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C. Gattringer and C. B. Lang, Springer 2010

“ “Lattice QCD for Novices”,
G. Peter Lepage, arXiv:hep-lat/0506036

“ “Thermodynamics of strong-interaction matter from Lattice QCD”,
HTD, F. Karsch, S. Mukherjee, arXiv:1504.05274

“* Conference proceedings in the annual “lattice conference”
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quarks, gluons & strong force

ELEMENTARY
PART ICLES

Atom Nucleus
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of Matter

mass of proton ~ 938 MeV

mass of u(d) quarks ~ 3 MeV
m=E/c?

99% of the proton mass comes from the strong force



Quantum ChromoDynamics
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Non-perturbative physics
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perturbative methods not able to

describe low-energy & long distance physics

first

principle calculations!?



Lattice gauge theory

PHYSICAL REVIEW D VOLUME 10, NUMBER 8 15 OCTOBER 1974

Confinement of quarks*

Kenneth G. Wilson
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 14850
(Received 12 June 1974)

A mechanism for total confinement of quarks, similar to that of Schwinger, is defined which requires
the existence of Abelian or non-Abelian gauge fields. It is shown how to quantize a gauge field theory
on _a discrete lattice in Euclidean space-time, preserving exact gauge invariance and treating the gauge
fields as angular variables (which makes a gauge-fixing term unnecessary). The lattice gauge theory has
a_computable strong-coupling limit; in this limit the binding mechanism applies and there are no free
quarks. There is unfortunately no Lorentz (or Euclidean) invariance in the strong-coupling hmit. The
strong-coupling expansion involves sums over all quark paths and sums over all surfaces (on the lattice)
joining quark paths. This structure is reminiscent of relativistic string models of hadrons.
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Kenneth G.Wilson
June 8, 1936 - June 15,2013
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for his theoryfor ~  §F W >
critical phenomena
in connection with
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first numerical lattice QCD study

PHYSICAL REVIEW D VOLUME 21, NUMBER 8 15 APRIL 1980

Monte Carlo study of quantized SU(2) gauge theory

Michael Creutz
Department of Physics, Brookhaven National Laboratory, Upton, New York 11973
(Received 24 October 1979)

Using Monte Carlo techniques, we evaluate path integrals for pure SU(2) gauge fields. Wilson’s
regularization procedure on a lattice of up to 10* sites controls ultraviolet divergences. Our renormalization
prescription, based on confinement, is to hold fixed the string tension, the coefficient of the asymptotic
linear potential between sources in the fundamental representation of the gauge group. Upon reducing the
cutoff, we observe a logarithmic decrease of the bare coupling constant in a manner consistent with the

Erturbatlve renormalnzatnon-group_ prediction. This supports the coexistence of confinement and asymptotic
freedom for quantized non-Abelian gauge fields.
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Symmetry restoration ir

extreme conditions:

QCD phase

Ordinary Quark Gluon Plasma

nuclear (QGP)
matter

“The whole is more than sum of its parts.”
Aristotle, Metaphysica 10f-1045a

What are the phases of stro
what roles do they

What are the T, orders a

‘ransitions

ng-interaction matter and
play in cosmos?

nd universality classes

of (chiral & deconfinement ) phase transitions?

What does QCD predict for the properties of the strong-
Interaction matter in extreme conditions?



Recreate QGP in Heavy lon Collisions (HIC)...

final detected

Relativistic Heavy-Ion Collisions

Kinetic
freeze-out

Hcdrosz
Initial energy . .

density : t?

v

re-
e u‘l)lubmum

ynamics viscous hydrodynamics

free streaming

t ~ 10'° fm/c

collision evolution

t~0fm/c t~1fm/c t~ 10 fm/c

particles distributions

Temperature

Early Universe
LHC Experiments

1 RHIC Experiments

_The Phases of QCD

Cnitical Point

S

Hadron Gas ’
Superconductor

Nuclear

Vacuum Matter Neutron Stars

900 MeV

Baryon Chemical Potential




Transition from hadronic phase to QGP phase at pg =0

disconnected chiral susceptibility

40 ...... T T T T
XK/I_S' 2 Domain Wall Fermions
-, disc m_= 135 MeV
323x8 —e—
30T 6438 o
m. = 200 MeV
16%x8" | A
o0 24°x8 ~=—
323X8 —y—
HISQ
m_ =161 MeV
10 ¢ 48312 —a—
O 1 N R M

120 130 140 150 160 170 180 190 200 210 220 230

T [MeV]
HotQCD: PRL 113 (2014) 082001

¢ Consistent results with 3
discretization schemes with
Mr=135 MeV:

Domain wall, HISQ, stout

Tpc =1 55(1 )(8) MeV

¢ Not a true (chiral or
deconfinement) phase
transition but a rapid
chiral crossover

See also the consistent continuum extrapolated results of HISQ, stout, and overlap in:
Wuppertal-Budapest: Nature 443(2006)675, JHEP 1009 (2010) 073 , HotQCD: PRD 85 (2012)054503

Borsanyi et al., [WB collaboration], arXiv: 1510.03376, Phys.Lett. B713 (2012) 342
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Two key equations

¢ Useful to extract matrix elements of operators and the energy
spectrum of the theory

1 A A A A
lim —Tr[e_(T_t)H O e tH O] = Z(O\Ozlm (n]01]0) e

T'— 00 ZT
n

partition function: Zr = Tr[e‘Tﬁ]

¢ Path integral formalism used to be evaluated numerically on
the lattice

11



Path integral for a scalar field theory

. 1 m? .
Lagrangian  L(®,0,®) = 5 (9,)(9"®) ~ % P2 — V(D)

Hamiltonian -~ s (Lo, o I ~ 2 mla, o 2
operator H—/(l 1 (E Il(x) —|-§ (pr(m)) - : P(x)° +V (@(m)))

Discretization In time:

ZT — /D(I)O <(]5()|€_Tﬁ\(ﬁo> — \liIll /be() <(150‘WSNT|(]5()>
N1 —oc
€. spacing in the

T —eU /2 —eHy, —eU/2 — S
We=e"° /6 e U/ ) I'= Nt e temporal direction

Discretization In SD—Space: r = an, n;=01,.... N—1 for 2=1,2,3
J; (5(.1:) = 2(n + )‘)_a(ﬁ(n ~J) + O(a®) a: spacing in the spatial direction
- : - 2 .
ﬁo =a’ Z % (_(113 ()‘[Z’ﬂ)) - _2113 Z U(]ZZ;)Q
neAs ncs
U =d® Z (1) Z(ﬁ(n+l ) .)—“(.IA)(n—j ))2 + ”.1)2 P(n)?+V (JA’(n)))
necAs T j=1 - -

12



I — / Dby (Bole=TH|Bg) = lim / Dby (4|7 |By)

N —o0

— /73450 ... DON.. 4 <¢O|W€I¢NT—1><¢NT—1|W€|¢NT—2> <¢1|We|¢0>

_ ~N® Nr —Sg[P] periodic boundary
= C /ngo ... DOnp_y e condition is used

In a compact 4D-space

2
Spl@) = a® 3 (1 (et )

2 £
(n,n4)€A

2

3 : i :
Z(QS(THJ ,n4)2—a‘p("_7 ’n4)) + %¢(n,n4)2 +V(P(n, n4)))

b | =

=1

13



Partition function & correlators

Partition function: |
Z;; _ CN-BNT / D[@] e—SE D] D[Q)] _ H dd(n.ny)

)
(nanél)EA

Correlation function:
CN3NT

Z

(0a(t) 01(0))5 = / D(®] =551 0y[B(..,n¢)] O1[(. . 0)]

e The field theory can be detined by integrals over all possible
configurations of fields weighted by the Euclidean action

® [he lattice procedure we went through provides a way to regulate
the formally infinite functional integrals

e The a->0 limit provides a definite of the theory beyond perturbation
theory

14



Brief review of QCD

Z /(14 _' f Vu (O + 1Au(2)) + 'm(f)) 'U"’(f)(.l.')

—Z / ats (@) a (()ap Geadl + i Au(w)ea)
+ mDsas0. d) (N () 5

d

a, 3: Dirac index, 1,2,3,4 u: Lorentz index, 1,2,3,4 c,d: color index, 1,2,3
Sc,[A —/d X tI‘ /“, F}w .L' —1J2 Z/(]‘ll F() F(z ()
Fg)(x) = 9,40 (2) — 0, AP (2) — fijn AP (2) AL (z)

Invariant under gauge transformations:

p(x) — u’)'(;{:) — Q(;Lf)?;i*(;zr), ;(1) _— ( ) = ( )_Q(;L:)T SU(3) matrix:
B r N _. A\ Q(x)T — Q(aj)—l
Au() = AL(2) = () Ay (1) 2(2) +1(0,2(2) 22)  det o)

15



Discretization of the fermion action

¢ Free fermion action (A =0):

_ o | — T
Sy (v, ¥] = / Az Y(z) (7,0, + m)p(x)  |Ou¥@) = 5 (i) = vin = f)

4 ) N a0
Sp[v, Y] = a* Z Y(n) (Z Vi pin /1)9(1 win = A) + m L'(n))

neA

¢ Not gauge invariant:

x) — ¥ (2) = Qa)b(x) V() = P(2) = p(x)2(x)
P(n)(n+ i) — @' (n) P (n 4 i) = P(n) L(n)T (n + @) (n + 1)
¢ Introduction of a gauge link:
& () U(n) ¢ (n+ 1) = %(n) 2(n)! Ul(n) 2n + ) o(n + )

Y
Uu(n) — Uj,(n) = 2(n)Uu(n) 2(n+ )7

T+ g +T+[1 Uu(n) = exp (iad,(n))

16



Doubler problem & Wilson fermion action

o : . Up(n)v(n+pn) —U_py(n)b(n—f) .
Naive fermion action: Sl ¢,U] = a Z ) Z » > +m1(n)

Sr[zl_ Ul = a’ Z Z U(n)a D(nlm)ag (m)gs

- ) ab b
nmeA aba.S

4 . . . .
- - ('"rt ( n )ab On+fi.m — U_ 1(” )ab On—fp.m . -
D(_n\m‘)aﬁ :Z(@.#)ag ! £,m : ' £ + m 0aB Oab On.m
ab

2a
p=1
1 .
~ —la Z Y Sin(pya) IZ Pu sm(p CL)
. -1 o H / a— 0 p 2y v \
Propagator . D(])) m=0 —2 Z Hlll ) (l) ) 4 p'UJ

ohysical poles: p = (0. 0, 0, 0)
unwanted poles,doublers: p = (7/a,0,0,0) , (0,7/a,0,0), ... ,(7/a,7/a,7/a,7/a)

. 4 4
Wilson fermion matrix:  D(p) — mil + ~ S ~. s Ll 1 — cos |
() = w3 o sinlpya) + 1 35 (1= o)
Wilson term
Wilson term vanishes when p, =0 and gives an extra mass l/a (infinity at a=0)

Wilson fermion action: Sp[v Z a Z DY) (njm)v'Y) (m)

f= n.meA
+4

4\. . . 1 .
D(f)('” '”)C;g — ('”(f) T ;) Oap ()abﬁn.'nz_glzl(]- ! )ajl (1)a b‘)n-Hl m
= 17



Wilson gauge action
Plaquette: U,,(n)=U,(n)U,(n+ p)U_,(n+ p+0)U_,(n+ D)
| | | | n 4 I;l (",,(: V) l—" b+ v
smallest Wilson loop that is gauge invariant

Wilson gauge action: U,(n) | Q | U,(n+ j1)

2
SclU] = 7 S: S: Re tr|[1 — U,,(n)] n 1 Uym) T nti

neA p<v

Reproduce the gauge action in the continuum limit with an order a2

correction

(l..4

Sc|U]

>3 trlFu (m)?] + O(a?)

neA pw

The above the above equation can be obtained with the help of :

: 1
U,(n) =exp(iaA,(n)) - exp(A) exp(B) = exp (:1 B A 5 A, B] + -- )

18



The lattice QCD Path integral

QCD Lagrangian
L R R e Discretization in
e & e Euclidean space
4 Y >°¢/ | quarks: lattice sites
<o S gluons: lattice links

® quark A gluon

Supercomputing the QCD matter:

structural equivalence
between
statistical mechanics
& QFT on the lattice

Nc@N@Nspin @NG@No@NS = | 08

det Mf = 1: Quenched approximation
det Mt =/= 1: dynamic/full QCD simulation

19



Monte Carlo simulation

1
Expectation value:  (0) = ~ /D[U] e~ 59 det[D,] det[D4] O

Partition function: 7 = /D[U] e 5¢Yl det[D,] det[Dy]
¢ Treat the fermion determinant as a weight factor

Un is distributed 1 Should be real and
: — e Sclll det|D,| det|{Dg| nonnegative as a

according to: 7 1 Srobabillty
(O)~ = ) _OlU]
¢ Ys-hermiticity: (v5D)' =~sD or DT = ~5 D5
det[D]* = det[D'] = det[ys D 5] = det[D] => detD c R
0 < det[D] det[D] = det[D] det[D'] = det[D DT]

Wilson fermion matrix (page 18) satisfy Ys-nermiticity

20



Sign problem at pg =/=0

QCD: Z =Tr {e_(H_“NVT} — /[dA] det|D + mg + iy e o (A)

¢ Ys-hermiticity does not hold and instead: Df(—p) = v5D ()75
det D[u] is a complex number
¢ Toy model for demonstration of the sign problem

7 = Z sign(¢) e~ °(®) - Zy = Z e~ 5 (@)

{p(x)==%1} {p(x)==%1}
1 . _S @, sign
(O) = ~ Z O(¢)sign(¢) e (¢) _ ( (¢) g (¢)>O
{¢(z)=%1} (sign())o
Z - i
. _ L —(f—fo)V/T f(fo): free energy density
(sign(¢))o 75 c <1 corresponding to Z(Zo)

Asign(¢) \/<Sign2>0 — (sign)? N o(f—fo)V/T N

21



Chiral symmetry of QCD

Sr[, ¥, A] = / A%z L (Y,0, A), L (0,0, A) =~y (0, +14,)10 =1 Dy
D: massless Dirac operator
Chiral rotation: ¢ — ' =€), ) — ' = '

¢ Lagrangian density IS Invariant under the chiral rotation:
L (0. 4) = T 9 (O +i4) o = T 3, (0 +i4) 05
— el (9, +i4,) v = L (4,7, A)

2ays5 ),
¢ A mass term explicitly breaks the chiral symmetry: m¢'¢)" = m e 4}

Pr = L+ P, — L —~s B B B

mwi =m (L* rUL + Y R)

Vp=vPL, v, =v%Pgr

¢ Essence of chiral symmetry: D ~s +v5 D = 0

22



chiral symmetry on the lattice

¢ Massless Wilson Dirac operator breaks chiral symmetry

+4
4 1
Df(n|m)a5,ab — N 504556155”,7'% 5. E (1 - ’Vu)ozﬁ Uu(n)ab 5n+ﬂ,m
a 2a
p==1
P 2 _
. . . Y5 =5, V5 = 1, {53t =0
§ The Ginsparg-Wilson equation o o

lattice space a ->0
Dvys+vD=aDvy D ﬁD% +v95D =0

¢ Lattice fermion satisty the Ginsparg-Wilson equation preserve the
chiral symmetry at nonzero lattice spacing

chiral rotation on the lattice

) = exp (i Y5 ('ﬂ - (—; D)) ., P = exp (i ) ('[ — f—; D) ";5)

= — — . a . a
L ('Lv‘_a’. Cv’) — L""/ D l.', = W exXp (l(l 1 — = D) ",5) D CXPp (1 ¥ 75 (I. - 5 D)) (15

— T exXp (l XY (IL — %D) A;j',) exXp <—l @ (L — %D) ";—)) D 5,

23



chiral symmetry on the lattice

¢ Massless Wilson Dirac operator breaks chiral symmetry

+4
4 1
D/ (n|m)a5,ab — a O0aB9abOn,m — % Z (1— ’Vu)ozﬁ Uu(n)ab On+fi,m
pu==x1

=95, 2 =1, {17} =0

¢ The Ginsparg-Wilson equation

lattice space a ->0
Dys+vD=aDvy D ﬁl)% +75 D =0

¢ Lattice fermion satisty the Ginsparg-Wilson equation preserve the
chiral symmetry at nonzero lattice spacing

chiral rotation on the lattice

) = exp (i Y5 ('ﬂ - (—; D)) ., P = exp (i ) ('[ — f—; D) ";5)

~ [ _+_ :\." ) H H o :\‘r’ -~ |
Pr = =, Pp=—" Y5 =75 (L —aD)

P2—Pp, P2—P,, PaPy=P P00, Pa+Pr—1

I."R — PR I'V’ . L‘IJ — PI/ I;‘9 . L“'H —_ L“s PI‘ . L,L —_ L‘. PR
:D Y = :L D Uy, + 7R D L“R

23



chiral fermions on the lattice

¢ Overlap fermion operator Doy : only operator that satisfies the Ginsparg-
Wilson equation

Doy = — (1 + 5 sign[H]) | sign(H) = H|H|™' = H(H?)"2  H =5 A

a ’

A denotes some suitable Ys-hermitian “kernel” Dirac operator

large numerical cost due to the evaluation of (HH*)-1/2
costs > 100 x costs of Wilson formulation

¢ Domain Wall fermions: introduce the fictitious 5t dimension of extent Ns

preserve exact chiral symmetry Ns. Residual symmetry breaking is
quantified by the additive renormalization factor mres to the quark mass

costs > N5 x costs of Wilson formulation

Ns = 16-64

24



Staggered fermions

. : A W (n+ 1) —P(n — 1) |
Naive fermions: Sr[, ] = a® Z (n) (Z Vo - o + m v(n))

neA

staggered transformation:
p(n) =1 9252 vt v(n) . Y(n) =v(n) 5 13° 15> 1

D(n)y3h(n+3) = (=12 (n) 1 (n £+ 3)

4 im0V — ab(n — 01
S [V '] = a* Z P(n)1 (Z N () win + 1) 2&@(71 1) +ma(n) >

ncA p=1

m(n) =1, n(n) = (=1)"", n3(n) = (=1)""" , ma(n) = (-1)™ 7"
staggered fermions:

4 A A A
U,(n)x(n+p)=Ul(n—j)x(n—ji
b = oS x(n) (Z’Iu (2) u(n)x(n+it) : p(n—[1)x(n—fi) +mX("D

a
neA p=1

X (n) :Grassmann-valued fields with only color indices but without Dirac structure

16 -> 4 tastes (doublers)

25



600

500

400 |

300 F

200 ¢

100 |

Taste symmetry breaking of staggered fermions

action(group)

Improvements at T—0

Improvements at T oo

naive (Mumbai) none none
p4(BNL-BI) pPOOr very good
asgtad(hotQCD) ok good
2stout(WB) good none
4stout(WB) very good none
HISQ(hotQCD) very good good
S M’: (MeV] o HE . naive & stlout N
— |
HISQ/tree o T O "o 1.60 _P/PSB asqtad & hisq =
asqtad = ya T 4 m
2stout v v A P
4stout A o /0 ® 140 |
v g“
" e 1.20 |
e
o 1.00
a [fm]
: ‘ - ’ 0.80 |
0.05 0.1 0.15 0.2 .




Current hot & dense lattice QCD simulations

Lattice QCD: discretized version of QCD on a Euclidean space-time
lattice, reproduces QCD when lattice spacing a—0 (continuum limit)

Mostly dynamical QCD with N+=2+1 and physical pion mass

% at a=0: taste symmetry breaking

“* 1 physical Goldstone pion +15 heavier unphysical pions
“* averaged pion mass, i.e. Root Mean Squared (RMS) pion mass

“* Smaller RMS pion mass — Better improved action: HISQ, stout
o at az0

* preserves full flavor symmetry and chiral symmetries

* computationally expensive to simulate, currently starts to
produce interesting results on QCD thermodynamics

27



Formulation of lattice gauge theory

Lattice QCD calculation is a non-perturbative implementation
of field theory using the Feynman path integral approach

QCD Lagrangian

l - ’ A - [« v . 1

L=—-F"F,. + \ qlin' (0, —igA,) —m,l ¢

it . 11 f g, L
I qmu d.scht

) S e
Qi

A A o

9" '

O quark A gluon

-» discretization of space time

-# the transcription of the gauge and fermions degree of freedom
-®- construction of the action

-» definition of the measure of integration in the path integral

-®" the transcription of the operators used to probe the physics

28



Basics of Lattice QCD

e Four dim. Euclidean lattice

N x N
»“m ) Temperature T = 1/(N7'a)

* a9 Nk N,a

<— VB aNg >
* TJo get continuum physics, make
a— 0at constant VandT

Input parameters

* lattice gauge coupling: 3(= 6/g )

/)\\ e quark masses
: j o |attice size: N, N,

No free parameters
input bare parameters of QCD Lagrangian
fixed by reproducing physics at T=0

29



Basics of Lattice QCD (cont.)

Expectation value of QCD observables on the lattice

> St staggered, Wilson, Domain Wall fermions...

-® Operator with each configuration is summed up with weight exp(-Siar)

-® Average over configurations with huge degree of freedoms
Noez N QNIR@Nspin@Ng@NG @ N+ = 106

-® Monte Carlo simulations: generate gauge field configurations with
weight exp(-Sg+log(detMy))

-®-detM=constant: quenched approximation
- ®detMs+#constant: dynamical full QCD simulation

+® O: chiral condensates, susceptibilities, correlation functions
30



Questions?
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QCD phase structure from
Lattice Quantum Chromodynamics

Heng-Tong Ding (T Z18)
Central China Normal University, Wuhan

Email: hengtong.ding AT mail.ccnu.edu.cn
Homepage: http://phy.ccnu.edu.cn/~htding

CBM school, Wuhan, China
22 Sep 2017 to 23 September 2017
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Symmetries of QCD in the vacuum
- 1 Y

L= —ZF“”FW + 0y (i[iw“(% —igAy) — mq] q

\_ q:u,d,s,c,b,t Y,
- N

Classical QCD symmetry (mq=0)
| SU(Nf)L X SU(Nf)R X U(l)v X U(l)A

\ 4

W

s N
Quantum QCD vacuum (mg=0)
Chiral condensate: Axial anomaly:
spontaneous mass generation guantum violation of U(1)a

o -~ 2N -
;\ (qrqr) # 0 9,5t = ‘(iG—Wgtr(FWFW) i

\ 4

SU(Np)y x U(1)y
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Symmetry restoration in extreme conditions?

“The whole is more than sum of its parts.”

Aristotle, Metaphysica 10f-1045a
ue>Aacp or T>Aacp Py

Ordinary
nuclear

Quarks & Gluons get liberated from nucleons

From hadronic phase to
A new state of matter: Quark Gluon Plasma (QGP)

35



QCD phase transitions

T
O o ®
O
Quark Gluon Plasma

.......... o e
~a CEP O

0
Ordinary | o)
nuclear

matter

O Hadron Gas @
® o

Nuclei
HTD, F. Karsch, S. Mukherjee, UB
arXiv:1504.0527

What are the orders of QCD phase transitions?

What are the T¢, critical temperatures of these transitions?

What will be the observable phenomena
associated with the transitions?
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Ginzburg-Landau-Wilson approach

Partition function:

7 - /[da] exp ( /dxceff (0(x): K))

Same symmetry with

Landau tunction: Leps = 9 (Vo)™ + Za”(K)U the underlying theory

o(x): order parameter field; K={m,u}: external parameters

2nd order phase transitim

Z(2) Ising model, Nf=2 QCD
1 1
,Ceff = 5&0'2 —+ ZbOA

Leff N IoTe T=To T<Te

- "

1st order phase transition
/(3) Potts model, Nf=3 QCD

1 1 1
Leff — 5@0'2 — §CO'3 —+ Zb(f4
Lerrt IoTe T=Te T<Te

>
o

NS /
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Ginzburg-Landau-Wilson approach

Partition function:

Z:/[da]exp(—/dxﬁeff (J(X);K))

Same symmetry with

Landau function: Lesy = 2 (Vo)™ + }_an(K)o™ tne underlying theory

o(x): order parameter field; K={m,u}: external parameters

2nd order phase transiticm

order parameter M:
continuous In T

fluctuations of M:
X(T) = T((M?) — (M)?)

e

/

ﬁst order phase transiticm

M:
discontinuous In T

fluctuations of M:

X(Tc) ~V

NS /
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| andau functional of QCD

Pisarski & Wilczek (84)
Symmetry:  SU(Ny¢)p X SUNs)r xU(1)y xU(1)a
1 . . .
Chiral field: D~ 559(1 —5)q¢" = GRqT
Chiral transformation: & — e %**4 V/; @ V}‘;

1 .
ﬁeff = 5’61“8(1) 0D + gtl‘q)Tq)

by S B SUNYXSUNaxU(1)
oy (r@T@)” 4+ For (910)"_}

_ g (det(I) 4 det(I)Jf)

d
- 5trh(<1>+<1ﬁ).

SU(Nf)LXSU(Ni)r

Quark mass term

Results on phase transitions should be eventually
checked by Lattice QCD

A
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Pure gauge theory (Ns=0)
center transformation: A4(x,z4) — 2z As(x,24), 2 € Z(N,)

¢ The gauge action is invariant under the center transformation

C

B
¢ Polyakov loop: ¢ = NiTr P exp (z’g/ dxy As(X, x4))
0

(= 2 = <€>:%<€+z€+z2€>:()

¢ Polyakov loop is related to the heavy quark (pair) potential:

(0)] oc e™Ta/T - (H(r)e(0) oc e™Foa(r) /T
Confined (Disordered) Phase Deconfined (Ordered) Phase
Free Energy fq =00 fq <00
faq~ ot faa ~ fa+ fata—
Polyakov Loop (£) =0 (€) #0

(r = o0) (€7(r)£(0)) — 0 (€1 (r)£(0)) — (O[> #0
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0.4 F
0.35 |
0.3}
0.25 |
02}
0.15 |
0.1}
0.05 |

Polyakov

OOp and ch

N Ni=2+1 QCD witr

renormalized Polyakov loop

iral condensate
M ~140 MeV

subtracted chiral condensate

 Lren(T) ;
HISQ/tree : N, =6 x }[TF _5 0.8}
N'c =8 (1] (ﬁ
No=12 m > ¢ 1 o6}
asqtad: N.=8 © 5 <
N=12e &3 %5
stout, cont. 4 q§§b®5 #ﬂ 04r
O ’!:Qj fk scale |
D . : 0.2
ol -
e T [MeV] of
120 140 160 180 200

- HISQ/tree: N,=6 x

_—Al,s

’%{o

fx scale

e,

.
4

¢

B
.f@e
‘e
asqtad: N=8 © 4, %
N.=12 o

N.=8 [ %
B NT=12 O 4 .:[%.gﬁ
| N.=8, m=0.037m . .
' Istout contS : $ s ‘% :K &
1 1 1 . l-r [Mlev] 1 1 ‘ | _
120 140 160 180 200

No evidence of a first order phase transition
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\
|

chiral crossover Tpc =155(1)(8) MeV
Ni=2+1 QCD with m =140 MeV

chiral sus obtained with chiral fermions  continuum extrapolation of Tc with HISQ

195 I I T yan T T .
Q0 ——m—m™—M—m™——m— -
MS 2 Domain Wall Fermions 190 - B
- X} disc T m, = 135 MeV ' 185 - T, [MeV] ' Physical my/mg
30 1 23&2 e 180 HISQftree —E~ |
m._ =200 MeV _ 175 T Asqtad —S—
163x8 A 170 - e -
3 243x8 = ) —
% 323x8 —v— 165 [ . B -
HISQ . 160 + 4 Ay S
m, = 161 MeV 155 T i
Lo N e —— 150 A= Combined continuum extrapolation |
: : | \'_ HISQ/tree: quadratic in N;2
~ 145 F Asqtad: quadratic in N;‘? 7]
oo\ o S I \\A& 140 N2 _
120 130 140 150 160 170 180 190 200 210 220 230 135( | | . : | | ,
T [MeV] 0 0.005 0.01 0.015 0.02 0.025 0.083 0.035
HotQCD: PRL 113 (2014) 082001 HotQCD: PRD 85 (2012)054503

¢ Not a true (chiral or deconfinement) phase transition but a

I’apid Chira| Crossover Seealso[WB collaboration], Phys.Lett. B713 (2012) 342, Nature
443(2006)675, JHEP 1009 (2010) 073

¢ Consistent results obtained from 3 discretization schemes
(Domain wall, HISQ), stout )
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QCD phase structure in the quark mass plane

‘f N;=2 PURE
m
S 2" order 2" order 1%
0(4) Z(2) \.order
physical point ""“,Nf= 3
tr :
¢ mg.
mu,d

RG arguments:

GAUGE . _
@ mqy=0 or o with Nt=3: a first order phase

transition g pisarskia F Wilczek, PRD29 (1984) 338

@ Critical lines of second order transition
Ni=1 Ni=2: O(4) universality class
Ni=3: Z(2) universality class
@ Ua(1) symmetry on chiral phase transition
restored: 1st or 2nd order (U(2)L®@U(2)r/U(2)v)

)

> ® broken: 2nd 0(4) F. Wilczek, IJMPA 7(1992) 3911,6951

K. Rajagopal & F. Wilczek, NPB 399 (1993) 395

HTD, F. Karsch, S. Mukherjee, 1504.05274

€ €«

€

€

Gavin, Gocksch & Pisarski, PRD 49 (1994) 3079
Butti, Pelissetto and Vicar, JHEP 08 (2003)029

fate of the axial U(1) symmetry at finite T ?

The value of tri-critical point (mgi) ?

The location of 2"d order Z(2) lines ?

The influence of criticalities to the physical point ?
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QCD transitions at the physical point

o0

2"% order

4
0@ quark matter
. . Cros
physmgl point “N _3 SS\oyer
R \ N
msrI Ng=1
2" order
Z(2)
= 00
rnu,d
HTD, F. Karsch, S. Mukherjee, arXiv:1504.05274
Real world ——
u A 3
S
Q
<
S
~
£
2 : N, =2 N ®
../ phys. line e -
~__CROSSOVER o 0 ~
’/(’/',, ”'N’;:fﬁ §
= 0
0 mu,d (00)

Karsch et al,,’03, X.-Y.Jin et al.,“|5 de Forcrand & Philipsen, 07 43



chiral phase transition in Nf=3 QCD at pys=0

oo N=2 quark condensate

45 — 1 r r r
m - IGAUGE - 3 - "
S 2" order 2" order . a0 | YV My=0.0075 +—%— |
0(4) Z(2) my=0.00375 ~—v—
35 - Nt=6, HlSQ mq=00025
"I : 30 my=0.001875 =
physical point ..“""Nf=3 o5 | v - mq=0.00125 —A—
: o - -
mgu N;=1 00 | A v\ ; Ko m,=0.0009375
, . v .
15 A;‘ : 2. ‘\Z Iy b
L A_‘ .\ v o
10 B A .\~\_ 4 )K x"
‘ _— v
A S v
5 — v
O 1 ! 1 1 1 1 g
m - ® 5.8 5.85 5.9 5.95 6 6.05 6.1
u,d B

mass region: 200 MeV = m, = 80 MeV

No evidence of a first order phase transition

Bielefeld-BNL-CCNU,
Phys.Rev. D 95 (2017) no.7, 074505
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Chiral phase transition in Nf=3 QCD at pg=0

- N=2 PURE
m - |GAUGE
S o4 org 2" order 15t .-
o 4‘)“ er Z(2) \order
physical point '_.«"Nf=3
p § mtl’i L Nf=1

S

mu,d

physical point:
(ml, ms):(0.00375,0.10125)

Close to Z(2) phase
transition line:

disconnected chiral susceptibility

700 'X;,diSC/T 2# | | mn=2|30 MeV — %
600 | ® Nt=0, m =160 MeV ——— |
o o HISQ m_=130 Mev
500 T 3 m =110 MeV —m— |
400 + 4 3 m =90 MeV —a—

4 5 m, =80 MeV —e—
300 | I
200 | i .
100 Y vy \ O _
y ¥ x KX . ¥y
o L Y

58 585 59 595 6 6.05 6.1
B

Bielefeld-BNL-CCNU
Phys.Rev. D 95 (2017) no.7, 074505

Xqidise ~ (m—me) /07!
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Chiral phase transition in Nf=3 QCD at pg=0

- N=2 PURE
m
° ond o rder 2" order 15t .-

o 4;’ © Z(2) \order
physical point '_.«"Nf=3
tri :
®m
mu,d

physical point:
(ml, ms):(0.00375,0.10125)

|GAUGE

Nf=1

Close to Z(2) phase
transition line:

0.012 ¢

0.01

0.008

0.006

0.004 |

0.002 -

0

Xg,dise ~ (1T = c)

inverse peak height of
disconnected chiral susceptibility

2
T /Xa,disc Nt=6,
HISQ

B\

y =7 2 b(mq_mg)1'1/6 b(mq)1-1/6—
mqs0.0075
mqs0.00375

mMq=0.0025

O 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008

My

Bielefeld-BNL-CCNU
Phys.Rev. D 95 (2017) no.7, 074505

1/5—1

critical quark mass me ~ 0.0004 = m, S 50MeV

45



1st order chiral phase transition region

ms [MeV]
© Nf=2 PURE' 350
s o orger \ 18t [FAVGE .
nd —
% (4‘)3rder 7(2) "\ order 300 _N_|t__4,na|vestag.[1,2,3] ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ]
Nt=6, 8& 10,
ohysical point Nf=3 e Wilson clover[6]]
mt N=1 200 F -
| Nt=6, naive stag. [2]
180 F oy —
100 g AR AR —
2" order Nt=4, patat3[1] Nt=6, HISQI5]
2(2) ol A - v _
Mu,d Nt=6, stout[4]
0]

1st order chiral phase transition region shrinks
towards the continuum limit

[1]F. Karsch et al., Nucl.Phys.Proc.Suppl. 129 (2004) 614 [2] P. de Forcrand et al, PoS LATTICE2007 (2007) 178
[3]D. Smith & C. Schmidt, Lattice 2011 [4]G. Endrodi et al., PoS LAT2007 (2007) 228
[5] Bielefeld-BNL-CCNU, Phys.Rev. D 95 (2017) no.7, 074505 [6]Y. Nakamura, Lattice 15°,PRD92 (2015) no.11, 114511
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Chira

® Nf=2

phase transition region

PURE

2" order
O(4)

physicgl point

o"d order
Z(2)

.-order

- - |GAUGE

1st order chira
relevant for t

P

e

%

m

S

N Nf=3 QCD at ug=0

% N;=2 PURE
ond o der 2" order
O(4) 2(2)
physical point ’...""Nf=3
My,g

nase transition seem to be not much
‘'modynamics at the physical point

How about the 2nd order O(4) transition line”?
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Universal be
Behavior of the free energy close to critical lines

h: external field, t: reduced temperature, 3,6: universal critical exponentsm

M = 'af(t,h)/ah =h1/0 fG(Z) + freg (t,h)

2.2
2

1.8
1.6 |
1.4 |
1.2 |
1 L
0.8 |
0.6 |
0.4 |
0.2 t

0

navior of chiral phase transition -
in Ni=2+1 QCD at pg=0

f(m,-l-)=h1'|'1/6 fs( ) + freg(m,T),

(M-t

reg)

/h'I/O '

Nt=6, HISQ

'm =160M€V I—El—i
=140MeV —o— ]

T
T

m_=110MeV —a— |
m_=90MeV —o—
m,=80MeV —s— 1

s - |GAUGE

1B L

u,d

h~m;t~TTc
fa(z): O(2) scaling functions

QCD: SU(2)xSU(2)=0(4)

Some evidence of
O(N) scaling for chiral
phase transition

S.-T. Li, Lattice 2016,
Bielefeld-BNL-CCNU,
PoS LATTICE2016 (2017) 372

See also T. Umeda, [WHOT],
arXiv:1612.09449 48



Lattice QCD calculation of EoS at pg =0

SU(2) pure gauge Nf=2+1, physical pion mass
at a finite lattice cutoff of Nt=2 continuum extrapolated

No =2 4+

0.2

2 stout HISQ
ol (e-3p)/T+ W T
! i 1 p/T4 _
/4T W -
' T [MeV] |
i O | I A I (N [ [N S [N Y AN AN (N [N N [N [N O AN AN NN N N N N |

I 4 1 X — . .
Q - =+ - =+ y \\130 170 210 250 290 330 370 /

J. Engels, F. Karsch, H. Satz, |. Montvay HotQCD, PRD 90 (2014) 094503
Phys. Lett. B 101 (1981) 89-94 Wuppertal-Budapest, Phys. Lett. B730 (2014) 99

¢ First lattice QCD calculation of EoS was done in 1981
¢ Only recently a conclusive QCD EoS at ug=0 is obtained
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L attice simulations at nonzero pg

Allton et al., Phys.Rev. D66 (2002) 074507

Taylor expan8|on Of the QCD pressure Gavai & Gupta et al., Phys.Rev. D68 (2003) 034506

D 1 o0 X?QS y ; N y I y
7 =y BV = 32 G () () (7)
L, ], R=

¢ Taylor expansion coefficients at u=0 are computable in LQCD

B = (1) = g SO DT
K ” VT? 0pi, 0,00k 1a=0

¢ Thermodynamic quantities can be obtained using relations, e.g.

e—=3p _ . 0P/T" _ i Tdy " /dT (ALB)@' (MQ)j (us)’f
- - T

T4 oT ik T) \T

1,7,k=0
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Truncation effects of pressure in HRG

Pressure of hadron resonance gas (HRG)

P(T,pp) = Pu(T) + Pp(T, ip)
= PM(T) T PB(T O) -+ PB(T O)(COSh(/lB) — 1)

0.5
Truncate the Taylor o | (4P)/Po(T0) oa | 1P/ (AP
expansion at (2n)-th order:  °] 03 |
7=/ o2}
(AP), = (Ps(T.up) ~ P5(T.0))  6f €~ o1l
noog | 4 — 0
n B HRG
Z Xok (T) . ok 4T
(2k)! Hi 3|
1 21
= Po(T0)Y LR
1=1 O 1 1 1 1
0 0.5 1 1.5 2 2.5 3

Radius of convergence from HRG is infinity
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0.35 ;
0.25 |
0.2 |

0.15 |

0.05 |

Pressure of QCD at p

Uq=Hs=0:

LO expansion coefficient

variance of net-baryon number distri.

0.3 |

0.1 |

free quark gas |

PDG-HRG ,
cont. extrap. Il -
N=6 A

8 M -

12 @ |

16 =K

m¢/m=20 (open) |
27 (filled) A

T [MeV]

140

160

180

200

220 240 260 280

5,0) _ i X5.(T) (u3>2n
—~ (2n)! \ T
xf(T)ﬂer 1 xéB(T)ﬂzlJr“)
12 x5 (T)"7 ~ 360 x5 (T)" "
NLO expansion coefficient
kurtosis * variance
L xR
HRG contr. est.
[+ A=
' 8 ik
0.8 | Al 1
m¢/m=20 (o.pen) A
06 | 8 27 (filled) |
1
0.4 | -@ .
0.2 | HE=N .
= f k
, A @ree quar gaEsA
0 | | | . | . | . | . | .
140 160 180 200 220 240 260 280
T [MeV]

Bielefeld-BNL-CCNU, Phys.Rev. D95 (2017) no.5, 054504
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Pressure of QCD at pg =/=0

A(p/7t = P@ops) ~ PT,0) _ i Xzn(T) (NB)Q”

0 T4 L @2n)! \ T
Q=MS=V. 1 1 x2(T) ., 1 xB().
“ “ = §XzB(T)MB (1 + 15 ii;EETg Hp T+ 360 iiZgETg Ap+ )

NNLO expansion coefficient

3 cont. est. ]
i N=6 & |
[T 8 i
2 F mg/m=20 (open)
f . 27 (filled)
me . | | W] | HRG f
=17 __
2 |18 3
0 Farl— 1*${k4$@L¢$ IR =N
- 1
AA #. ﬂ]

1 T
i T
_2 L4 ‘ !

140 160 180 200 220 240 260 280 : :
T [MeV] T/T

pcC
Bielefeld-BNL-CCNU, Phys.Rev. D95 (2017) no.5, 054504 B. Friman et al.,EPJC71 (2011) 1694
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[P(T,up)-P(T,0))/T*

Pressure and baryon number density
INn the strangeness neutral case

ng=0, ng/ng=0.4

, .
HB/T=25 —
f——===--=-'---"'t 0.5
o :
/’ _'
] 0.4
“Ei-.h—z———==-ﬂ: m'(
e 1
= opy m 1 £ 77
O(Y =
O(ug) W= c 0.2
}J.B/T=1 0.1
]
TZE)I\(}I V]220 240 260 280 0 140
e

160 180 200 220 240 260 280
T [MeV]

Bielefeld-BNL-CCNU, Phys.Rev. D95 (2017) no.5, 054504

The EoS is well under control at g/

Consistent results obtained using a

<2 or \/snn 212 GeV

nalytic continuations

from J[he imaginary Mmu Wuppertal-Budapest-Houston:

EPJ Web Conf. 137(2017) 07008
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Estimates of the radius of convergence

radius of convergence = lim r3,
n—oo
T e ka0t
: Datta et al., 2016 ©
5 o

D'Elia et al., 2016, r§
| this work: lower bound for r¥ Il
! estimator r%

S
—

. crit
r* -- estimator for pg /T
N w

—

- disfavored region for the
. location of a critical point

o

.................

AAAAA

n— 00

B
X2n—|—2

HISQ + Taylor Exp. (this work):
Nf=2+1, Nt=8
Bielefeld-BNL-CCNU,
PRD 95 (2017) no.5, 054504

stout + Img. mu:
Nf=2+1,Nt=8
D’Elia et al., PRD 95 (2017) 094503

unimproved staggered + Taylor Exp.:
Nf=2, Nt=4,6,8
Datta et al., PRD 95 (2017) 054512

unimproved staggered + Reweighting:
Nf=2+1, Nt=4
Fodor and Katz, JHEP 0404 (2004) 050

A QCD critical point is disfavored at ug/T= 2 at

T=135 MeV

A. Bazavov, HTD et al., [Bielefeld-BNL-CCNU], Phys.Rev. D95 (2017) no.5, 054504
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Tt (Up) [MeV]

Line of constant physics to O(ffé) and freeze-out

Parameterization: T(ug) = T(0)(1 — kaofil; + O(%))

170 o rFrrrtrr+tr ¢t 1> t°r 1t &1 ° 17 ° 17 177 177 1T""71"I
grey band: 10% variation of p, € or s
165;4 ec =0.53 GeV/im3 -
160 - n |
155% ec =0.33 GeV/f
B STAR
150y aLice
145 @ Becattini et al. e. =0.19 GeV/fm3 -
P ]
140 (“B)W
€(Mp) WEE
135 S(Jg) N i
Andronic et al. at Tfg —— U [MeV]
130 (. -+ +r ¢+ -+ -+ + -+ -+ &+ -+ &+ &+ b1 1
0 50 100 150 200 250

Bielefeld-BNL-CCNU, Phys.Rev. D95 (2017) no.5, 054504

300

curvature at constant b:
0.006 < K} < 0.012, b= P,¢,s

Bielefeld-BNL-CCNU, PRD95 (2017) no.5, 05450.

curvature of transition line:
kL ~ 0.006 — 0.013

Ceaetal.,, PRD 93 (2016) no. 1, 014507
Bellwied et al., PLB 751 (2015) 559
Bonati, PRD 92 (2015) no. 5, 054503

Kaczmarek et al., PRD 83 (2011) 014504,
Endrodi et al,, JHEP 1104 (2011) 001

curvature of freeze-out line:
k3 < 0.011

Y

Bielefeld-BNL-CCNU, PRD93 (2016) no.1, 014512
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Search for critical point in HIC

Beam Energy Scan(BES) @RHIC

Quark-Gluon Plasma

Temperature (MeV)

200 400 600 800 1000 1200 1400 1600
Baryon Doping — ng (MeV)

Ratio of the 4th to 2nd order
proton number fluctuations

L] T ]

STAR: PRL112 (2014) 032302 |

m 2 PN b a0 e
ool

0 Au+Au 70%-80%
@ Au+Au 0%-5%

#% Au+Au 0%-5% (UrQMD)| _
y ® Ind. Prod. (0-5%)

5678 10 20 30 40 100 200

large Us  Colliding Energy |s,, (GeV)

Can this non-monotonic behavior be understood in terms of
the QCD thermodynamics in equilibrium?

What is the relation of this intriguing phenomenon to
the critical behavior of QCD phase transition?
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=xplore the QCD phase diagram through
fluctuations of conserved charges

Comparison of experimentally measured higher order
cumulants of conserved charges to those from LQCD, e.Q.:

Mo(V3) _ (Ng) _ x2(T.ps

) _ 50
- — — RY(T,
BLE) TN G 2
So(Vs)ag(vs) _ ((ONQ)*) _ x5(T.1B) _ 1o (T, 1)
Mq(v/'s) Nq) X(Tyug) 7
HIC LQCD
mean: Mq , generalized susceptibilities
variance: 0q . 1 0"InZ(T, i)
. < — :
skewness: SQ Xn (Tv :u) — VT3 6)(MQ/T)TL

Kurtosis: Kaq

BNL-Bielefeld, Phys. Rev. Lett. 109 (2012) 192302
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Cumulant ratios of proton (baryon) number fluctuations:
HIC data v.s. Lattice results

1 1 1 1 UL ‘ 1 1 ‘ ‘
Au + Au Collisions at RHIC | |
0-5% centrality 3 B cont. est. |
4l lyl <0.5, 0.4 < p; < 2 (GeV/c) | o Ni=6 ra :
i [T 8 & |
Nb J] : 2 m¢/m;=20 (open)
~ @ net-proton j o7 (filled) |
2 31 A anti-proton ] m I l[ ]] HRG ]
GC) O proton é\l 1 7 -
CE) BES-II error for net-p | D’J;{O i + 4&
2 5 UrQMD for net-p 0 _. I \- ﬂ] = x = %
z
D | AA
L # 1| T
] _2 4 . | . | . | . | . | . | .
F] % 140 160 180 200 220 240 260 280
Y L 2 T [MeV]

> 5 10 20 50 100 200
Bielefeld-BNL-CCNU, PRD95 (2017) no.5, 054504

_ Xy £[1+(><é3_><f><ﬂ_8)2+...]
L XE Xt X%

=
O
[
o=
0p)
[
<
£
q[\i)
=
|
54
|

HRG: x&/x2 =x2/x5 =1, O(4) & LQCD: xZ/xZ <0 at T~Te
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Cumulant ratios of proton (baryon) number fluctuations:
HIC data v.s. Lattice results

1 L 1 1
| S —

Au+ A Co"iSiogioiz::'a'fy 1 ] r?f/r?éo ng=0, ng/ng=0.4 spline in'\tler=p8. : :
4l lyl <0.5,0.4 < p; <2 (GeV/c) | T 1
N _ i m¢/m=27 (filled) )
8 d] @ net-proton | 05 I 20 (open) 1
§2 3 A anti-proton | I 1
CIC) 0 proton
E [ BES-ll error for net-p ]
©)
2 5| UrQMD for net-p B
c #
D
I
oRr—---- o F]%I ------------ o —
2 5 10 20 50 100 200
Colliding Energy Vs, (GeV) Bazavov et al., [HotQCD] arXiv:1708.04897
B,SN B,2 5
strangeness neutral > X414 Bo[, , Ti2 [(HMB
(/{O')B: :’]"42 1| - _I_
_ B.SN B0 \ T
case: Xz 4o

Vsnn =20 GeV:
k02 is consistent with QCD in equilibrium
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Cumulant ratios of proton (baryon) number fluctuations:
HIC data v.s. Lattice results

0.8
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Cumulant ratios of proton (baryon) f
HIC data v.s. Lattice resu
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Outlook: Mapping out the QCD phase diagram

RHIC Beam Energy Scan, Phase Il (BES-II)
2019-2020: at least 10 times more statistics for each +/snn

LQCD: higher accuracy for the 6th & 8th or even higher order
Taylor expansion coefficients
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hot & dense |attice QCD

Other topics not covered but very important

electrical conductivity & baryon diffusion
energy loss of heavy quark in hot & dense medium
thermal dilepton & photon emission from QGP
shear & bulk viscosities
fate of heavy quarkonia
QCD in the external magnetic field

See recent reviews:

HTD, F. Karsch, S. Mukherjee, Int. J. Mod. Phys. E 24 (2015) no.10, 1530007
plenary talks@lattice conference: HTD, arXiv:1702.00151, S. Kim, arXiv:1702.02297
C. Schmidt & S. Sharma, arXiv:1701.04707
G. Endrodi, PoS CPOD2014 (2015) 038
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summary

In our quest for understanding the properties & phases

of strong-

INnteraction matter in extreme conditions

hot & dense lattice QCD is an essential component

Interpreting t
observed in I

ne phenomena
|C experiments

needs theory

have close ¢

experiments

INputs based on
lattice QCD

A lot of progress in hot & dense
lattice QCD has been made to

Experiments” .- Modeling

onnection with Hot & dense

LQCD
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