Comparison of Symplectic PIC, Symplectic Gridless Particle, and
Non-Symplectic PIC for Long Term Space-Charge Simulation
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A Symplectic Multi-Particle Tracking Model (1)

multi- partlcle Hamlltonlan H(ry,ra, -, p1,P2, ", 5)

- Tey ZZ-+ZQQ

dr; 8 H space- charge external focusing/acceleration
ds  Op; Coulomb potential
i H dq - )
ddr; - gri ds ()
A formal single step solution
¢(r) = exp(=7(: I :))¢(0) H = Hy+H,

C(1) = exp(—7(: Hy : +: Hz:))((0)

. Xp(_%’f + Hy )¢(0) + O(r)

((r) = M(7)(0)
= M (7/2) My (T) M1 (7/2)¢(0)

J Qlang “A Symplectic Multi-Particle Tracking Model for Self-Consistent Space-Charge Simulation,” Phys. Rev. ST Accel.
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A Symplectic Multi-Particle Tracking Model (2)

2"d order: (1) = M(7)C(0)
= Mu(7/2)Ma (1) M (7/2)¢(0)

4th order: M(T) = Ml(g)Mz(S)Ml(?)MQ((O{—1)S)M1(?)M2(S)Ml( )

[Nl VA

where o = 123 and s = 7/(1 + )

higher order: Ma,12(7) = Moy (207)May(217) Mz (207)
where 2o = 1/(2 — 2/ +1)) and 2z, = —21/(Zn+1) /(9 — 21/ (2n+1))

Symplectic condition: MIM; = M is the Jacobi Matrix of M

where .J denotes the 6/NV x 6 N matrix given by

J = ( OI é ) and 7 1s the 3N x 3N identity matrix

Refs: E. Forest and R. D. Ruth, Physica D 43, p. 105, 1990. H. Yoshida, Phys. Lett. A
150, p. 262, 1990.
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A Symplectic Multi-Particle Tracking Model (3)

D oPi2+ ) qu(r) > M,
i i
* symplectic map for H; can be found from charged particle optics method
1 >
= 23 Y wolriry) M,
7 7
ri(r) = r;(0)

pi(t) = pi(0)—

8H2 (I')
Gri 7

I 0
My = ( I T ) To satisfy the symplectic condition: |7, = T

&2 Hs (v

M, will be symplectic if p; is updated from H, analytically

. BEPARTMENT OF {:}fﬁce cif

,‘.---_.1::!- ' ' (OLOGY & _'_--;\.:




Self-Consistent Space-Charge Transfer Map (1)

ol =0.y) = 0
¢ ¢ __p olr =ay) = 0
ox? 0y €0 gb(x, =0) = 0
ole,y=0b) = 0
Z Z P sin (o) sm(ﬁmfg)
=1 m=1
Z Z A sin () sin( B, y)
—1 m=1

— _/ / p(x,y)sin(oge) sin(5,,y) dedy

l“m — / / (/b T,y Sln(@lw) Sln(Bm,y) dwdy

where oy = [7w/a and 3,, = mn/b

Im

(plm . P
— 2 2 9 2
€0V where v/ = a7 + 37,
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Self-Consistent Space-Charge Transfer Map (2)

1
= FZS$_CBJ (v —vj)
J

P oi_q

AT

P = -y abN Zf / (2 —2;)S(y — y;) sin(oqyx) sin( B,y ) drdy

Np E ’J'TL
o, y) _47T@FTY Y

—11=1 m=1 lm

sin(aga) sin(5,,9) / f (2 — 2;)S(y — y;) sin(agx) sin( By, y)dedy

O(wi, yi) //cbmy (v —2:)S(y — yi)dady

(i, yis g, y5) = 4WEFZZ / / (@ —2;)5(y — y;) sin( ) sin(Brmy)dedy

P i—1 m= 17“”

/ ) f S(@ — 20)S(y — i) sin(az) sin(Bmy)dady
0 0
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Self-Consistent Space-Charge Transfer Map (3)

K41 onle NN
H _47@@??777

1=1 j=1 [=1 m= 1/Ylm

/oa /0 S(@ — )8y — y;) sin(cu) sin(Fmy) dudy /Ua /ob S(x = 2;)S(y — i) sin(u) sin(Sny)dady
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Symplectic Gridless Particle Model

wis the particle
charge weight

1 7 L m

Sin(ﬁmyj) Sin(alwi) Sin(ﬁmyi)

P2i(T) = pai(0 —T——wYYY -

€o ab fylm

MZ > sin(ag ;) Sln(ﬁmyj) COS(O{,{SEZ') sin( By )

pui(T) = pyil0 —r——wrriﬁm

€0 ab %m

sin(agx;) sm(ﬁmyj) Sln(azafii) cos(Bmyi)
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Symplectic PIC Model (1)

Nl NTn
1

palr) = pas0) ik 3 5SS o [ (- )8 - ) sin(ana) sy

N 2
ab P =1 1=1 m=1 Tim

a b '
/ / IS (v — ;) S(y — i) sin(ag2) sin( 5,y ) dady
o Jo Ox

i

Np NI Nm

4 1 1ot
Pyi(T) = pyi(O)—TélﬂKEFpZZZ s /0 /0 S(x —x;)S(y — y;) sin(ax) sin( B, y)drdy

j=1 =1 m=1 Tim

a b
/ ] S(x —a;) 95 — yi) sin(oya) sin( 3, y)dxdy
0 Jo :

4 1 1 : :
Pei(T) = pai(0) — T47TKEFP . Z Z 2 ZZS(xp — 2)S(yy —yj)sin(agap) sin(B,,y.)




Symplectic PIC Model (2)

N?TL 1

par) = pas0) ik 33T LI g,y S

ab [=1 m=1 /Yﬂm

I
Z Z p(xr,yg ) sin(oga ) sin( B,y ) sin(aga ) sin( 8,,1.7)]

o

IS (yr — ;). 4 1
par) = p0) = T4 32 Y S(ar — ) — W[Ezz_ 2
Z Z p(xr,yg ) sin(oga ) sin( B,y ) sin(aga ) sin( 8,,1.7)]

g
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Symplectic PIC Model (3)

o1, ys) = abzz S0 plary) sin(agr) sin By ) sin(ouar) sin( By

=1 m= 17m I J/

p:m'(T) — pm(o) - T47TKZZ aS agx: Q;Z) S(yf - yz)¢($[ yf)

M, —
? 0S(ys — )
pyi(T) = pyt — T4t K Z Z S(xr — x;) o0 o(xr,yr)

(2R e <y
S(ar—m) = T8 ey g9 <y — 2] < 3/2
0 otherwise
(—2(=L)/h, lx; — x| < h/2
0S(xp — ;) < (=8 + @2y h)o < |y —ay| < 3/2h, 2 >
0x; (3 + (mi?”))/h, h/2 < |x; —xr| <3/2h, x; <y
L 0 otherwise
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Non-Symplectic PIC Model

dI'Z' o
ds P
dp;
= q(E;/vg — a. x B;
P B oo )
1
r(7/2); = r(0); + 57‘1)5,(0)
Nl Tn
E.(xr,yr) Z Z ™ cos(ax) sin(5,,y)
=1 m=1
Nl 'rn
Ey(xr.y7) Z Z B ™ sin( ) cos(Bmy)
=1 m=1
ext
pas0) + 7 — i)+ rank S0 3 Sl — 2 (s — ) Ealor )
I J
qu‘mt ext
Pyi(0) + 7 + By + TATK Y Y S — 20)S(ys — yi) Ey(r1,.0)
Yo I J
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Benchmark Case 1: FODO Lattice, Below 2" Order Envelop

Instability

HHHHHHH—

* 1 GeV proton beam

* FODO lattice

* O current phase advance: 85 degrees
* Initial 4D Gaussian distribution
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Significant Difference in Final 4D Emittances Between the

Symplectic and the Non-Symplectic Methods
(Strong Space-Charge: Phase Advance Change 85 -> 42)
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Two symplectic approaches show good agreement.
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Final Beam X-Px Phase Spaces Have Similar Shapes

Non-Symplectic Model Has Smaller Area

0.015 0.015

0.010 | 0.010

0.005 -

0.005 |-
=)
2 0.000} =)
X £ 0.000}
&
-0.005}
-0.005}
-0.010 0, 3o
—0.010} -~
-0.015 - :
= -4 =2 0 0.015 - - - - -
X (mm) . N | ,
spectral PIC | - . - . 5
. * X (mm)
0.010 |
0.005
=)
2 0.000}
&
—0.005 |
-0.010




Py (PO)

Final Y-Py Phase Space Show Similar Shapes
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Finer Step Size Needed for Non-Symplectic PIC

(Symplectic PIC vs. Non-Symplectic PIC)
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Benchmark Case 2: 1 Turn = 10 FODOs + 1 Sextupole

* O current tune 2.417
e sextupole KL=10T/m/m
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Non-Symplectic PIC Shows Much Less Emittance Growth

Compared with Two Symplectic Models
(4D Emittance Evolution with D|fferent Currents)
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Final Beam X-Px Phase Spaces Have Similar Shapes
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Final Beam Y-Py Phase Spaces Have Similar Shapes
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Computational Complexity

* Symplectic PIC/Spetral PIC: O(Np) + O(Ng log(Ng)),
parallelization can be a challenge

* Symplectic gridless particle: O(Nm Np),
easy parallelization

SpeedUp

128 +

g;‘ i ——80k
» | ——160k
g | -u-320k
4 L —+— 0640k
2 L

l ] ] ] 1 ] | ] ] ] '>GPUS

1 2 4 8 16 32 64 128 256 5121024

Z. Liu and J. Qiang, “Symplectic multi-particle tracking on GPUs,”
submitted to Computer Physics Communications, 1997.
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Summary

Using the same step size, same number of modes, with
sufficient grid points, the symplectic PIC and the symplectic
gridless particle model agree with each other very well.

Using same step size, the non-symplectic PIC yields significantly
different emittance growth.

All three models show similar final phase space shapes.

Using sufficient small step size, all three methods

converge to the similar emittance growth (Is this too optimistic?)
For small number of modes and particles used, the symplectic
gridless particle model can be computationally efficient;
otherwise, the symplectic PIC model would be more efficient.

Thank You!
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