Comparison ofSymplectic PIC,Symplectic GridlessParticle, and
Non-SymplecticPIC for Long Term Spac€harge Simulation
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A Symplectic Multi-Particle Tracking Model (1)

multl-partlcle Hamlltonlan H(ry,r2, -, P1,P2," "+,

pr/2+ ZZ-+ZQ

external focusing/acceleration

dr; spacecharge

ds 8137; Coulomb potential

- dg L
e = —[H(]

dS 81‘2' dS
A formal single step solution

((r) = exp(—7(: H :))G(0) H = HH

C(1) = exp(—7(: Hy : +: Hz:))((0)

((r) = M(7)(0)
= M (7/2) My (T) M1 (7/2)¢(0)
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A Symplectic Multi-Particle Tracking Model (2)

2nd grder: C(r) = M(7)¢(0)
= My (T/2) Ma(T) M (1/2)¢(0)

4™ order: M(T) = Ml(g)Mz(S)Ml(?)MQ((O{—1)8)M1(?)M2(8)M1( )

[Nl VA

where o = 123 and s = 7/(1 + )

higher order; Mozn2(7) = Man(207) M2y (217) Man(207)
where 2o = 1/(2 — 2%/ Cn+1)) and 2z, = —21/CntD) /(9 — 91/ (2n+1))

Symplecticcondition: | M;' JM; = J M is the Jacobi Matrix oM

where .J denotes the 6/NV x 6 N matrix given by

J = ( OI é ) and 7 1s the 3N x 3N identity matrix

Refs: E. Forest and R. D. RutRhysicaD 43, p. 105, 1990. H. Yoshida, Phyd.ett. A
150, p. 262, 1990.
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A Symplectic Multi-Particle Tracking Model (3)

D P2+ ) qu(r) > M,
Asymplectic%map for H, Ca:n be found from charged particle optics method
= 33 wotrry) M
ri(7) = r;(O)J
pi(1) = pi0)— 81;%5:-) T

L 1

O°H
Lij = 0pi(7)/0r; = —Tég)’f

I 0
Mo = ( ) To satisfy thesymplectic condition: | [, = [T

M , will be symplecticif p; is updated from H, analytically
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Self-Consistent SpaceCharge Transfer Map (1)

ol =0.y) = 0
¢ ¢ __p olr =ay) = 0
ox? 0y €0 gb(x, =0) = 0
ole,y=0b) = 0
Z Z P sin (o) sm(ﬁmfg)
=1 m=1
Z Z A sin () sin( B, y)
—1 m=1

— _/ / p(x,y)sin(oge) sin(5,,y) dedy

l“m — / / (/b T,y Sln(@lw) Sln(Bm,y) dwdy

where oy = [7w/a and 3,, = mn/b
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Self-Consistent SpaceCharge Transfer Map (2)

1
= FZS$_CBJ (v —vj)
J

P oi_q

AT

P = -y abN Zf / (2 —2;)S(y — y;) sin(oqyx) sin( B,y ) drdy

Np E ’J'TL
o, y) _47T@FTY Y

—11=1 m=1 lm

sin(aga) sin(5,,9) / f (2 — 2;)S(y — y;) sin(agx) sin( By, y)dedy

O(wi, yi) //cbmy (v —2:)S(y — yi)dady

(i, yis g, y5) = 4WEFZZ / / (@ —2;)5(y — y;) sin( ) sin(Brmy)dedy

P i—1 m= 17“”

/ ) f S(@ — 20)S(y — i) sin(az) sin(Bmy)dady
0 0
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Self-Consistent SpaceCharge Transfer Map (3)

K4 1 oo e NN
H, ﬂlﬂ;@ﬁ????

1=1 j=1 =1 m= 1,Ylm

/0 /0 S(@ — )8y — y;) sin(cu) sin(Fmy) dudy /Ua /ob S(x = 2;)S(y — i) sin(u) sin(Sny)dady
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Symplectic GridlessParticle Model

charge weight
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