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Introduction

Motivation

@ We have already heard about:

e imbalanced Fermi liquids (M. Zwierlein)

e asymmetric nuclear matter (X.-G. Huang)

e FFLO in one-dimensional optical lattices (R. Bakhtiari)
e color superconductivity (A. Schmitt)

|
M. Alford (2003)

@ This talk is about:

LOFF (= FFLO) phases
in color superconducting

asymmetric quark matter

(nucl ear ) comact star N

based on:  D. Nickel, M.B., Phys. Rev. D79, 054009 (2009) [arXiv:0811.2400].
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Outline

@ Introduction

e imbalanced pairing in CSC
@ Model

e NJL model for inhomogeneous pairing
© Numerical Results

e one-dimensional solutions

Q Outlook




Introduction

Color superconductivity

@ diquark condensates: (¢’ O¢q)
@ Pauli principle:

O = Ogpin @ Ocotor @ Ofavor = totally antisymmetric
@ most attractive channel:

@ spin0 (= antisymmetric)

e color3 (= antisymmetric)

=» antisymmetric in flavor

=» pairing between unequal flavors

example : (g s dag) ~ (11— 11) ® (rg—gr) ® (ud —du) |
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Neutral quark matter

@ constraints in compact stars:
e color neutrality: Ny = ng =Ny
e electric neutrality: ng = 3n, — ny— ing—n. =0

e (3 equilibrium: Mo = fa — [y =P N K Ny g
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Introduction

Neutral quark matter

@ constraints in compact stars:

e color neutrality:  (minoreffect

1

e electric neutrality: ) |
Sy — 3hg — 3ns ~ 0

e (3 equilibrium:

=» all flavors have different Fermi momenta

Py

d

u

— s

=» imbalanced pairing unavoidable  (rRajagopal & Schmiti, PRD (2006))
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Introduction

BCS pairing

@ Cooper instability:
Fermi gas + attraction
=» condensation of Cooper pairs
=» reorganisation of the Fermi surface
- gaps
@ Cooper pairs in BCS theory:
o close to the Fermi surface
@ opposite momenta

=» works only if p% = pb

free energy
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(Chandrasekhar, Clogston (1962))
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Imbalanced pairing

@ unequal Fermi momenta: p;’b = pr + dpF

@ option 1:  still BCS-like pairing

o first equalize Fermi momenta
e then pair

H A
o favoredif opr < 7

(Chandrasekhar, Clogston (1962))
@ option 2: phase separation (globally neutral mixed phases)
e Coulomb and surface effects ? =» pattern sizes ?
@ option 3: gapless phases (= Sarma phases = breached pairing)

e chromomagnetic instabilities
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Inhomogeneous phases

@ option 4:
pairs with nonzero total momentum

= p¢ #p%  no problem

@ FF (Fulde, Ferrell, 1964):
e single plane wave
(g(X)q(X)) ~ A %@ for fixed g
e disfavored by phase space

@ LO (Larkin, Ovchinnikov, 1964):

e multiple plane waves (e.g., cos(2q - X))
e Ginzburg-Landau expansion
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Inhomogeneous phases in color superconductivity

@ CSC literature so far:

@ single plane wave (afford, Bowers, Rajagopal, 2001)
e superposition of several plane waves
(e.g., Bowers, Rajagopal, 2002; Casalbuoni et al., 2006 ...)

o different directions,

but equal wave lengths
@ mostly Ginzburg-Landau (Rajagopal, Sharma, 2006)

@ aim of our work:

@ NJL model for inhomogeneous pairing beyond
Ginzburg-Landau
e superimpose different wave lengths
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Model

@ Model Lagrangian with NJL-type qq interaction:
L=q(ip+in°)q+ Lin

Liw=H Y (@irsmad 4)(@civsmad @), qe=Cq"
AA'=257

@ bosonize:  paa(x) = —2H g.(x) ys7adar q(x)

1 B 1
= Liu= 2/%:/{ (@75Tarar qc) Panr + hc. — 3H %Tw @AA’}

@ mean-field approximation:
(Pan () = Ba(x) Sanr s (ol () = AF(x) danr

e A,(x) classical fields
e retain space-time dependence!



Mean-field model

@ Lagrangian:
T 1
Lar(x) = W) ST W) = 2= D [Aa(x)[
A
o Nambu-Gor'kov bispinors: ¥ (x) = - (q(x) )

@ inverse dressed propagator:

)= P Awos ) Alx) == Ay (x) Tada
S (x) (—A*(x)’}s i — i ) (x) : Z (x)



Mean-field model

@ Lagrangian:

Lur(x) = U S7 () W) — 72 D |Aa()P

A
o Nambu-Gor’kov bispinors:  ¥(x) = 1= ( q(x) )

@ inverse dressed propagator:

Sy = id+ iny° A(x)%) AG) = 5™ A T4y
5w (—A*um e R

@ Thermodynamic potential:

1T S T
Qe (T, p) = _EVTﬂn T VZ
A

0. 7l®Vv

e TrinS~! nontrivial because of x-dependent gap functions!
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@ gap functions: time-independent, periodic in space

Ax)=A® =AFE+a), i=1,23
@ Fourier decomposition:

" A . 0 Lo
Aw =Y A,emr,  g=(2), iez
qk qk




Crystalline ansatz

@ gap functions: time-independent, periodic in space

Ax)=A® =AFE+a), i=1,23
@ Fourier decomposition:

« . . 0 o
Alx) =2 Qg e, g = <4 ) , LieZ
Gk

gk
@ inverse propagator:

(ﬁ” + lafyo) (5pm sPn Z A’M 5¢/A Pm—pn V5
-1 _ 9k

PmsPn A * ~ 0
- Aqk Sgipn—aVs  Bn— 1) Op,,.p,
Gk
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@ gap functions: time-independent, periodic in space

Ax)=A® =AFE+a), i=1,23
@ Fourier decomposition:

" A . 0 -
A()C) = ZACH e, 9k = <_, > ) % €7
qk

gk
@ inverse propagator:
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DPm:Pn A * ~ 0
- Aqk Sgipn—aVs  Bn— 1) Op,,.p,
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Crystalline ansatz

@ gap functions: time-independent, periodic in space

Ax)=A® =AFE+a), i=1,23
@ Fourier decomposition:

" A . 0 -
A()C) = ZACH e, 9k = <_, > ) % €7
qk

9k
@ inverse propagator:
(#n + /170) Op.a > Ay Ogipm—pa s
-1 _ qk
PmsDn A .
- Azk Sqipn—pn¥s  Pn — M’YO) .
Gk

e condensates couple different momenta!
e diagonal in energy =» Matsubara sum as usual

Ak

Pm

Pn
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@ The inverse propagator can be put into the form

—1 0/ Lo
Spm,pn - ’y (lwpn - Hpm:pn) (5me sWpp

@ H = effective Hamilton operator

@ w, independent
e not diagonal in 3-momentum
e hermitean =» can be diagonalized (in principle)



Hamiltonian

@ The inverse propagator can be put into the form

—1 0/ Lo
Spm,pn - ’y (lwpn - Hpm:pn) (5me sWpp

@ H = effective Hamilton operator

@ w, independent
e not diagonal in 3-momentum
e hermitean =» can be diagonalized (in principle)

@ thermodynamic potential:
2
Qur = — 5 S [Ex+2T In (1 4207 BV/T)] 4+ Y05 22l
A A gk

e E,: eigenvalues of H
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@ remaining problem: diagonalize H
(Vb = 1) 5, — 22075 05,
Gk

H i = A .
S A0 0% (VB 1) 0,5,
qk
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@ remaining problem: diagonalize H

(VP = 1) 0 — 22 Dg" 5 05—
M5, = A )
S A0 0% (VB 1) 0,5,
qk

e g, form a discrete “reciprocal lattice”
=» H is block diagonal in momentum space
(one block H(k) for each vector k in the Brioullin zone



Thermodynamic potential

@ remaining problem: diagonalize H

(Y°Pn — i) G5, 5, - Z Bu"Y5 O fu—p
M = A .
S A0 0% (VB 1) 0,5,
qk

e g, form a discrete “reciprocal lattice”
=» H is block diagonal in momentum space
(one block H(k) for each vector k in the Brioullin zone

=> We finally obtain:

Qr = =4 [ L > [Ex(®) + 27 1n (1 + 265 ®/7)] +3 T B0l

e Ex(k): eigenvalues of H(k).
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Simplified model

@ consider only 2SC-like pairing
=» strange quarks and blue quarks decouple

@ chemical potentials:  u, =g +dépu, pa=p—op

@ high-density approximations to simplify Dirac structure

@ remaining diagonalization problem:

(pm - p/ - 6/’[’) 6[3‘”’ Pn Apm —Pn )

(HAa(SH)ﬁnuﬁn = < * 77
Ay —pa —(pm = i+ 0p1) G, 5,



Regularization

@ unregularized expression for Qr divergent
=» needs to be regularized
@ 3-momentum cutoff ?

@ inhom. phases: 'H depends on two momenta!

o cut off both of them, e.g., |Bul,|P.] <A ?
=» strong regularization artifacts:
@ large |g| suppressed, e.g., |g] < 2A
@ violates “model independent” low-energy results

=» Pauli-Villars-like scheme:

-,

F(E)\) - éF(E)\J), E)\J(k) Ei(]_é) +jA?
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Numerical results

@ external parameters: T, [, 0
@ here: T=0, iz=400MeV = onlyéuis varied

@ model parameters: H, A

e A =400 MeV
@ H — Apcs = 80 MeV

@ crystal structure:
e general problem (too) difficult
=» consider one-dimensional modulations (in 3+1 D):

A(Z) _ ZAk eZiqu
k

o further restriction: A(z) =real < Ap=A*,
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A@) [Mev]

@ example: dpu = 0.7 Apcs
T T T T T | L
- \\ N\ f/\’ .

50 \ — =017, g
- \ —— =020,

\ 6= 05054
o \ — =108,
o \ \/ v T

\ 1
n - y i
L Il L ‘Tifrfﬁ—u—lu—
0 1 2 4

5




step 1: minimize 2 at fixed ¢

@ example: du = 0.7 Apcs

T T T T T T 1
-
- N\ N\ /

; ‘ ]
50 \ _qf\mm/l @ ¢ > 0.5 Apcs: sinusoidal
L \ —— 0= 0.28glf
3 | 4= 050
§ o \ — = 1L0Ag |
I

\ /
\\‘ 7
! | ! T”T’H—u—l—
0 1 2 3 4

5
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step 1: minimize (2 at fixed ¢

@ example: du = 0.7 Apcs

© _3[\8‘5“5/[ @ ¢ > 0.5 Apcs: sinusoidal
% oL W e i @ ¢ <0.5 Agcs: soliton lattice
< or \ \/ v ] @ shape of transition region
'50__ \ Y ] almost independent of ¢
T '\‘Z;[;;j—'—i'—g e amplitude ~ Agcs

@ parametrization of the gap function:
A(z) = Asn(k(z — z0); )

(works extremely well)
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step 2: minimize Q w.r.t. ¢

@ preferred g:

1 T T T T T T T | L T

0.8

0.6

Vges

0.4

0.2

! | 1 1 | 1 |
0@ 07 0/ 0 06 08

@ inhom. - BCS: ¢ — 0 =% 2nd order (FF - BCS: 1st order)!
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@ preferred g: @ amplitude:
e LUV SO0, SUUS SOUL SOV O S W—T—7—— T T 1 T T T 1
; - -
80.6 g 60— -~
g r b s r b
Z 4l - T a0k — b -
I 2 | <L e B ]
02 - 0 e i
A . | R R R B B
0 07 or2 07 07 078 0 o7 o7z o o7 o078
ép/ABCS BCS
w v
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step 2: minimize Q w.r.t. ¢

@ preferred g: @ amplitude:
e LUV SO0, SUUS SOUL SOV O S W—T—7—— T T 1 T T T 1
; - -
80.6 g 60— -~
g r b s r b
Z 4l - T a0k — b -
I 2 | <L e B ]
02 - 0 e i
A . | R R R B B
0 07 or2 07 07 078 0 o7 o7z o o7 o078
ép/ABCS BCS
w v

@ inhom. - BCS: ¢ — 0 =% 2nd order (FF - BCS: 1st order)!
@ inhom. - normal: 1st order (FF - normal: A — 0 =» 2nd order)!

o Ainhom. > AFF
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Gap functions

@ putting everything together:
amplitude:
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e free-energy gain:
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e free-energy gain:

1e+07, T T T T T /77T T T T T

@ LO window

~ 2 x FF window
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Quasiparticle spectra

-,

@ anisotropic dispersion relations: Ey (k) = Ex (k. , k.)

@ typical examples at fixed & :

T T

100— —

7

E(k) [MeV]

i

E (k) [MeV]

-100— —

=200~ —




Band structure

@ superposition of the eigenvalue spectra of all k;:

sinusoidal (g = 0.9 Apcs) soliton lattice (g = 0.2 Apcs)

8
N
8

s
S
=
8

g
g

[T B N R B
E(K) [MeV]
o
T T T T T T
L

E(K) [MeV]
o
T T 7T 17T 7T 17T 77

8
N
8

g
o
g

200 2
k. [Mev] k; [Mev]

@ “almost gapped” regions between low- and high-lying modes

@ low-lying modes related to solitons: ¢ —0 = E—0



Outlook

Outlook |

@ to be done:

e globally neutral two-flavor quark matter in beta equilibrium
e density profiles

(example: T
ol i
A. Bulgac, M.M. Forbes, PRL (2008), 4 )

Density Functional Theory calculation for 1Of -

Delta(z)

polarized Fermi systems at unitarity)

e three flavors (including masses)
e finite temperature, phase diagram
e two- and three-dimensional crystals
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@ 1st-order line covered by the inhomogeneous phase

@ all phase boundaries 2nd order
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@ to be done:

@ include Polyakov loop

e three flavors

e two- and three-dimensional crystals
@ combine with color superconductivity
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