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Infroduction & Motivation

@ Non-central heavy-ion collisions create fireballs with large global angular momenta
which may generate a spin polarization of the hot and dense matter in a way similar
to the Einstein-de Haas and Barnett effects

@ Much effort has recently been invested in studies of polarization and spin dynamics of
particles produced in high-energy nuclear collisions, both from the experimental and
theoretical point of view
L. Adamczyk et al. (STAR), (2017), Nature 548 (2017) 62-65, arXiv:1701.06657 (nucl-ex)
Global A hyperon polarization in nuclear collisions: evidence for the most vortical fluid
www.sciencenews.org/article/smashing-gold-ions-creates-most-swirly-fluid-ever
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Global thermodynamic equilibrium (Zubarev, Becattini)

Density operator for any quantum mechanical system

p(t) = exp

- [ ez 000.00 - 33400000

d3zy is an element of a space-like, 3-dimensional hypersurface, e.g., d3>:H =(dVv,0,0,0)
in global equilibrium p(1) should be independent of time

90 (70001 = 539 0)g20) = 7700 200109) = 530 (Bue09) = O

b, = const. , w,p = const.

splitting angular momentum into its orbital and spin part

frg = €xp —deZy(x) (TW(x)bV - % (ZWﬁ(X) + §f"“5(x))waﬁ)]
= exp|- f APEu(x) (T#V(x)bv - % (xTHB(x) — xPTwer 4 G (x))waﬁ)]
= exp|- f APE(x) (?W(x) (by + @yax®) - %Swﬂﬁ(x)waﬁ)]
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Global thermodynamic equilibrium

Infroducing the notation
Bv = by + @yaX®

we may write

pra = oo [ d3:y<x)(?W(x>ﬁv— %éﬂfﬂﬁ(x)maﬁ)]

We note that g, is the Killing vector, satisfies the equations
dupv + Py =0, —% (3!1/%1, - al,ﬁ“) = @y = const  (thermal vorticity)

PRESENT PHENOMENOLOGY PRESCRIPTION USED TO DESCRIBE THE DATA:

1) Run any type of hydro, perfect or viscous

2) Find B, = uu(x)/T(x)

3) Calculate thermal vorticity

4) Identify thermal vorticity with the spin polarization fensor w,

THIS TALK: in local equilibrium thermal vorticity and spin polarization tfensor are
independent — B,(x) and w,(x) start their independent lives
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Local distribution functions

Our starting point is the phase-space distribution functions for spin-1/2 particles
generalized from scalar functions to two by two spin density matrices for each value of
the space-time position x and momentum p, F. Becattini et al., Annals Phys. 338 (2013) 32

1 - _ 1 _ _
fis (0 P) = 5T (P)XTus(P), s (X, P) = =5 Vs(P)X"vi(p)
Following the notation used by F. Becattini et al., we introduce the matrices
X* =exp [ié(x) - ﬁy(x)p“] M=
where

M* = exp

1 ~
J_rza)w(x))?”]

Here we use the notation g = u*/T and & = u/T, with the temperature T, chemical
potential u and four velocity ut. The latter is normalized to u? = 1. Moreover, wu is the
spin polarization tensor, while S is the spin operator expressed in terms of the Dirac
gamma matrices, > = (i/4)[y", y"].
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Spin-polarization tensor

oy = KyUy = KUy + €uupy o,
We can assume that both k, and w, are orthogonal to u#,i.e., k- u=w-u=0,
1 )
ky = opl’, wu = Ee‘“’“ﬁ WP,
It is convenient to infroduce the dual spin tensor

Dy = %ewaﬁa)“ﬁ = wuly — wyUy + etvabl, Ug.
One finds Jwwwt” = k-k-w-wand @t = 2k - w. Using the constraint k - w = 0 we find

the compact form

sinh(C)
2C

M* = cosh(C) + 0w,

where ( = % Vk -k —w-w. We now assume also that k - k — w - w > 0, which implies that C is
real. Relaxing of this assumption has been studied by F Becattini, WF, and E. Speranza in
the context of the fluid with a constant local acceleration along the stream lines.
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Charge current

The charge current (S. de Groot, W. van Leeuwen, and C. van Weert)

Ni = f _dp_ [tra(XT) - tra(X7)] = nut
2(21)°E,

where ‘try” denotes the trace over spinor indices and n is the charge density
n = 4 cosh(C) sinh(&) no)(T) = (6° + e7°) (6* = e7) noy(T)

Here n()(T) = ((u- p))q is the number density of spin 0, neutral Bolfzmann particles,
obtained using the thermal average

g = Loy ebp
0= [ Gare (e,

where E, = m? 4 p2.
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Energy-momentum ftensor tensor

The energy-momentum tensor for a perfect fluid then has the form

w D + IR . ;
' f2 2”)3Epp} M [tra(X ) + tra(X)] = (e + P)uru” - PG,

where the energy density and pressure are given by

e =4 cosh(C) cosh(&) eg)(T)
and

P =4 cosh(C) cosh(&) Py (T),

respectively. In analogy to the density N (T) we define the auxiliary quantities
e0)(T) = ((u-P)?)o and Pg)(T) = =(1/3) [ p-p=(u-p)2)po.
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Entropy current

The entropy current is given by an obvious generalization of the Bolizmann expression

i d® L - -
g :,fﬁpr (tra [X*(n X" = D]+ tra X0 x-= 1))

This leads to the following entropy density

e+P-un-Qw
- T
where Q is defined through the relation = Q/T and

_ o
s=uS =

w = 4 sinh(C) cosh(&) n(g)-

This suggests that Q should be used as a thermodynamic variable of the grand canonical
potential, in addition to T and u. Taking the pressure P to be a function of T, uy and Q, we
find

JP _odP

_ 9P o 9P _odP
e’ u

S , W= —| .
7.Q 29! Tu

Wojciech Florkowski (IFJ PAN) May 7-13, 2017 9/23



Basic conservation laws

The conservation of energy and momentum requires that d, T4 = 0
This equation can be split intfo two parts, one longitudinal and the other transverse with
respect to ut:

dP
ale+Pu) = wop=T
u
er P (gre sy, P.
dt

Evaluating the derivative on the left-hand side of the first equation we find
Tyu(su?) + ud,(nut') +Qd,(wut') = 0.
The middle term vanishes due to charge conservation,
du(nut) = Q.

Thus, in order to have entropy conserved in our system (for the perfect-fluid description we
are aiming at), we demand that

du(wut) =0.

Consequently, we self-consistently arrive at the conservation of entropy, d,(sut*) = 0
Equations above form dynamic background for the spin dynamics.
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Spin dynamics

Since we use a symmetric form of the energy-momentum tensor T+, the spin tensor S+
satisfies the conservation law,

(9/,\3/"’[“' —0.

For S we use the form

A
A, uv A + _ ¥ \3uv wu T
St fz o SEp p"tra [(X X)X ] = @

Using the conservation law for the spin density and infroducing the rescaled spin tensor
ot = wt/(2C), we obtain

_,, daot
Ut = =—=— =0
dt

’

with the normalization condition @, &*" = 2.

PARALLEL TRANSPORT OF THE SPIN POLARIZATION DIRECTION
ALONG THE FLUID STREAM LINES
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Global equilibrium with rotation — stationary vortex 1

The hydrodynamic flow u* = y(1, v) with the components

L=y, u=-y0y, F=y0x VB’=0

Qis a constant, y = 1/v1-02r2

r - distance from the vortex centre in the transverse plane, 2 =x24y?
due tfo limiting light speed, 0 < r< R < 1/Q.

urt=y(1, -y, x, 0) boundary
y condition
radius

ke=07y(0, X, y, 0)/To r=2
w'=0y(0, 0,0, 1)/To
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Global equilibrium with rotation — stationary vortex 2

The total time (convective) derivative

d ~( d d
— =Uu"9, = - X =
g = u Iy )/Q(yax Xay)' M
can be used fo find the fluid (centripetal) acceleration

I3 ~
at = C;LT — —282(0,x,y,0).

It is easy to see that the equations of the hydrodynamic background are satisfied if T, u
and Q are proportional to the Lorentz-y factor

T=Ty, w=uwoy, Q2=Qy,

with Ty, pp and Qg being constants. One possibility is that the vortex represents an
unpolarized fluid with @, = 0 and thus, with Q¢ = 0.
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Global equilibrium with rotation — stationary vortex 3

Another possibility is that the particles in the fluid are polarized and Qg # 0. In the latter
case we expect that the spin tensor has the structure

0 0 0 o0
0o 0 YL, o

“w=lo @/ 0o 0]
0 0 0 o0

where the parameter Ty has been infroduced to keep w,,, dimensionless. This form yields
kit = $%(y/T) (0,x,y,0) and w = Q(y/T) (0,0,0, 1). As a consequence, we find
(= fz/(ZTg), which, for consistency with the hydrodynamic background equations, implies

) =20q.
In this case the spin polarization tensor agrees with the thermal vorticity, namely

1
CD,LW = _E (a,uﬁv - avﬁp) = Wyy

as emphasised in the works by Becattini and collaborators.
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Expanding vortex 1

What can happen if the external boundary is removed? Expansion into external vacuum.

ytim

ytimi

Stream lines and temperature (color gradient), To = 200 MeV, m=1 GeV
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Expanding vortex 2

Figure: Temperature profiles
time increases by 2 fm, red — black lines)
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Figure: Velocity profiles
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Quasi-realistic model for low-energy collisions 1

Initial gaussian temperature profile

2 2 2
Y Z
= Toexp[_zx?_zyz_zz?]
0 0 0

Xo = 1 (beam direction, one can possibly use the Landau model)
Yo = 2.6 and zy = 2 (from GLISSANDO version of the Glauber Model, Au+Au, 20-30%)

Initial flow profile

Q- ;’ronhrL, vo=-Ltanh £, v, = Ztanh ~

0 r o r o

the parameter ry controls the magnitude of the initial angular velocity, in this talk rp = 1.0
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Quasi-realistic model for low-energy collisions 2

y [fm]

Figure: Initial conditions for the quasi-realistic model
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Quaisi-realistic model for low-energy collisions 3

y [fm]
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Conclusions and Summary

We have infroduced a hydrodynamic framework, which includes the evolution of the spin
density in a consistent fashion. Equations that determine the dynamics of the system
follow solely from conservation laws — minimal extension of the well established
perfect-fluid picture.

Our framework can be used to determine the space-time dynamics of fluid variables,
now including also the spin tensor, from initial conditions defined on an initial space-like
hypersurface. This property makes them useful for practical applications in studies of
polarization evolution in high-energy nuclear collisions and also in other physics systems
exhibiting fluid-like, collective dynamics connected with non-frivial polarization
phenomena.

The possibility o study the dynamics of systems in local thermodynamic equilibrium
represents an important advance compared to studies, where global equilibrium was
assumed.

Next steps: spin-orbit interactions, asymnmetric T, , dissipation, ...
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Spin polarization — standard QM treatment

Expansion in terms of Pauli matrices

F(x,p) = &*PF | cosh(C) - —S'”;C(C) P. a]
average polarization vector
Tt (ff+1)e] 1 P
P = T 2o

P:—lfonh l\/bfb*—e,pe* +
2 2 Vb, b. - e, e.

where the spin polarization is expressed by the matrix

0 el e &
-e! 0 -p3  p?
Wy = —e? p3 0 _pl

-8 -p2 b 0

+ denotes the PARTICLE REST FRAME
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Pauli-Lubanski four-vector (phase-space density IM,(x, p))

JWa(x, p) is the phase-space density of the angular momentum of particles

adAM(x,p) 1 aJMve(x, p) pb
Epr = —EE‘,vaﬁ AZ)\(X) Epr m

E dJA’m(X, p)

_ ko + o x Y KB + _ X~
P —ip = P (XP X P tra(XT +XT) + 5 p tra [(X* - x7) =]

particle density in the volume AL

daN o« + -
Alu(x,p)
(X, P) = AN, D)

By applying the Lorentz transformation we find that the PL four-vector calculated in the
PRF agrees with the spin polarization (1)

1

0 _ —p__
n, =0, m=P= 5

tanh(¢)P
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Two-component system

In the absence of a net spin polarization, i.e., for { = 0, we find the standard expression
for the net charge density n = 4 sinh(&) ng).

On the other hand, one may consider two linear combinations of the form
du [(n+ w)uH] = 0. Then, we find n+ w = 4 sinh[(u + Q)/T] Ny, which indicates that
thermodynamic quantities corresponding to charge and spin of the particles couple.

Q can be interpreted as a chemical potential related with spin — from a thermodynamic
point of view, a system of particles with spin 1/2 can be seen as a two component mixture
of scalar particles with chemical potentials p + Q.
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