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Two goals of Heavy-ion collisions



Two goals of Heavy-ion collisions

• QCD critical phenomena

How about the interplay?

Does the CME affect the dynamic critical phenomena in QCD?

• Chiral transport phenomena

- Universality class 
- Critical behavior

- Chiral Magnetic Effect (CME) 
- Chiral Separation Effect (CSE) 
- Chiral Vortical Effect (CVE)



Microscopic theory

Dynamic universality class
P. C. Hohenberg and B. I. Halperin (1977)

⇠ � ⇤�1
<latexit sha1_base64="Mf9DySR37jdrAQoqmS+ryV2ZVTo="></latexit><latexit sha1_base64="Mf9DySR37jdrAQoqmS+ryV2ZVTo="></latexit><latexit sha1_base64="Mf9DySR37jdrAQoqmS+ryV2ZVTo="></latexit><latexit sha1_base64="Wtx1+SyKPNxNwvvzOiFWU+m/9XI="></latexit>



Hydrodynamic variables:

Same Symmetries

Gapless modes are important.

Effective theoryMicroscopic theory

Dynamic universality class

- Order parameters 
- Conserved densities 
- Nambu-Goldstone modes

Integrating out
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P. C. Hohenberg and B. I. Halperin (1977)



Chiral Magnetic Wave

Collective gapless density wave

G. M. Newman (2006) 
D. E. Kharzeev and H. Yee (2011)

affect dynamic critical phenomena?
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Outline

Ginzburg-Landau theory

Setup1

Static critical phenomena2

Langevin theory

Dynamic critical phenomena3



• 2 flavor QCD with massless u, d quarks at finite  

• Chiral Symmetry 

• Second order chiral phase transition 

Setup
T, µI, B
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Hydrodynamic variables
• Order parameter 

• Conserved densities 

• Note: Charged pions are not hydrodynamic m⇡± /
p

e|B|

chiral condensate:
neutral pion:
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Ginzburg-Landau (GL) theory

•Near second-order phase transition        small order parameters 

• Long-range behavior        derivative expansion 

• QCD symmetries        constraints on the expansion

chiral symmetry and  CPT symmetries
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Static critical phenomena

Correlation functions: hO[�, nI, nI5]i =
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Langevin equation
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Fluctuation dissipation relation (FDR)
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Langevin equation

Poisson bracket kinetic coefficient

[nI(r, t), nI5(r
0, t)] = CB ·r�(r � r0).
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Field theory of Langevin eqs.
 P. C. Martin, E. D. Siggia, and A. Rose (1973)
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<latexit sha1_base64="Q3CdGme06VfmKkUXvXplJF43BIM="></latexit><latexit sha1_base64="Q3CdGme06VfmKkUXvXplJF43BIM="></latexit><latexit sha1_base64="Q3CdGme06VfmKkUXvXplJF43BIM="></latexit><latexit sha1_base64="wdIDT4bo3XcqBIhSEUY00J+LaV4="></latexit>

response field 
S[{ ̃M}, { M}] =

Z
dt

Z
dr


 ̃N

✓
@ N

@t
� FN [{ M}]

◆
�  ̃MLMN (r) ̃N

�

<latexit sha1_base64="k10OKBT7wnNqxIQuSenBNRu/CqM="></latexit><latexit sha1_base64="k10OKBT7wnNqxIQuSenBNRu/CqM="></latexit><latexit sha1_base64="k10OKBT7wnNqxIQuSenBNRu/CqM="></latexit><latexit sha1_base64="SZcQKOBCGDjzGvJgkx1kdf6egME="></latexit>

⌦O[ ⇠
]

↵
= N

Z
D[⇠]O[ ⇠

] exp


�1

4

Z
dt

Z
dr ⇠ML�1

MN⇠N

�

<latexit sha1_base64="JoQfYrkiFgzdsKSeRuN+2wYZnLI="></latexit><latexit sha1_base64="JoQfYrkiFgzdsKSeRuN+2wYZnLI="></latexit><latexit sha1_base64="JoQfYrkiFgzdsKSeRuN+2wYZnLI="></latexit><latexit sha1_base64="j9fg9nXQHHZyrN7VBzmfo4vp0t0="></latexit>

1 =

Z
D[ ]

Y

N

�( N �  ⇠
N ) =

Z
D[ ]

Y

N

Y

r,t

�

✓
@ N

@t
� FN [{ M}]� ⇠N

◆

<latexit sha1_base64="oU/9QIOqFqnT1WRwoUZygrJbbIA="></latexit><latexit sha1_base64="oU/9QIOqFqnT1WRwoUZygrJbbIA="></latexit><latexit sha1_base64="oU/9QIOqFqnT1WRwoUZygrJbbIA="></latexit><latexit sha1_base64="cLBbPrAVOZW4eZ3OzVhhLo1jb78="></latexit>

replace         by O[ ⇠]
<latexit sha1_base64="MYLM0NxW6bLFplFMAjiuEw5niR8="></latexit><latexit sha1_base64="MYLM0NxW6bLFplFMAjiuEw5niR8="></latexit><latexit sha1_base64="MYLM0NxW6bLFplFMAjiuEw5niR8="></latexit><latexit sha1_base64="ck7k4/QKctLgfHuv0ziJKemRNyE="></latexit>

O[ ]
<latexit sha1_base64="Ca1eWs1UM6/L+EK+nDBOLruJTu8="></latexit><latexit sha1_base64="Ca1eWs1UM6/L+EK+nDBOLruJTu8="></latexit><latexit sha1_base64="Ca1eWs1UM6/L+EK+nDBOLruJTu8="></latexit><latexit sha1_base64="h5pq+AafKEJFqJEjXngVWhSX+Yc="></latexit>

 N ⌘ {�↵, nI, nI5}
<latexit sha1_base64="+n+Tk2bFkHpuzNBP8/3qPgQbEMs="></latexit><latexit sha1_base64="+n+Tk2bFkHpuzNBP8/3qPgQbEMs="></latexit><latexit sha1_base64="+n+Tk2bFkHpuzNBP8/3qPgQbEMs="></latexit><latexit sha1_base64="vt16wjs2Q4Umto3i9p5ASQTT4PA="></latexit>FDR

Langevin eq.

integrating out ⇠N
<latexit sha1_base64="RoiOIBpYrUlgLrO+WpTw+xtRaOU="></latexit><latexit sha1_base64="RoiOIBpYrUlgLrO+WpTw+xtRaOU="></latexit><latexit sha1_base64="RoiOIBpYrUlgLrO+WpTw+xtRaOU="></latexit><latexit sha1_base64="Y9Im9zQ710iYl7zuV5wekfZFroE="></latexit>



Dynamic  
renormalization group (RG) 

(Quantum) Field theory (QFT) manipulation
• Feynman rules 
• Diagrammatic expansions 

• RG equations for all parameters in the Langevin theory:

renormalization scale
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GL parameters, kinetic and anomaly coefficients 

notes: difference from the usual QFT

propagator



Dynamic universality class

z =
d

2
Dynamic critical exponent:

Anti-ferromagnetic class “Model G”

CME does not affect the dynamic universality class  

P. C. Hohenberg and B. I. Halperin (1977)

two-component order parameter with symmetry group U(1)3A
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c.f. QCD critical point (finite quark mass and finite     ) “Model H”µB
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Extended 
non-renormalization theorem

No loop corrections on CME coefficient near phase transition point

• Generally, no higher-order corrections to the CME coefficient 

• How about near the chiral phase transition where    is massless?�
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• Speed of the chiral magnetic wave: 

• Near the QCD critical point? 

• Possible signature of the QCD critical point in Heavy-ion collisions

New dynamic critical behavior

Critical attenuation
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Summary
We study the second order chiral phase transition of two 
flavor QCD with massless quarks in the presence of the CME:

• Dynamic universality class 

• CME (anomaly) coefficient 

• Critical attenuation of the chiral magnetic wave:
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Backup slides



Chiral magnetic wave  
for Baryon charges
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c.f. for isospin charges
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