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Charge Diffusion in Fluctuating Hydrodynamics

Identify charge of interest: @ (electric charge)

Construct 4-current Jg:

Jo = nqut+ AJy + IF
~—— N ~—~

ideal viscous  stochastic

Require Jq to be conserved: 9,.J;, =0 (EOM)
Self-consistency of hydro = (I*1") o oo (FDT)

Use solution to EOM + FDT to construct interesting quantities,
e.g., (ong (z)dng (2'))
HQ
AJl = oQTA* (?) ,
" = s(r)f(E ) (sinhg,(ﬁ,coshg)

with




Steps to solve 8MJ5 =0:

m Conservation of Jg yields Langevin-type equation of motion for
on(k,T):
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Steps to solve 8MJ5 =0:

m Conservation of Jg yields Langevin-type equation of motion for
on(k,T):
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E(Tdn)—i— 2 (ton) = —iksf

Ol =0 =

m Homogeneous equation (with f = 0) describes relaxation of single
fluctuation mode dn(k, )
— solution defines the response function G(k;T,7")

m Solve inhomogeneous equation (with f# 0) with:

5@(/{,7):{/%'3( NGk 7, ) (k7).

0



Use 2-point functions to study fluctuations systematically:
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Use 2-point functions to study fluctuations systematically:

T1 T2
Gk, m) 0i(ka 7)) = —— [ drls(]) / dr}s(75)

T1T2 70 T0

é(k‘l; T, T{)é(l{:g; T2, T4)

(f(k1,71)f(k2,75))

Problem:

(f(kr, ) fk2,78)) = ?



Interlude:
White noise vs. Colored noise



Noise in a static medium

m White noise: {f(z1)f(z2)) = No*(z1 — 22)
- Pro: simple to implement
- Con: acausal signal propagation (vg, — oc)

!Aarts et al., JHEP 1502, 186 (2015)
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Noise in a static medium
m White noise: {f(z1)f(z2)) = No*(z1 — 22)
- Pro: simple to implement
- Con: acausal signal propagation (vg, — oc)

m Colored noise: (f(z1)f(22)) = %efltrtz\/wé?’(fl — 7y)

- Pro: causal (v% = Dg/1q)

1
DQNTQNﬁﬁvéwll

AJ* — coTAM (1 + ru-9) ! (“?Q)

- Con: more complicated implementation
Complications:
— Colored two-point function is non-local on scales ~ O(7g)
— 0 u~Li 7~0O(1fm/c)
— Static approach breaks down at 7 ~ 7!

!Aarts et al., JHEP 1502, 186 (2015)



Noise in a dynamical medium

Solution: rewrite two-point functions locally
m White noise:
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m White noise:

<f~(k1,7'1)f~(k2,7'2)> XX 5(k1+k2)(5<7-1_7-2)

m Colored noise:

((1+700/0m) (ki m)

X (1+700/07) flka,12)) o 0k + ka)d(m1 — 72)
Checklist:
V' Solve 0,,.J5; = 0 with 7 # 0 for dn(k, 7)

v Fix <f(k1,n)f(k2,rz)>
v Get (07(ky, )00 (ka, o))



Noise in a dynamical medium

Solution: rewrite two-point functions locally
m White noise:

<f~(k1,7'1)f~(k2,7'2)> XX 5(k1+k2)(5<7-1_7-2)

m Colored noise:

((1+700/0m) (ki m)

X (14 70/0m) [(ka, 7)) o 8k + k2)3(m = 75)
Checklist:
V' Solve 0,,.J5; = 0 with 7 # 0 for dn(k, 7)
v' Fix <f~'(]€1, 7'1)]2;(]{2, 7'2)>

v Get (6n(ky,1)0n(ke, 72))
v Get Bj+p,- (y1 - yz)



Results
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e Both sets of wavefronts reflect essential aspects of causal signal propagation

o Wavefronts travel farther with larger vé

e No wavefronts for Ué — oo!






vé =1/3
vé =i
vé =10

White

Enhancement at Ay = 0 due
to less efficient diffusion!




Summary:
m Diffusion is an essential aspect of heavy-ion collisions

m Hydrodynamic fluctuations offer a natural framework for modeling
diffusion

m White noise leads to violations of relativistic causality

m Colored noise consistently imposes causality on diffusive mechanisms
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Summary:
m Diffusion is an essential aspect of heavy-ion collisions

m Hydrodynamic fluctuations offer a natural framework for modeling
diffusion

m White noise leads to violations of relativistic causality
m Colored noise consistently imposes causality on diffusive mechanisms
Future/ongoing work:

m More sophisticated models of colored noise (e.g., correlations in
space and time)

Match onto holographic dispersion relations
Incorporate into 34+1D hydrodynamic simulations

Subtract/project out self-correlations

Thanks for your attention!
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Steps to solve 9,,J;; = 0 (with 7 # 0):

hln=0 =

ai(faﬁ) + {1 9 <><QTDQH s(ﬂsﬁ) 1 Dak” (r67)

T T TQT?

of 1 1 9 TD .

L (-t Ju(xePe)) ).

or Q T OT T

T is the temperature, Dg is the electric charge diffusion coefficient, og
is the electric charge conductivity, and xg = o¢/Dg is the electric

charge susceptibility. Finally, the quantity k is Fourier-conjugate to the
spatial rapidity &; for any quantity X, we define

X&) = /OO %eikg)?(kﬁ)

—00



Subtracting self-correlations

White noise density correlator:

T 1 2, o
(0n (&1, 7¢) on (&2, 7f)) = W 5(&1— &) — \/ﬁe*(&*éﬂ Jw

m First term: “self-correlations”

m Represent trivial correlations of a particle with itself
m Not measured experimentally

m Second term: diffusive correlations

m Represent physical, non-trivial correlations of distinct particles
m Are actually what we care about

— Self-correlations need to be subtracted out to compare with
experiment!

— Not so hard to do for white noise...

— ...but highly non-trivial for colored noise!



Subtracting self-correlations

Colored noise density self-correlations (vg > 1):

xXQ (77) Ty vqTy vQTY
o ) ~ _ _
< n (617 Tf) n (527 Tf)>self 17—]" 2DQ eXp DQ ‘gl 62’




Subtracting self-correlations

Colored noise density self-correlations (vg > 1):

XQ (177) Ty vQTys verTs
o ) ~ _ _

m “Adiabatic limit" (vg > 1)
reduces to exponential form on
quasi-static background




Subtracting self-correlations

Colored noise density self-correlations (vg > 1):

_XQ (1) T vy LVQTF .
(0n (§1,77) On (§2, 7)) e = Ars 2DQeXp Do &1 — &

m “Adiabatic limit" (vg > 1)
reduces to exponential form on
quasi-static background

m “Instantaneous limit" (vg < 1)
just takes all correlations to
zero

0.1 0.2

—02 -0l 00
AL

See these references for more detail:
m Ling, Springer, and Stephanov [PRC 89, 064901 (2014)]

m Kapusta and CP [PRC 97, 014906 (2018)]



Holographic considerations

Key idea: matching colored noise to holographic dispersion relations
yields estimates for Dg, 7¢
Gurtin-Pipkin noise:

0 0?2 93 0

~_D 2 o 27 DA — 2 _ 0
g ~ POV tTige T s —mbDogV
= rpw® +inw? — (1+ 13Dgk*)w —iDgk®> = 0

Holography?3 yields Kaluza-Klein-type tower of poles in holographic
dispersion relation:

wk=0)=(tn—in)27T,n=0,1,2,...

Match GP noise onto three lowest frequency poles

1
=Dg=19=71= oo ™2 =1 /V2,73=1/2

’Nunez and Starinets [PRD 67, 124013 (2003)]
3Policastro, Son and Starinets [JHEP 0209, 043 (2002)]



z—>

<X(k1 Tf)?(kz T = " d /
: ,74)) = dmé(k TN ()G
) o (k1 + k2) 7N (r )Gx(kl;rf,T')éy(kz;Tf,‘r')

70



z—>

<X(k1 Tf)?(kz T = " d /
: ,74)) = dmé(k TN ()G
) o (k1 + k2) 7N (r )Gx(kl;rf,T')éy(kz;Tf,‘r')

70



z—>

< Y, 7 dr'! N A N A ’
<X(k1,Tf)Y(k2,Tf)> = 47!‘(5(]{)1 -l-kg)/ 7]\7 (7’ )Gx(kl;Tf,T )Gy(k‘z;Tf,T)
70



z—>

<X(k1 ‘7f)}7(k2 T =47md (k1 + " —/ T )Gx (k17,7 )Gy (ka; T, 7
) b 5 ! ¢
f)> ( 1 k2) 7 N( ) X( 1;7f ,) ~Y( 2;Tf, ,)

70



z—>

(X (ka,7)¥ (ko 7)) = 4ok + ko) | PN () G lers e, 7
P ) f)> 4 6(k1 ko / ! ~x é T
) T0 T/ N( ) ( 1, Tf, I)Gy(kg; Tf l)



z—>

<~(k1 7'f)Y~ (k2,7 = dr! G
X (k1, ,77)) = 4md (k1 + k / AT N ()6 =
?) o T (T) x(k1;7¢,7) Gy (ka; 7¢,77)



% ¥ = = /)
f)) = 2 X (2;f,
/)Y
(1;f,
X(ki1,7¢)Y (ko, T Iy + \]T/)Gk’7’7Gk‘7’7
(
)>
2,
f)(
<(17

70



% ¥ = = /)
f)) = 2 X (2;f,
/)Y
(1;f,
X(ki1,7¢)Y (ko, T Iy + \]T/)Gk’7’7Gk‘7’7
(
)>
2,
f)(
<(17

70



z—>

dr’ - -
7; N (T')Gx(kl;Tf,T')Gy(kz;Tf,T')

(K (ka, 7)Y (ks 7)) = dmé(k + kg)/Tf -



z—>

dr’ - -
7; N (T')Gx(kl;Tf,T')Gy(kz;Tf,T')

(K (ka, 7)Y (ks 7)) = dmé(k + kg)/Tf -



z—>

Tf dT/
7-/

(X(k1,76)Y (k2, 7¢)) = 4md (k1 + k2)/ N (7')Gx (k1;7e, 7) Gy (k2; ¢, 7')

70



z—>

dr"

Gy (k2;7p,7")

,7_//

_M e _ T
X (Le c )/ d—Te 7¢ N (min (7/,7"") — 1)
0

- - T dr! -~ Tf
(X(k1,76)Y (ka,7¢)) = 4md(k1 + kz)/ TGX(kﬂTf’TI)/
TO TO

21¢ TC



z—>

- - Tf dr! - Tf dr!" -
<X(k1,Tf)Y(k2,Tf)> = 47T5(k1 + k2)/ TGx(kl;Tf,Tl)/ Gy(kQ;Tf,T”)
T

1
70 o T

_u o P
X (Le c >/ d—Te 7¢ N (min (7/,7") = 1)
0

27¢ TC



z—>

- - Tf dr! -~ Tf dr!" -
(X(k1,75)Y (ko,7f)) = A4md(ky +k2)/ ij(kl;TﬁT')/ Gy (k2;7¢,7")
-

11
70 o T

_u e P
X <1e C >/ LU Y (min (v/,7") — 1)
0

27¢ TC



z—>

- ‘rf d’T” ~
GX(k1§Tf77J)/ 7 Gy (k2;7¢,7")

70

Tf dT/

<X(k1,7'f)f/(k2,7'f)> = 47r5(k1+k2)/

70

=N e gr e
X <1e e >/ d—Te c N (min (T',T") — 7')
0

7.I

27'0 TC



Ne—|7'”—7'o|/Tc

z—>
- - Tf dr! -~ Tf dr!" -
(X(k1,7£)Y (k2,75)) = 4md(k1 +k2)/ 7Gx(k1;7'f77')/ 7 Gy (k2;7¢,7")
TO T0

27¢ TC

_u e R
X <1e C >/ I eN (min (7/,7") = 7)
0



t—>

ool =
Ne*|"’”*7'o|/Tc
z—>
(X (k1, 7)Y (k = o
f ( 2,Tf)> = 471'5(]61 +k2)/ diléx(klw'f 7—/) Tf dr!" -
o T sy T, o v GY(k2;Tf’TH)

27c TC

1 _|7/7-r”| o
X —e TC / et i
A e ¢ N (mln (T',‘r”) — ‘r)



z—>

.

<X(k1,7'f)f/(k2,7'f)> = 4md(k1 +k2)/f

TO

N oo gr e
X <Le kel >/ d_Te e N (min (T',T”) _ 7_)
0

dr’ ~ Tf dr! -
TGX(kBvaTI)/ 7 Gy (k2;7¢,7")

70

27'0 TC



z—>

. i T+ dr! o [T AT .
(X (k1,7p)Y (k2,7p)) = 4md(ka +k2)/ TGX(kIQTf’T )/ 7GY(k2§Tf»T )

70 (o]

_u e P
X (Le Tc >/ d—Te 7¢ N (min (7/,7") = 1)
0

27¢ TC



z—>

. i T+ dr! o [T AT .
(X (k1,7p)Y (k2,7p)) = 4md(ka +k2)/ TGX(kIQTf’T )/ 7GY(k2§Tf»T )

70 (o]

_u e P
X (Le Tc >/ d—Te 7¢ N (min (7/,7") = 1)
0

27¢ TC



z—>

. i T+ dr! o [T AT .
(X (k1,7p)Y (k2,7p)) = 4md(ka +k2)/ TGX(kIQTf’T )/ 7GY(k2§Tf»T )

70 (o]

_u e P
X (Le Tc >/ d—Te 7¢ N (min (7/,7") = 1)
0

27¢ TC



z—>

- - TF dTl - , TF dT” - B
(X (k1,7p)Y (k2,7p)) = 4md(k1 + kz)/ ij(kl;TﬁT )/ 7GY(k2;Tf,T )
T0 T0

_M o .
X (Le c )/ d—Te 7¢ N (min (7/,7") — 1)
0

27¢ TC



z—>

- - TF dTl - , TF dT” - B
(X (k1,7p)Y (k2,7p)) = 4md(k1 + kz)/ ij(kl;TﬁT )/ 7GY(k2;Tf,T )
T0 T0

_M o .
X (Le c )/ d—Te 7¢ N (min (7/,7") — 1)
0

27¢ TC



z—>

- - TF dTl - , TF dT” - B
(X (k1,7p)Y (k2,7p)) = 4md(k1 + kz)/ ij(kl;TﬁT )/ 7GY(k2;Tf,T )
T0 T0

_M o .
X (Le c )/ d—Te 7¢ N (min (7/,7") — 1)
0

27¢ TC



z—>

T

dar’”
T//

<X(k1,‘l‘f)?(k2, Tf)> = 471'5(](:1 + kg)/ éY(kZ;Tf, T”)

70

N oo gr e
X <Le TC >/ d_Te e N (min (T',T”) _ 7')
0

dr’ ~ TF
f,Gx(kl;Tf,T')/
T 0

27'0 TC



