Epot

sym(" 0) = 19 MeV, corresponding to
Esym(" 0) = 31 MeV. The obtained power-law coefficient
! = 0.68 ± 0.19 is lower by ∆! = 0.04 and the corre-
sponding slope parameter L = 63 ± 11 MeV is lower by
9 MeV, changes that both remain within the error mar-
gins of these quantities. It is to be noted, however, that
the precise results of Brown [80] and Zhang and Chen [81]
are no longer met with this alternative parametrization
of the symmetry energy.

VI. DENSITY PROBED

Calculations predict that central densities of two to
three times the saturation density may be reached in
197Au+197Au collisions at 400 to 1000 MeV/nucleon on
time scales of " 10 ! 20 fm/c [87]. The resulting pres-
sure produces a collective outward motion of the com-
pressed material whose strength, differentiating between
neutrons and protons, is influenced by the symmetry en-
ergy in asymmetric systems [25]. It is to be expected,
however, that the observed transverse momenta of emit-
ted particles and their azimuthal variation apparent as
elliptic flow carry information acquired during the full
reaction history. The tests performed with the FOPI-
LAND flow data and varying parameters for the potential
part of the symmetry energy in the UrQMD had already

Consistent constraints (“soft” EOS) extracted also 

from Kaon production in nucleus-nucleus collisions

Data at higher energies and with different beam-target 

combinations needed.

Le Fevre et al., Nucl.Phys. A945, 112 
Russotto et al., Phys. Rev. C94, 034608



Outlook
• QCD phase diagram at nonzero baryon density and isospin 

still very poorly known


• Strategies to circumvent sign problem vigorously pursued


• Lattice calculations at nonzero isospin: no sign problem


• EOS at high baryon densities, still large uncertainties


• Need more constraints from observations and nuclear 
experiments (P. Senger’s talk)


• Interpolation/ extrapolation: no information on 
constituents/excitations. How do we add temperature?


• Smooth phase transitions may be less important for 
astrophysical applications  


