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Introduction
A new framework for relativistic hydrodynamics with spin is proposed. It is

based on the conservation laws for charge, energy, momentum, and angular

momentum. The conservation laws lead to hydrodynamic equations for the

charge density, local temperature, and fluid velocity, as well as for the spin

tensor. The resulting set of differential equations extend the standard picture

of perfect-fluid hydrodynamics with a conserved entropy current in a minimal

way [1, 2].

Local distribution functions for spin-1/2 particles
• Starting point [3]

f+rs(x, p) =
1

2m
ūr(p)X

+us(p), f−rs(x, p) = − 1

2m
v̄s(p)X

−vr(p)

X± = exp
[
±ξ(x)− βµ(x)p

µ]M±, M± = exp

[

±1

2
ωµν(x)Σ

µν
]

with βµ = uµ/T , ξ = µ/T , Σµν = (i/4)[γµ, γν]

• ωµν analogue to EM field-strength tensor Fµν = Eµuν − Eνuµ + ǫµνβγu
βBγ

ωµν ≡ kµuν − kνuµ + ǫµνβγu
βωγ

• Assumptions: k · ω = 0, and k · k − ω · ω ≥ 0 (ζ is real)

M± = cosh(ζ)± sinh(ζ)

2ζ
ωµνΣ

µν, ζ ≡ 1

2

√
k · k − ω · ω

• ζ imaginary studied in [4]

Basic conservation laws
• Charge current [5]

Nµ =

∫
d3p

2(2π)3Ep
pµ

[
tr4(X

+)− tr4(X
−)

]
= nuµ

n = 4 cosh(ζ) sinh(ξ)n(0)(T ) =
(

eζ + e−ζ
)

︸ ︷︷ ︸

spin-up + spin-down

particles − antiparticles
︷ ︸︸ ︷(

eξ − e−ξ
)

n(0)(T )

• Energy-momentum tensor [5]

Tµν =

∫
d3p

2(2π)3Ep
pµpν

[
tr4(X

+) + tr4(X
−)

]
= (ε + P )uµuν − Pgµν

ε = 4 cosh(ζ) cosh(ξ) ε(0)(T ), P = 4 cosh(ζ) cosh(ξ)P(0)(T )

• Entropy current

s = uµS
µ =

ε + P − µn−Ωw

T
Ω defined through the relation ζ = Ω/T , and

w = 4 sinh(ζ) cosh(ξ)n(0)

– New thermodynamic variable Ω (”Spin chemical potential”)

s =
∂P (T, µ,Ω)

∂T

∣
∣
∣
∣
µ,Ω

, n =
∂P (T, µ,Ω)

∂µ

∣
∣
∣
∣
T,Ω

, w =
∂P (T, µ,Ω)

∂Ω

∣
∣
∣
∣
T,µ

• Conservation of energy and momentum

∂µT
µν = 0 =⇒ T ∂µ(su

µ) + µ ∂µ(nu
µ) + Ω ∂µ(wu

µ) = 0 (1)

Charge conservation

∂µ(nu
µ) = 0. (2)

Perfect fluid ⇒ entropy conservation ⇒ we demand extra conservation law

∂µ(wu
µ) = 0 (3)

Self-consistent with entropy conservation ∂µ(su
µ) = 0

• Eqs. (1), (2), (3) are the hydrodynamic spin background equations

Spin dynamics
• Total angular momentum tensor (“orbital”+“spin”)

Jλ,µν = xµTλν − xνTλµ + Sλ,µν

Conservation of energy and momentum

∂λJ
λ,µν = 0 =⇒ ∂λS

λ,µν = T νµ − Tµν

In our case Tµν is symmetric, i.e.,

∂λS
λ,µν = 0

• For the spin tensor we use [6]

Sλ,µν =

∫
d3p

2(2π)3Ep
pλ tr4

[
(X+−X−)Σµν] =

wuλ

4ζ
ωµν

Rescaled spin-polarization tensor ω̄µν = ωµν/(2ζ)

uλ∂λ ω̄
µν =

dω̄µν

dτ
= 0

Global equilibrium with rotation

• Rigid rotor: u0 = γ, u1 = − γ Ω̃ y, u2 = γ Ω̃ x, u3 = 0

Ω̃ is a constant, γ = 1/
√

1− Ω̃2r2, r2 = x2 + y2

Due to limiting light speed, 0 ≤ r ≤ R < 1/Ω̃

• Solution for hydrodynamic spin background:

T = T0γ, µ = µ0γ, Ω = Ω0γ
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• Polarized vortex:

ωxy = −ωyx = Ω̃/T0, (ωµν = 0 otherwise) with Ω̃ = 2Ω0

ωµν = thermal vorticity: ωµν = −1
2

(
∂µβν − ∂νβµ

)

Isolated vortex
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Time increases by 2 fm: red → black lines

• ωµν 6= thermal vorticity

Outlook
• Dissipative effects

• Spin-orbit interaction ⇒ Asymmetric Tµν
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