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Outline

« Hamiltonian, conjugate variables (short & basic)
« Busch theorem on single particle

« Applications:
* electron cooling

* magnetic bottle
* Projected rms-emittances, eigen emittances
« Extension of Busch theorem to beams

« Applications:
* increase of FEL gain & collider luminosity

* increase of injecion efficiency into ion rings
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o | | FAR E=I1
Hamiltonian, conjugate variables

Hamiltonian is total energy: Jy@®

H = Eyin + Epot

N
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H(p,7) = — 4G

= position
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N

:= mechanical momentum = mv := mr
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equations of motion through derivatives of H :
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r and P are conjugate variables
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L FAR E=I
Force from magnetic field

0
force on particle by constant magnetic field B=|0|=V" x4
B
F = eq(¥ X B)
E, =P, = eqvy, By
E, = Py = — eqV,B;

to obtain equations of motion from Hamiltonian mechanics - use ,generalized” momentum
p = P+ eqA inthe Hamiltonian:

N _ > oa A)2
H(F,P) = H(r,p) = % and apply previous formalism :

. Y . —yB; - ~ 5
p = - together with A= > | xBs | and p = P +eqA
0
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| FAR E=1
Generalized angular momentum

« analogue to generalized momentum, the generalized angular momentum is
defined

[N

L==1rXxp

 if there is just magnetic field, the generalized angular momentum is preserved

L=7 x(15+eq/T) = const

» Busch theorem is special case for :
 cylindrical symmetric magnetic field B = E(s)

« s-component of L: L, = const
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Busch Theorem

cylindrically symmetric magnetic field with VB =0

1|7 _ . 1. [7YBs
B = E —yBS’ = V X A = EV X XBS
2B, 0

Ly = [F X (13+eqff)] - e, = const
« particle entering into region with B (hence /T)
acquires orbital angular momentum

« 7 X A has angular momentum as well
« sum of both acquired angular momenta is zero
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Busch Theorem

Busch theorem from 1926 states

L= [F X (ﬁ+eq/f)] - e, = const

using cylindrical coordinates :

X =1 coso, y =rsinf r

==l BS

.1
L, = mr?0 + EBCIBSTZ = const

eq
Li=mr?0+ —W¥ = const H. Busch, Z. Phys. 81 (5) 924 (1926)

2T

L¢ = orbital angular momentum + flux through area of cyclotron motion = const
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Busch Theorem

. e . e

preservation of magn. flux: 0 =

Bgoro? = Bsr? = const

L. Groening / Extension of Busch’s Theorem to Particle Beams 2/2/2018 8



Applications: FAR I=—=1r
Electron beam size shaping

Bso 0,35 P Boun E,_,=6.3kV
B,=0.045T
L=11A

B 0.3F

beams

0.25F
» cyclotron radius much smaller than e 05 5
beam size — beam size shaped by o
magnetic field 0.15F
01f gt 2
AF exp
« applied at low energy electron : B ]
0.05F —_—

100 200 300 400 500 600

s [mm]
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Applications: FAR === 1I
Electron beam temperature reduction

mean transv. velocity is measure for transv. beam temperature

TJ_~<UJ_2>

reqB B
9% and r = 1y |22
Bs

using v, =

: Bs
resultsinto v, = v, —
Bso

electron beam expansion by magn. field expansion B < By :
* increases beam radius

* lowers beam temperature
« lowers electron density

technique applied at many e-coolers: 2*IMP, LEIR, TSR, CRYRING, SIS-18
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Applications:

. FAR ===
Magnetic bottle

from Busch theorem: B, vy tVi
By19% = B,r?, 0 = =
preservation of total kin. energy : Viio
Vi’ + vio® = v)° + v,°
2 2 2 eqro)?
- v“(Bs) = v)0° + vio” — [T] B Bs >

- beam confinement by strong B, in magn. bottles :
e ftraps
« ECR sources
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Generalized Busch Theorem

Busch theorem can be further generalized to :

y %'E-dﬁﬁ—ﬂl, = const
C my
C, enclose possible single
x P particle trajectories
) - C,
Cl "q'l A'}
% -
: : 24, €4
C, := circles with constantr, - | myr<6 + Z—LP = const
T
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Projected rms emittance

rms emittances defined through beam's second moments :

* @, b; : two coordinates of particle i sz =<xx ><x'x' >-—-<xx'>?
* <ab>: mean of product a,b,
* C is moment matrix (symmetric) -{ rr> < rr >
Ce=| . &,2 = detC,

Cy = ) _ ., Syz = det Cy

(x,y,x",y°) are laboratory coordinates which can be measured
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Transport of moments

linear transport from point_1 - point_2 through matrices :

z T myp M2
— “‘[1- ;‘[_r - o (I(t ;‘[r - 1
- ’ M2 Moo
2 1

beam moments transport by matrix equation :

Cza = M;Cyy MY

analogue iny
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4d linear beam dynamics

if x & v planes are not coupled

(17> <20'> <1y> <2y > <zr> <zx' > 0 0
< 2 J <rr> <21 > <zry> <2y > < 2 p <z'zr> <27 > 0 0 5
4d4 = det | y , 4d = det N = (et gy)
<yr> <yr'> <yy> <uyy > 0 0 <Yy = <yy =
[<yr> <yr'> <yy> <yy >| |0 0 <yy> <yy >

transport of moments from 1 - 2 as usual : transport of moments from 1 - 2 as usual :

o My Myg Mz Mg T My My 0 0

My May 0 0
M = , det M = det M, - det M, =1-1=1
0 0 m33 msy

i H Ma1 Mag Miag My

- | . detM=1

y M3 Mgz M3z M3q y

y My Migo Mz Mayg| | Y 0 0 mys mayy

Cy = MCy MT

Cy = MCM"

“
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| | FAR =
Eigen-emittances

* linear (4d), Hamiltonian beam line elements preserve :

<rr> <zr'> <ry> <1y >
. 2 <r'r> <ir > <ry> <y >
*  ms emittance E4q° = det A.J. Dragt, Phys. Rev. A 45 4 (1992)
<yr> <yr'> <yy> <yy >

<yr> <yr> <yy> <yy >

1
€1 = E\/ 2] 4 \/tr2[(CJ)2] — 16det(C)
« the two eigen-emittances E4d = &1 &
1
oy = E\/ _ _ Vir2[(CT)?] = 16det(C)

<rr> <zr'> <zy> <y > [0 1 0 0]

<rr> <zt > <zly> <2y > —-10 0 0
C= v Y J =

<yr> <yr' > <yy> <yy > 0001

<yr> <yr><yy> <yy > | 0 0 —10]

» the formulas are pretty ugly and their application consumes much time & paper
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| | FAR ==1I
elgen-emlttances

<rr> <zx' > 0 0
- if, and only if there is no xeoy coupling, i.e. ¢ = |="*~ <"~ ¢
0 0 <yy > <yy =

0 0 <yy> <yy >

 rms emittances = eigen-emittances
« if there is any coupling

* rms emittances * eigen-emittances

—_ —

« coupling parameter t = —~ —1 = 0

E1E2

term ,eigen-emittance” is quite unknown, since generally coupling is just ignored
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rms vs eigen-emittances:

Example

[ TTedTrRIES T 7 7 7 Tage7 | sf T
100 [ 3 255 "
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coutesy P. Spadtke
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4d distribution behind ECR source

£, = 123 mm mrad
g, = 125 mm mrad
€, =17 mm mrad

€, =231 mm mrad

€49 = €1° € = 3927 (mm mrad)?

g, - € = 15375 (mm mrad)?
€,= 3.9 €44
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Coupling linear elements: FG\TR — Ei
Skew quadrupole

normal quadrupole skew tilted by 45° (clockwise)

no x-y coupling X-y coupling
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Coupling linear elements: FAR == 1II
Solenoid

® )
(—
B
S/
~
all) = -2kl 4 [

J/ | S

=

[
ol
e~
=

/

v

i
A

\

entrance fringe axial field exit fringe
[1 00 0] (1 —Lsin(a) 0 1=z (10 0 0]
0 1x0 0 cos(ee) 0 —sin(a) 01 —k 0
;ﬁi’f’fi = J.;lll‘j-” = cos(a)—1 sina) ﬂrffa =
0010 0 sl 00 10
k001 0 sin(a) 0 cos(a) 0 0 1]

complete solenoid matrix M., = My, - M, - My
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How elements change emittances

applying ugly formulas -

element rms, 4d rms | eigen,,

drift no no no
quadrupole no no no

tilted quadrupole yes no no
dipole no no no

tilted dipole yes no no
solenoid yes no no
solenoid fringe yes no //yes
solenoid axial field |yes no \\yes/
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| FAR ==I1I
How elements change emittances

element rms, ., 4d rms eigen,, (I
drift no no no
quadrupole no no no
tilted quadrupole yes no no x
dipole no no no E
tilted dipole yes no no ______________—4—-———' >
solenoid yes no no S
solenoid fringe yes no l@ //-1/\
solenoid axial field yes no \\yey

« eigen-emittances seem to change by magnetic flux through beam surface
(note: in front of and behind solenoid flux is zero !)

 in the following this will be proven ...
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Preservation of eigen emittances in FAR =1
conjugate coordinates

« reminder: generalized momentum p := P+ eq/f , l.e.,
py = ol a e YBs
o (Bp) 2(Bp)
P Ay i LI‘BS

Py =Y+ =Yy +
b= VT By T T )

« original ansatz of Busch for single particle :

« angular momentum including the contribution from # x eqA is preserved
* ,generalized angular momentum® is preserved

» ansatz for extension to beams :

» eigen-emittances including contribution from o= /T/(Bp) are preserved
* ,generalized” eigen-emittances are preserved

L. Groening / Extension of Busch’s Theorem to Particle Beams 2/2/2018 23



Preservation of eigen emittances in FAR =1
conjugate coordinates

* calculation of ,generalized” eigen-emittance through replacing (x',y’) by (p,py)
(<> <2'> <ay> <2y > (Tz} (zpz) (zy) {;rpy}
O — <r'r> <rr><iy> <2y > — @ _ {Ipmﬁ {pi} {y}‘g} {pm'py}
(xy)  (p=) (%) (ypy)
[{E‘PQ (Pzpy) (ypy) (P} J

<yr> <yr'> <yy> <yy >

| <Yr> <yr’'> <yy> <y'y >

—1

[ e e

-‘ €12 = %V/—tr[(ffiﬁ] + \/t-rz[{é'i)?] — 16 det(C)

)

" 0

o R e B e B
o B s B

0
0 -1

« if £12 are preserved, also &7 + £ must be preserved

« state §°+ &% = const by substituting

py = 2t Ae o YBs
o (Bp) 2(Bp) _ . . .
A, . B, to obtain expression for useful ,laboratory” eigen-emittances

Bp) ~ ¥ T 2(Bp)

I
=
R

Py =
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Preservation of eigen emittances in FAR =1
conjugate coordinates

, z ,__yBs
Pr =T + = - —
. . - B 2(B
- state £° + &°* = const by substituting e igﬂ}
! (] f + — 8

with 4 = /(22)(y2) — (zy)?

» this delivers:

‘4..85 2 B Dy ' 2 I i i ! f I
+ [y M zy') = (%) (y2') + (zy) ((z2') = (yy/))] = const

e + [T+ 2

« confirmed: change of laboratory eigen-emittances just through long. magn. field B,

quadrupoles and dipoles (even) skewed: B,=0 - &/, = const
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o FAR ===
Sum of quantities Is invariant

,H
iy
G
|
L]
o)
e
[ )
+

B + 2|l e - @) + (a2 - w))]| = const

[ABS r B,
(Bp)

« sum of three quantities forms an invariant

- difference of eigen-emittances, flux through beam area, ......

« whatis the third ?
* has dimension m3
» scales with beam rms area as for y = ax it vanishes
» vanishes for uncorrelated beams

* invariant under rotation around beam axis

investigate term for some examples ...
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Understanding third term: FAR = 51‘[
Example objects

Wa = (i) (zy) — (2°) (yz') + (zy) ((zz) — (yy))

rigid object rotating with w : object under shear :

Wy = 2wA* = 2AL W, = —aA? + 2AL

solenoid fringe field performs rigid beam rotation thin skew quad performs shear
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Understanding W,:

| FAR =1
Transformations

Wa = (i) (zy) — (2°) (yz') + (zy) ((zz) — (yy))

check, how W, is changed under transformation through :
« thinreg. quadrupole: 2 — 2 —gz and ¢ — ¥ + gy
« thin skew quadrupole:

* short solenoid:

* - non of them changes W,

- N\ -

.
2 ; ' reg.
[ <yi><xy' > —<xy><yy' > ]quad

scheme of mutual cancellation of constituents of W,

=
2 r ' short
—<XT><yx > <xy><xx > sol.

skew quad
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Understanding W,: FAR == 1II

Pick idea from gen. Busch theorem

y

C, enclose possible single
Sﬁ 7-dC EL — const x particle trajectories
c

sort of mean rotation around beam area

fry ansatz :

- mean angle integrated along curve enclosing

Wa =24 99'" (,y,5) -dC beam area ... multiplied with beam area
c

-;;[:r:,y,s) = [2'(z,y, 8), ¥ (z,y, ), 1] mean: average (x',y’) at given (x,y)

L. Groening / Extension of Busch’s Theorem to Particle Beams 2/2/2018
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| FAR B=I
Calculating W,

B4
¢ s
Wy =24 %;’[gr,y,s] -dC x W<yt
C
) V< x> ]
1y
s
as W, is invariant gnder rqtatlon | ) N
— calculated for ellipse being turned upright *
- <xy>=0
< x?>
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Calculating W,

Wy =24 érﬁ(m,y,s} .dC
c

_ _ dy’
(z,y) == /(0,0 =) :
y(z,y) = y(0,0) {5z + oy Y

o - J< b
_ . oz o’ _,
z'(x,y) = 2/(0,0) + ;;,_ T+ ;; M

finally confirms:

Wa = (y*)(zy') — (2°)(y2’) + (34) ((z2”) — (yy/))

L. Groening / Extension of Busch’s Theorem to Particle Beams
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| FAR ==
Busch theorem for particle beams

using expression for W, finally delivers :

2 e =
;4Bg:| _‘L:I'BE é.r"dc = const

ema+ |15 + Bp) §

Py = 2 4 Ae o YBs
o (Bp) 2(Bp)

acceleration can be included by initially multiplying A B
r (] ! B 3

Py =Y T By =¥ T 2B))

with myfc at both sides

... resulting in Busch's theorem extended to accelerated particle beams :

eqi) . deqih By =
(En1 —Enz)z + [—] + . 991”-030 = const

mem mcm
[
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| FAR ==
Busch theorem for particle beams

original Busch theorem for single particle :

eq

v+ 56?? dC = const
moy Je

f

theorem extended to accelerated particle beams :

o o
equ) dequp By
q ] | deq¥B
T TG

L]E-r?-d{'_z-; — const

I{E:r'.l_l _Enﬁjz + [
c

- both expressions include flux and ,vorticity* 7-dC = (V x v) dA (Stoke's law)
» the extended theorem additionally includes eigen-emittances

» theorem allows very fast modelling of setups for emittance gymnastics
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o | | FAR B=i
Varification through simulations

6
T 4
E
* beam tracking through three solenoids 5
« extended fringe fields from B -maps
: : : 150
* invariance confirmed
S
@
S
E .
£ 150
'300 [ 1 | 1 1 1 1 | )

|
50 100 150 200

position [cm]
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Application to electron beams: FAR == 1II
Flat beam creation at FERMILAB

flat electron beams, i.e., €, << g, useful for :

* increase of luminosity in e/ e* colliders

« production of X-ray pulses with femto seconds in duration

test accelerator at FERMILAB demonstrated €, / €= 100 :

« create beam at photo cathode being immersed into B, = B,

* reduce B, to zero, accelerate, and decouple x/y - planes

'y BS
— K 0
> GRS oo\ SN KT &
Northern Illinois Center for
Accelerator and Detector Development (NICADD)
P. Piot et al., Phys. Rev. ST Accel. Beams 9 031001 (2006) ds
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Application to electron beams
Flat beam creation at FERMILAB

s

— FBa

S

acceleration

A

FAR I===II

- - ——I decoupling I— - -

prior to formulation of extended Busch theorem, the deviaton of final beam emittances

took several pages

gnfx/y +LIBV + \/(Lﬁ)/)z + 84d

With g4 = €ni1° €niz

and L := (eByAy)/(2myfc)

Kwang-Je Kim, Phys. Rev. ST Accel. Beams 6 104002 (2006)
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varishing infial emiltance. Finally, Sec. VI conlains
concling rmark:

IL 4D SYMPLECTIC TRANSFORMATION AND
WO TVARIANTS
We comsider panicle ditribuion in 4D transere
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by & four-component vector We find # comenient 10
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s, for example, X8 st 2 %2 marix
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G
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(10 e e ol o
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®
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ro §
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=[5 U] 6
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474 beam i

IIL PROPERTIES OF ROUND BEAMS

matria T s symmesric asd e in general
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transpariad in 3 cylindrically symmeiric enviroamese.
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e My )& the i peseatin 1 aton s
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i ity e gt
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[t a

e
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e
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i
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b8 0
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=T 7
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IV.TRANSFORMATION OF ROUND BEAMS

compuie the s, Fge. (1) xad (12)
o e et £ttt

1040023

umu, e rmic canal, e 40 e Laacr g a0d
b epuraily oot
T oo s Lk e eyt sy

meiic heam it 2 8 Eg (Z7) s cagomaizcd by 3
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8 o
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Application to electron beams: FAR == 1II
Flat beam creation at FERMILAB

s

712 iy
. equ 4:5‘ ?,EJI'S";-' 2:, —
applying theorem: (sn1 —£n0)% + [q—] + LAl %r -dC' = const

B - e maom

&

X— acceleration ————I decoupling -
L

o
s =

BoAo” '
0+ F 0 0] + 0= (gnf,_r—fnfy)z +0+0

mc
at cathode beam is symmetric: final beam:
« eigen = rms emittances: &/, = &y « eigen = rms emittances: &/, = &y
* eigen (rms) emittances are equal: ¢,/ = &y, * eigen (rms) emittances differ: €,/ # &5y,

immersed into B-flux

no B-flux

no x/y coupling - W, =0 x/y coupling removed - W, =0
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Application to electron beams: FAR == 1II
Flat beam creation at FERMILAB

BoAy]” |
0+ [E 0 (}] + 0= (gnf_x — Enfy)z +04+0

- - ——I decoupling I— - -

replacing e,y = €4q/&nfx

and eByAy = 2myfc- L

results into e,¢, = LAY * / (LBY)? + €442

using upper sign gives &,,/, = LAY + [ (LBY)? + €44°
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Application to ion beams: FAR == 1II
EmTEXx at GSI (Emitt. Transf. Exp.)

* beams fromlinacs: ¢, = ¢,
* hor. multi-turn injection into rings profits from ¢, < ¢,

« EmTEx @ transfer channel :

« place charge state stripper inside short solenoid

* x/y-decoupling afterwards

125 m
doublet doublet solenoid triplet ~ skew triplet g S =
foil triplet § = :.:: 4
- = Qv
3+ 7+ e E¢
N — N (8] g [
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Application to ion beams
EmTEXx at GSI (Emitt. Transf. Exp.)

FAR I===II

prior to formulation of extended Busch theorem, the deviaton of final beam emittances

ook several pages
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L. Groening / Extension of Busch’s Theorem to Particle Beams

L. Groening, arXiv 1403.6962 (2014
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Application to ion beams: FAR == 1II
EmTEXx at GSI (Emitt. Transf. Exp.)

change of q is a non-Hamiltonian action —» ,splitting“ into two Hamiltonian actions

extended theorem before stripping (q=3+) : extended theorem after stripping (q=7+) :
L A; B, r 2By .., ) [ A;By r 2B
15 —€97)2 + + Was = con - 4+ | =L 79 War = con
A L [zl B 7t A (v Bt Al
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Application to ion beams:
EmTEX up to stripping foil

beam line entrance :

eigen = rms emittances: &/, = &)y

measured: &, 5, and ¢, 3,

no B-flux

no x/y coupling - W, =0

L. Groening / Extension of Busch’s Theorem to Particle Beams

Y

(£z,34+ — E],r,f3~+;12 + 040 =

FAR I===II

Ay = beam area at foil,

from measurements,
= const along short solenoid

A;B, r . 25

—W.
(Bp)ss (Bp)ay 7

(e1f — E‘E_.I":]ﬁ + [

inside solenoid & just before foil :

eigen * rms emittances: &/, # &y )y

eigen emittances differ: & # &,

B-flux

xly coupling » Wyr = —(BoAr*)/(Bp)s+
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Application to ion beams: FAR == 1II
EmTEX up to stripping foil

a 9 A BD 2 QB(].
Crar —Eyae)” + 04+ 0|=|(e1p —27)° + I } 1
(€234 —£y,3+) v (Bp)at (Bp)a+

plugging in Wy = —(BoAr*)/(Bp)s+
AsBy r

Era+ —Eyas) +0+0 = (15 —¢ '2—[
(€x,3+ —Ey,34) (ery —e2r) Bp)as

using experiment's parameters :

(e17—&25)? = 2.755 (mm mrad)?
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Application to ion beams: FAR == 1II
EmTEX behind the stripping foll

» foil changes justq, i.e., (Bp)

€12,xy, B-flux, and W, do not change

. A:By 1° 2B .
(e1f —E27)" + [(BP}TJ + mwf’if =|(Ex, 7+ —Ey7+)° + 0+ 0

/ ~

inside solenoid & just after foil : beam line exit :

« eigen * rms emittances: &;,, # &y )y « eigen =rms emittances: &/, = &y

* eigen emittances differ: ¢, # ¢,

to be calculated/measured: ¢, 7, and ¢, 7,

* B-flux no B-flux

» xly coupling » W, = —(BoAs*)/(Bp)s+ no x/y coupling - W, =0
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Application to ion beams: FAR == 1II
EmTEX behind the stripping foll

A;By r 2B, _
+ 5 Was|=|(eors —gy74)? + 04+ 0
(Bp)r+ (Bp)z+ 7|= €2+ — yors)

(€15 —e27)” + {

plugging in W, = —(BoAs*)/(Bp)s+ and (g1 — e25)? = 2.755 (mm mrad)?

finally delivers |ey 74 — &,,74| = 2.21 mm mrad

the measured values are :

* &7+ = 2.76(14) mm mrad
€y 7+ = 0.72(4) mm mrad

* |ex74 — ey,7+| = 2.04(14) mmmrad - very good agreement to extended Busch theorem

L. Groening et. al, Phys. Rev. Lett. 113 044201 (2014)

L. Groening / Extension of Busch’s Theorem to Particle Beams 2/2/2018 45



EmTEX increases injection FAR == 1II
efficiency into SIS18

1 1 )
_ 2 _ _ 2 A-B 2 _
(Ex,7+ 5y,7+) (Ex,3+ 5y,3+) + ( f 0) (Bp)7+ (Bp)3+
emittance shaping
L. Groening et al. IPAC2015 MOPWAO026

LN* @ 11.42 MeV/u, low current 23 I I T T T T
3.5 depm: [mm mrad]
: — &y =3.0:6.6
® hor, exp. “ _

— 30 - ® ver., exp. + } w H — &w=36:44 -
g = =hor., 4d-env. SIS — Accept. (ver.) } Lo —_ = 3741
— .;..‘
E 25 - - =ver., 4d-env. .
g «+++ hor_, sim. * ’_’.d‘ s L
E 1 |---- ver, sim. - =
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FAR ===
Summary

« Busch's original theorem for single particle was extended to particle beams

* Original and extended theorem look very similar

eq — =
_ju + v - df:: = const
ey Je

2 oo
eqi deqiy 3y
q ] | deqvB
e

;75-1:’-(35 — const

2
{Enl _Enzj + [
c

« Extended theorem for very fast modelling of emittance gymnastic exp. as
» flat electron beams at FERMILAB
» flation beams at GSI

* Its power is through provision of an invariant

» Using invariants is much more convenient than solving equs. of motion
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