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free energy at momentum scale k

   eg. JMP, AIP Conf.Proc. 1343 (2011) 
                             NPA 931 (2014) 113

ab initio

Functional RG for QCD

properties

access to physics 

low energy models naturally encorporated 

numerically tractable, also at real time 
no sign problem
systematic error control via closed form 

QCD
     low energy  
effective theories
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quantum fluctuations
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quantum fluctuations

RG-scale k: t = ln k

closed  form
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Aiming at apparent convergence

QCD: current set of correlation functions

Cyrol, Fister, Mitter, JMP, Strodthoff, PRD 94 (2016) 054005 
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                                                   PRD 97 (2018) 054015 
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QCD: Euclidean propagators
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QCD: Quark-gluon vertex

�1(p, q)

✓ =
p · qp
p2 q2

✓ = �1

log p

log q

up-to-date 1st principles works: 

Williams, EPJ A51 (2015) 57 
Sanchis-Alepuz, Williams, PLB 749 (2015) 592 
Williams, Fischer, Heupel, PRD 93 (2016) 034026   

Aguilar, Binosi, Ibanez, Papavassiliou, PRD 89 (2014) 065027 
Binosi, Chang, Papavassiliou, Qin, Roberts, PRD 95 (2017) 031501 
Aguilar, Cardona, Ferreira, Papavassiliou, arXiv:1610.06158 

Mitter, JMP, Strodthoff, PRD 91 (2015) 054035 

 Pelaez, Tissier, Wschebor, PRD 92 (2015) 045012 

Eichmann, Sanchis-Alepuz, Williams, Alkofer, Fischer, PPNP 91 (2016) 1 
  
Oliveira, Kizilersü, Silva, Skullerud, Sternbeck, Williams, APP Suppl. 9 (2016) 363lattice:

FunMethods:

Beware of BRST
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YM-theory: gluonic correlation functions
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Euclidean gluon propagator at finite T
Yang-Mills propagators, finite T
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QCD-assisted hydrodynamics

HIC ‘phases’

noise field
Far from equilibrium initial phase

effective potential

QCD-assisted transport

Dubla, Masciocchi, JMP, Schenke, Shen, Stachel, arXiv:1805.02985

Kinetic phase

Hydrodynamical phase

Hadronisation & freeze out 

Hydro with QCD transport coefficients

Equilibrium transport coefficients

‘Steady-state’ hydro

Constraints for the other phases



Dynamics
spectral functions

Single particle spectral functions

T=100 MeV - 1 GeV

FRG+MEM

Haas, Fister, JMP, PRD 90 (2014) 091501

T=1.44  TC
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chromo-magnetic

chromo-magnetic

⇢(p) = 2 ImhAAiret(p)



Dynamics
spectral functions

Single particle spectral functions

⇢(p) = 2 ImhAAiret(p)
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novel analytic IR (& UV) behaviour and qualitatively refined reconstruction

T= 0

gluon spectral function at vanishing temperature

Cyrol, JMP, Rothkopf, Wink, arXiv:1804.00945



Dynamics
transport coefficients

Kubo relation
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Transport coefficients

‘3-loop’ exact functional relation for ⇢⇡⇡

1 & 2-loop terms

A B C

D E F

Haas, Fister, JMP, PRD 90 (2014) 091501

 Christiansen, Haas, JMP, Strodthoff, PRL 115 (2015) 112002

viscosity over entropy ratio in Yang-Mills theory

Gluon spectral function



Dynamics
transport coefficients

Kubo relation
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One Loop

Two Loop

AdS /CFT

H.Meyer (2007 /2009 )

0 1 2 3 4
0.0

0.2

0.4

0.6

0.8

T /Tc

η/
s

result

GRG/HTL

KSS
lattice

fit

1 2 3 40.0

0.2

0.4

0.6

0.8

1.0

T /Tc

η/
s

Yang-Mills viscosity over entropy ratio
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viscosity over entropy ratio in Yang-Mills theory

recent lattice results: Astrakhantsev, Braguta, Kotov, JHEP 1704 (2017) 101                                                                            
                                                                                                               arXiv:1804.02382



Dynamics
transport coefficients

pure glue

aqgp ⇡ 0.15

ahrg ⇡ 0.14

�grg ⇡ 5

�qgp ⇡ 1.6
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QCD result
YM result
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Transport coefficients
QCD - estimate for viscosity over entropy ratio

 Christiansen, Haas, JMP, Strodthoff, PRL 115 (2015) 112002



QCD-assisted hydrodynamics
Dubla, Masciocchi, JMP, Schenke, Shen, Stachel, arXiv:1805.02985
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‘Steady-state’ hydro?
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On the unreasonable effectiveness of low energy effective theories 
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FRG QCD results at finite density
Haas, Braun, JMP ’09, unpublished
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QCD at finite density

Extension of FRG QCD results at imaginary chemical potential

Braun, Haas, Marhauser, JMP, PRL 106 (2011) 022002 
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Phase structure at finite density
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Skewness, Kurtosis
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Transport approach to QCD
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<latexit sha1_base64="/3JcLTysl4PyJPFRRnHotmKb07I=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiuSiKCboSiC11WsA9oQrmZTNqhM0mYmYgl9BPc+CtuXCji1qU7/8Zpm4W2Hhg495x7uXNPkHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHYCinMW0oZnmtJ1KCiLgtBUMrsZ+655KxZL4Tg9T6gvoxSxiBLSRuvaRF0kguRdSrgF71yAEjIrSU6xnqgvsPbCuXXGqzgR4nrgFqaAC9a795YUJyQSNNeGgVMd1Uu3nIDUjnI7KXqZoCmQAPdoxNAZBlZ9PDhrhQ6OEOEqkebHGE/X3RA5CqaEITKcA3Vez3lj8z+tkOjr3cxanmaYxmS6KMo51gsfp4JBJSjQfGgJEMvNXTPpgEtImw7IJwZ09eZ40T6quU3VvTyu1yyKOEtpHB+gYuegM1dANqqMGIugRPaNX9GY9WS/Wu/UxbV2wipk99AfW5w8wXJ1L</latexit><latexit sha1_base64="/3JcLTysl4PyJPFRRnHotmKb07I=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiuSiKCboSiC11WsA9oQrmZTNqhM0mYmYgl9BPc+CtuXCji1qU7/8Zpm4W2Hhg495x7uXNPkHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHYCinMW0oZnmtJ1KCiLgtBUMrsZ+655KxZL4Tg9T6gvoxSxiBLSRuvaRF0kguRdSrgF71yAEjIrSU6xnqgvsPbCuXXGqzgR4nrgFqaAC9a795YUJyQSNNeGgVMd1Uu3nIDUjnI7KXqZoCmQAPdoxNAZBlZ9PDhrhQ6OEOEqkebHGE/X3RA5CqaEITKcA3Vez3lj8z+tkOjr3cxanmaYxmS6KMo51gsfp4JBJSjQfGgJEMvNXTPpgEtImw7IJwZ09eZ40T6quU3VvTyu1yyKOEtpHB+gYuegM1dANqqMGIugRPaNX9GY9WS/Wu/UxbV2wipk99AfW5w8wXJ1L</latexit><latexit sha1_base64="/3JcLTysl4PyJPFRRnHotmKb07I=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiuSiKCboSiC11WsA9oQrmZTNqhM0mYmYgl9BPc+CtuXCji1qU7/8Zpm4W2Hhg495x7uXNPkHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHYCinMW0oZnmtJ1KCiLgtBUMrsZ+655KxZL4Tg9T6gvoxSxiBLSRuvaRF0kguRdSrgF71yAEjIrSU6xnqgvsPbCuXXGqzgR4nrgFqaAC9a795YUJyQSNNeGgVMd1Uu3nIDUjnI7KXqZoCmQAPdoxNAZBlZ9PDhrhQ6OEOEqkebHGE/X3RA5CqaEITKcA3Vez3lj8z+tkOjr3cxanmaYxmS6KMo51gsfp4JBJSjQfGgJEMvNXTPpgEtImw7IJwZ09eZ40T6quU3VvTyu1yyKOEtpHB+gYuegM1dANqqMGIugRPaNX9GY9WS/Wu/UxbV2wipk99AfW5w8wXJ1L</latexit><latexit sha1_base64="/3JcLTysl4PyJPFRRnHotmKb07I=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiuSiKCboSiC11WsA9oQrmZTNqhM0mYmYgl9BPc+CtuXCji1qU7/8Zpm4W2Hhg495x7uXNPkHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHYCinMW0oZnmtJ1KCiLgtBUMrsZ+655KxZL4Tg9T6gvoxSxiBLSRuvaRF0kguRdSrgF71yAEjIrSU6xnqgvsPbCuXXGqzgR4nrgFqaAC9a795YUJyQSNNeGgVMd1Uu3nIDUjnI7KXqZoCmQAPdoxNAZBlZ9PDhrhQ6OEOEqkebHGE/X3RA5CqaEITKcA3Vez3lj8z+tkOjr3cxanmaYxmS6KMo51gsfp4JBJSjQfGgJEMvNXTPpgEtImw7IJwZ09eZ40T6quU3VvTyu1yyKOEtpHB+gYuegM1dANqqMGIugRPaNX9GY9WS/Wu/UxbV2wipk99AfW5w8wXJ1L</latexit>

quantum equation of motion noise field

Time evolution of the critical (scalar)      mode �
<latexit sha1_base64="8n3mL0qea5Fd0YGl3HzgbRbAt7g=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZKaVrsrunFZwT6kCWUynbRDZyZhZiKU0K9w40IRt36OO//GSVtBRQ9cOJxzL/feEyaMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINJ1e5370nUtFY3OppQgKORoJGFCNtpDs/jHxFRxwNyhXH9uq1er0KHdutOZ7n5cQ9cxsN6NrOHBWwRGtQfveHMU45ERozpFTfdRIdZEhqihmZlfxUkQThCRqRvqECcaKCbH7wDJ4YZQijWJoSGs7V7xMZ4kpNeWg6OdJj9dvLxb+8fqqjiyCjIkk1EXixKEoZ1DHMv4dDKgnWbGoIwpKaWyEeI4mwNhmVTAhfn8L/SadquyaZG6/SvFzGUQRH4BicAhecgya4Bi3QBhhw8ACewLMlrUfrxXpdtBas5cwh+AHr7RM0qpCs</latexit><latexit sha1_base64="8n3mL0qea5Fd0YGl3HzgbRbAt7g=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZKaVrsrunFZwT6kCWUynbRDZyZhZiKU0K9w40IRt36OO//GSVtBRQ9cOJxzL/feEyaMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINJ1e5370nUtFY3OppQgKORoJGFCNtpDs/jHxFRxwNyhXH9uq1er0KHdutOZ7n5cQ9cxsN6NrOHBWwRGtQfveHMU45ERozpFTfdRIdZEhqihmZlfxUkQThCRqRvqECcaKCbH7wDJ4YZQijWJoSGs7V7xMZ4kpNeWg6OdJj9dvLxb+8fqqjiyCjIkk1EXixKEoZ1DHMv4dDKgnWbGoIwpKaWyEeI4mwNhmVTAhfn8L/SadquyaZG6/SvFzGUQRH4BicAhecgya4Bi3QBhhw8ACewLMlrUfrxXpdtBas5cwh+AHr7RM0qpCs</latexit><latexit sha1_base64="8n3mL0qea5Fd0YGl3HzgbRbAt7g=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZKaVrsrunFZwT6kCWUynbRDZyZhZiKU0K9w40IRt36OO//GSVtBRQ9cOJxzL/feEyaMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINJ1e5370nUtFY3OppQgKORoJGFCNtpDs/jHxFRxwNyhXH9uq1er0KHdutOZ7n5cQ9cxsN6NrOHBWwRGtQfveHMU45ERozpFTfdRIdZEhqihmZlfxUkQThCRqRvqECcaKCbH7wDJ4YZQijWJoSGs7V7xMZ4kpNeWg6OdJj9dvLxb+8fqqjiyCjIkk1EXixKEoZ1DHMv4dDKgnWbGoIwpKaWyEeI4mwNhmVTAhfn8L/SadquyaZG6/SvFzGUQRH4BicAhecgya4Bi3QBhhw8ACewLMlrUfrxXpdtBas5cwh+AHr7RM0qpCs</latexit><latexit sha1_base64="8n3mL0qea5Fd0YGl3HzgbRbAt7g=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZKaVrsrunFZwT6kCWUynbRDZyZhZiKU0K9w40IRt36OO//GSVtBRQ9cOJxzL/feEyaMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINJ1e5370nUtFY3OppQgKORoJGFCNtpDs/jHxFRxwNyhXH9uq1er0KHdutOZ7n5cQ9cxsN6NrOHBWwRGtQfveHMU45ERozpFTfdRIdZEhqihmZlfxUkQThCRqRvqECcaKCbH7wDJ4YZQijWJoSGs7V7xMZ4kpNeWg6OdJj9dvLxb+8fqqjiyCjIkk1EXixKEoZ1DHMv4dDKgnWbGoIwpKaWyEeI4mwNhmVTAhfn8L/SadquyaZG6/SvFzGUQRH4BicAhecgya4Bi3QBhhw8ACewLMlrUfrxXpdtBas5cwh+AHr7RM0qpCs</latexit>

Blum, Jiang, Mitter, Nahrgang, JMP, Rennecke, Wink

Extension of mean-field version

Nahrgang, Leupold, Herold, Bleicher PRC84 (2011) 

see also

Stephanov, Rajagopal, Shuryak PRL81 (1998)  

Mukherjee, Venugopalan, Yin PRC92 (2015)  

Herold, Nahrgang, Yan, Kobdaj PRC93 (2016) 

Nahrgang, Bluhm, Schäfer, Bass arXiv:1804.05728  



Transport approach to QCD
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<latexit sha1_base64="/3JcLTysl4PyJPFRRnHotmKb07I=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiuSiKCboSiC11WsA9oQrmZTNqhM0mYmYgl9BPc+CtuXCji1qU7/8Zpm4W2Hhg495x7uXNPkHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHYCinMW0oZnmtJ1KCiLgtBUMrsZ+655KxZL4Tg9T6gvoxSxiBLSRuvaRF0kguRdSrgF71yAEjIrSU6xnqgvsPbCuXXGqzgR4nrgFqaAC9a795YUJyQSNNeGgVMd1Uu3nIDUjnI7KXqZoCmQAPdoxNAZBlZ9PDhrhQ6OEOEqkebHGE/X3RA5CqaEITKcA3Vez3lj8z+tkOjr3cxanmaYxmS6KMo51gsfp4JBJSjQfGgJEMvNXTPpgEtImw7IJwZ09eZ40T6quU3VvTyu1yyKOEtpHB+gYuegM1dANqqMGIugRPaNX9GY9WS/Wu/UxbV2wipk99AfW5w8wXJ1L</latexit><latexit sha1_base64="/3JcLTysl4PyJPFRRnHotmKb07I=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiuSiKCboSiC11WsA9oQrmZTNqhM0mYmYgl9BPc+CtuXCji1qU7/8Zpm4W2Hhg495x7uXNPkHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHYCinMW0oZnmtJ1KCiLgtBUMrsZ+655KxZL4Tg9T6gvoxSxiBLSRuvaRF0kguRdSrgF71yAEjIrSU6xnqgvsPbCuXXGqzgR4nrgFqaAC9a795YUJyQSNNeGgVMd1Uu3nIDUjnI7KXqZoCmQAPdoxNAZBlZ9PDhrhQ6OEOEqkebHGE/X3RA5CqaEITKcA3Vez3lj8z+tkOjr3cxanmaYxmS6KMo51gsfp4JBJSjQfGgJEMvNXTPpgEtImw7IJwZ09eZ40T6quU3VvTyu1yyKOEtpHB+gYuegM1dANqqMGIugRPaNX9GY9WS/Wu/UxbV2wipk99AfW5w8wXJ1L</latexit><latexit sha1_base64="/3JcLTysl4PyJPFRRnHotmKb07I=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiuSiKCboSiC11WsA9oQrmZTNqhM0mYmYgl9BPc+CtuXCji1qU7/8Zpm4W2Hhg495x7uXNPkHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHYCinMW0oZnmtJ1KCiLgtBUMrsZ+655KxZL4Tg9T6gvoxSxiBLSRuvaRF0kguRdSrgF71yAEjIrSU6xnqgvsPbCuXXGqzgR4nrgFqaAC9a795YUJyQSNNeGgVMd1Uu3nIDUjnI7KXqZoCmQAPdoxNAZBlZ9PDhrhQ6OEOEqkebHGE/X3RA5CqaEITKcA3Vez3lj8z+tkOjr3cxanmaYxmS6KMo51gsfp4JBJSjQfGgJEMvNXTPpgEtImw7IJwZ09eZ40T6quU3VvTyu1yyKOEtpHB+gYuegM1dANqqMGIugRPaNX9GY9WS/Wu/UxbV2wipk99AfW5w8wXJ1L</latexit><latexit sha1_base64="/3JcLTysl4PyJPFRRnHotmKb07I=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiuSiKCboSiC11WsA9oQrmZTNqhM0mYmYgl9BPc+CtuXCji1qU7/8Zpm4W2Hhg495x7uXNPkHKmtON8WwuLS8srq6W18vrG5ta2vbPbVEkmCW2QhCeyHYCinMW0oZnmtJ1KCiLgtBUMrsZ+655KxZL4Tg9T6gvoxSxiBLSRuvaRF0kguRdSrgF71yAEjIrSU6xnqgvsPbCuXXGqzgR4nrgFqaAC9a795YUJyQSNNeGgVMd1Uu3nIDUjnI7KXqZoCmQAPdoxNAZBlZ9PDhrhQ6OEOEqkebHGE/X3RA5CqaEITKcA3Vez3lj8z+tkOjr3cxanmaYxmS6KMo51gsfp4JBJSjQfGgJEMvNXTPpgEtImw7IJwZ09eZ40T6quU3VvTyu1yyKOEtpHB+gYuegM1dANqqMGIugRPaNX9GY9WS/Wu/UxbV2wipk99AfW5w8wXJ1L</latexit>

quantum equation of motion noise field

Time evolution of the critical (scalar)      mode �
<latexit sha1_base64="8n3mL0qea5Fd0YGl3HzgbRbAt7g=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZKaVrsrunFZwT6kCWUynbRDZyZhZiKU0K9w40IRt36OO//GSVtBRQ9cOJxzL/feEyaMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINJ1e5370nUtFY3OppQgKORoJGFCNtpDs/jHxFRxwNyhXH9uq1er0KHdutOZ7n5cQ9cxsN6NrOHBWwRGtQfveHMU45ERozpFTfdRIdZEhqihmZlfxUkQThCRqRvqECcaKCbH7wDJ4YZQijWJoSGs7V7xMZ4kpNeWg6OdJj9dvLxb+8fqqjiyCjIkk1EXixKEoZ1DHMv4dDKgnWbGoIwpKaWyEeI4mwNhmVTAhfn8L/SadquyaZG6/SvFzGUQRH4BicAhecgya4Bi3QBhhw8ACewLMlrUfrxXpdtBas5cwh+AHr7RM0qpCs</latexit><latexit sha1_base64="8n3mL0qea5Fd0YGl3HzgbRbAt7g=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZKaVrsrunFZwT6kCWUynbRDZyZhZiKU0K9w40IRt36OO//GSVtBRQ9cOJxzL/feEyaMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINJ1e5370nUtFY3OppQgKORoJGFCNtpDs/jHxFRxwNyhXH9uq1er0KHdutOZ7n5cQ9cxsN6NrOHBWwRGtQfveHMU45ERozpFTfdRIdZEhqihmZlfxUkQThCRqRvqECcaKCbH7wDJ4YZQijWJoSGs7V7xMZ4kpNeWg6OdJj9dvLxb+8fqqjiyCjIkk1EXixKEoZ1DHMv4dDKgnWbGoIwpKaWyEeI4mwNhmVTAhfn8L/SadquyaZG6/SvFzGUQRH4BicAhecgya4Bi3QBhhw8ACewLMlrUfrxXpdtBas5cwh+AHr7RM0qpCs</latexit><latexit sha1_base64="8n3mL0qea5Fd0YGl3HzgbRbAt7g=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZKaVrsrunFZwT6kCWUynbRDZyZhZiKU0K9w40IRt36OO//GSVtBRQ9cOJxzL/feEyaMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINJ1e5370nUtFY3OppQgKORoJGFCNtpDs/jHxFRxwNyhXH9uq1er0KHdutOZ7n5cQ9cxsN6NrOHBWwRGtQfveHMU45ERozpFTfdRIdZEhqihmZlfxUkQThCRqRvqECcaKCbH7wDJ4YZQijWJoSGs7V7xMZ4kpNeWg6OdJj9dvLxb+8fqqjiyCjIkk1EXixKEoZ1DHMv4dDKgnWbGoIwpKaWyEeI4mwNhmVTAhfn8L/SadquyaZG6/SvFzGUQRH4BicAhecgya4Bi3QBhhw8ACewLMlrUfrxXpdtBas5cwh+AHr7RM0qpCs</latexit><latexit sha1_base64="8n3mL0qea5Fd0YGl3HzgbRbAt7g=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZKaVrsrunFZwT6kCWUynbRDZyZhZiKU0K9w40IRt36OO//GSVtBRQ9cOJxzL/feEyaMKu04H1ZhZXVtfaO4Wdra3tndK+8fdFScSkzaOGax7IVIEUYFaWuqGeklkiAeMtINJ1e5370nUtFY3OppQgKORoJGFCNtpDs/jHxFRxwNyhXH9uq1er0KHdutOZ7n5cQ9cxsN6NrOHBWwRGtQfveHMU45ERozpFTfdRIdZEhqihmZlfxUkQThCRqRvqECcaKCbH7wDJ4YZQijWJoSGs7V7xMZ4kpNeWg6OdJj9dvLxb+8fqqjiyCjIkk1EXixKEoZ1DHMv4dDKgnWbGoIwpKaWyEeI4mwNhmVTAhfn8L/SadquyaZG6/SvFzGUQRH4BicAhecgya4Bi3QBhhw8ACewLMlrUfrxXpdtBas5cwh+AHr7RM0qpCs</latexit>

Input from equilibrium low energy effective action of QCD

Re�(2)
� (!, ~p)

<latexit sha1_base64="f95wRKCv8p/kLZTD1KUrpHfmJK0=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhgobdIOhJBA96jGKikI2hd9JJhszsLjOzQljyFV78FS8eFPEq3vwbJ4+Dr4KGoqqb7q4wEVwbz/t0cjOzc/ML+cXC0vLK6pq7vlHXcaoY1lgsYnUTgkbBI6wZbgTeJApBhgKvw/7pyL++Q6V5HF2ZQYJNCd2IdzgDY6WWu58FStJLHAZ7NDgDKaEVaN6VcJuVKrvDUhBL7MJecIeMJrstt+iVvTHoX+JPSZFMUW25H0E7ZqnEyDABWjd8LzHNDJThTOCwEKQaE2B96GLD0ggk6mY2fmtId6zSpp1Y2YoMHavfJzKQWg9kaDslmJ7+7Y3E/7xGajpHzYxHSWowYpNFnVRQE9NRRrTNFTIjBpYAU9zeSlkPFDBjkyzYEPzfL/8l9UrZ98r+xUHx5HgaR55skW1SIj45JCfknFRJjTByTx7JM3lxHpwn59V5m7TmnOnMJvkB5/0LGyGeCw==</latexit><latexit sha1_base64="f95wRKCv8p/kLZTD1KUrpHfmJK0=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhgobdIOhJBA96jGKikI2hd9JJhszsLjOzQljyFV78FS8eFPEq3vwbJ4+Dr4KGoqqb7q4wEVwbz/t0cjOzc/ML+cXC0vLK6pq7vlHXcaoY1lgsYnUTgkbBI6wZbgTeJApBhgKvw/7pyL++Q6V5HF2ZQYJNCd2IdzgDY6WWu58FStJLHAZ7NDgDKaEVaN6VcJuVKrvDUhBL7MJecIeMJrstt+iVvTHoX+JPSZFMUW25H0E7ZqnEyDABWjd8LzHNDJThTOCwEKQaE2B96GLD0ggk6mY2fmtId6zSpp1Y2YoMHavfJzKQWg9kaDslmJ7+7Y3E/7xGajpHzYxHSWowYpNFnVRQE9NRRrTNFTIjBpYAU9zeSlkPFDBjkyzYEPzfL/8l9UrZ98r+xUHx5HgaR55skW1SIj45JCfknFRJjTByTx7JM3lxHpwn59V5m7TmnOnMJvkB5/0LGyGeCw==</latexit><latexit sha1_base64="f95wRKCv8p/kLZTD1KUrpHfmJK0=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhgobdIOhJBA96jGKikI2hd9JJhszsLjOzQljyFV78FS8eFPEq3vwbJ4+Dr4KGoqqb7q4wEVwbz/t0cjOzc/ML+cXC0vLK6pq7vlHXcaoY1lgsYnUTgkbBI6wZbgTeJApBhgKvw/7pyL++Q6V5HF2ZQYJNCd2IdzgDY6WWu58FStJLHAZ7NDgDKaEVaN6VcJuVKrvDUhBL7MJecIeMJrstt+iVvTHoX+JPSZFMUW25H0E7ZqnEyDABWjd8LzHNDJThTOCwEKQaE2B96GLD0ggk6mY2fmtId6zSpp1Y2YoMHavfJzKQWg9kaDslmJ7+7Y3E/7xGajpHzYxHSWowYpNFnVRQE9NRRrTNFTIjBpYAU9zeSlkPFDBjkyzYEPzfL/8l9UrZ98r+xUHx5HgaR55skW1SIj45JCfknFRJjTByTx7JM3lxHpwn59V5m7TmnOnMJvkB5/0LGyGeCw==</latexit><latexit sha1_base64="f95wRKCv8p/kLZTD1KUrpHfmJK0=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhgobdIOhJBA96jGKikI2hd9JJhszsLjOzQljyFV78FS8eFPEq3vwbJ4+Dr4KGoqqb7q4wEVwbz/t0cjOzc/ML+cXC0vLK6pq7vlHXcaoY1lgsYnUTgkbBI6wZbgTeJApBhgKvw/7pyL++Q6V5HF2ZQYJNCd2IdzgDY6WWu58FStJLHAZ7NDgDKaEVaN6VcJuVKrvDUhBL7MJecIeMJrstt+iVvTHoX+JPSZFMUW25H0E7ZqnEyDABWjd8LzHNDJThTOCwEKQaE2B96GLD0ggk6mY2fmtId6zSpp1Y2YoMHavfJzKQWg9kaDslmJ7+7Y3E/7xGajpHzYxHSWowYpNFnVRQE9NRRrTNFTIjBpYAU9zeSlkPFDBjkyzYEPzfL/8l9UrZ98r+xUHx5HgaR55skW1SIj45JCfknFRJjTByTx7JM3lxHpwn59V5m7TmnOnMJvkB5/0LGyGeCw==</latexit>

Im�(2)
� (!, ~p)
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JMP, Rennecke, PRD 90 (2014) 7, 076002 

Comparison of truncations (2 flavours)

Phase structure of low energy QCD

Schaefer, Rennecke, PRD 96 (2017) 1, 016009 

2+1 flavour quark-meson model



Pion & sigma spectral functions

Sigma & Pion spectral functions
Show case in linear sigma model

JMP, Strodthoff, Wink, arXiv:1711.07444

Flörchinger JHEP 1205 (2012) 021  

Kamikado, Strodthoff, von Smekal, Wambach, EPJC 74 (2014) 2806

JMP, Strodthoff, PRD 92 (2015) 094009 

Real-time FRG computations, e.g.



Pion & sigma spectral functions

Sigma & Pion spectral functions
Show case in linear sigma model

JMP, Strodthoff, Wink, arXiv:1711.07444

Sigma spectral function

JMP, Rennecke, Wink, in prep

2+1 flavour quark-meson model sigma spectral function
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Pion & sigma spectral functions

2+1 flavour quark-meson model sigma spectral function

preliminary

JMP, Rennecke, Wink, in prep



Time evolution of cumulants  
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nth central moment of the sigma field:  �n
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Time evolution of kurtosis

Blum, Jiang, Nahrgang, JMP, Rennecke, Wink, in prep



Equilibration time phase structure  

Equilibration time of sigma-kurtosis 

nth central moment of the sigma field:  �n
<latexit sha1_base64="fZV0eOAH22nfr3jAwxFvbZM6hJ0=">AAAB7XicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqWu1FCl48VrAf0Iay2W7atZtN2N0IpfQ/ePGgiFf/jzf/jZu2goo+GHi8N8PMvCDhTGnH+bByK6tr6xv5zcLW9s7uXnH/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHyV+e17KhWLxa2eJNSP8FCwkBGsjdTqkRHri36x5NhetVKtlpFjuxXH87yMuGdurYZc25mjBEs0+sX33iAmaUSFJhwr1XWdRPtTLDUjnM4KvVTRBJMxHtKuoQJHVPnT+bUzdGKUAQpjaUpoNFe/T0xxpNQkCkxnhPVI/fYy8S+vm+rwwp8ykaSaCrJYFKYc6Rhlr6MBk5RoPjEEE8nMrYiMsMREm4AKJoSvT9H/pFW2XZPMjVeqXy7jyMMRHMMpuHAOdbiGBjSBwB08wBM8W7H1aL1Yr4vWnLWcOYQfsN4+Aelqj1Y=</latexit><latexit sha1_base64="fZV0eOAH22nfr3jAwxFvbZM6hJ0=">AAAB7XicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqWu1FCl48VrAf0Iay2W7atZtN2N0IpfQ/ePGgiFf/jzf/jZu2goo+GHi8N8PMvCDhTGnH+bByK6tr6xv5zcLW9s7uXnH/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHyV+e17KhWLxa2eJNSP8FCwkBGsjdTqkRHri36x5NhetVKtlpFjuxXH87yMuGdurYZc25mjBEs0+sX33iAmaUSFJhwr1XWdRPtTLDUjnM4KvVTRBJMxHtKuoQJHVPnT+bUzdGKUAQpjaUpoNFe/T0xxpNQkCkxnhPVI/fYy8S+vm+rwwp8ykaSaCrJYFKYc6Rhlr6MBk5RoPjEEE8nMrYiMsMREm4AKJoSvT9H/pFW2XZPMjVeqXy7jyMMRHMMpuHAOdbiGBjSBwB08wBM8W7H1aL1Yr4vWnLWcOYQfsN4+Aelqj1Y=</latexit><latexit sha1_base64="fZV0eOAH22nfr3jAwxFvbZM6hJ0=">AAAB7XicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqWu1FCl48VrAf0Iay2W7atZtN2N0IpfQ/ePGgiFf/jzf/jZu2goo+GHi8N8PMvCDhTGnH+bByK6tr6xv5zcLW9s7uXnH/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHyV+e17KhWLxa2eJNSP8FCwkBGsjdTqkRHri36x5NhetVKtlpFjuxXH87yMuGdurYZc25mjBEs0+sX33iAmaUSFJhwr1XWdRPtTLDUjnM4KvVTRBJMxHtKuoQJHVPnT+bUzdGKUAQpjaUpoNFe/T0xxpNQkCkxnhPVI/fYy8S+vm+rwwp8ykaSaCrJYFKYc6Rhlr6MBk5RoPjEEE8nMrYiMsMREm4AKJoSvT9H/pFW2XZPMjVeqXy7jyMMRHMMpuHAOdbiGBjSBwB08wBM8W7H1aL1Yr4vWnLWcOYQfsN4+Aelqj1Y=</latexit><latexit sha1_base64="fZV0eOAH22nfr3jAwxFvbZM6hJ0=">AAAB7XicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqWu1FCl48VrAf0Iay2W7atZtN2N0IpfQ/ePGgiFf/jzf/jZu2goo+GHi8N8PMvCDhTGnH+bByK6tr6xv5zcLW9s7uXnH/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHyV+e17KhWLxa2eJNSP8FCwkBGsjdTqkRHri36x5NhetVKtlpFjuxXH87yMuGdurYZc25mjBEs0+sX33iAmaUSFJhwr1XWdRPtTLDUjnM4KvVTRBJMxHtKuoQJHVPnT+bUzdGKUAQpjaUpoNFe/T0xxpNQkCkxnhPVI/fYy8S+vm+rwwp8ykaSaCrJYFKYc6Rhlr6MBk5RoPjEEE8nMrYiMsMREm4AKJoSvT9H/pFW2XZPMjVeqXy7jyMMRHMMpuHAOdbiGBjSBwB08wBM8W7H1aL1Yr4vWnLWcOYQfsN4+Aelqj1Y=</latexit>

�2 = h(� � h�i)2i
<latexit sha1_base64="KkYGj5qA8cPbfpwqxYTuGgYqu8E="></latexit><latexit sha1_base64="KkYGj5qA8cPbfpwqxYTuGgYqu8E="></latexit><latexit sha1_base64="KkYGj5qA8cPbfpwqxYTuGgYqu8E="></latexit><latexit sha1_base64="KkYGj5qA8cPbfpwqxYTuGgYqu8E="></latexit>

variance: kurtosis:  =
�4

�2
2

� 3
<latexit sha1_base64="ZEp140of6zxsri3xVzgNrZFaF1I="></latexit><latexit sha1_base64="ZEp140of6zxsri3xVzgNrZFaF1I="></latexit><latexit sha1_base64="ZEp140of6zxsri3xVzgNrZFaF1I="></latexit><latexit sha1_base64="ZEp140of6zxsri3xVzgNrZFaF1I="></latexit>

0.00 0.05 0.10 0.15 0.20

0.05

0.10

0.15

0.20

Chemical potential μ [GeV]

Te
m
pe
ra
tu
re
T
[G
eV

]

t/τ0

1.00

1.25

1.50

1.75

2.00

2.25
preliminary

Blum, Jiang, Nahrgang, JMP, Rennecke, Wink, in prep

Luo, Cu, NST 28 (2017)

kurtosis of baryon number fluctuations

Fu, JMP, Schaefer, Rennecke, PRD 94 (2016) 11, 116020 

κ
σ
2

0

1

2

3

√

s [GeV]
10 100

0− 5% centrality at STAR
5− 10%
present work

-2

0

2

10 100

results from [2]
without frequency dependence

equilibrium kurtosis



•QCD from functional methods 

•QCD-assisted hydrodynamics 
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Summary & Outlook

fluctuations at finite density
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!Phase structure of QCD
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!QCD Transport 

Summary & Outlook

meson spectral fcts. gluon spectral fcts. glue viscosity/entropy
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!QCD phase structure at low density 

!Transport in pure glue & low energy EFTs 

Summary & Outlook

!Towards quantitative precision 

!baryons, high density regime & CEP 

!Threefold way to transport 

! imaginary time lattice simulations: Yang-Mills, QCD 

! real-time: Yang-Mills, QCD, finite density  


