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include results from LO, NLO, and N2LO in the analysis
using the Fermi momentum and the pion mass as the small
scales for neutron matter (discussed below) and nuclei,
respectively. The error bars presented here are comparable
to those shown in Ref. [33], although it is worth emphasiz-
ing that our calculations represent a complete estimate of
the uncertainty at N2LO since we include 3N interactions.
Other choices for 3N structures give similar results.
It is noteworthy that NN and 3N interactions derived

from chiral EFT up to N2LO have sufficient freedom such
that n-α scattering phase shifts in Fig. 1(b) and properties
of light nuclei in Fig. 2 can be simultaneously described.
The failures of the Urbana IX model in underbinding
nuclei and underpredicting the spin-orbit splitting in
neutron-rich systems, including the n-α system, were
among the factors motivating the addition of the three-
pion exchange diagrams in the Illinois 3N models [7]. Our
results show that chiral 3N forces at N2LO, including
the shorter-range parts in the pion exchanges, allow the
simultaneous fit. These interactions should be tested further
in light p-shell nuclei.
Finally, we study the full chiral N2LO forces, including

all 3N contributions, in neutron matter to extend the
results from Ref. [24]. More specifically, we examine
the effects of different VD and VE structures on the equation
of state of neutron matter. Although these terms vanish in
the limit of infinite cutoff, they contribute for finite cutoffs.
In Fig. 3 we show results for the neutron matter energy per
particle as a function of the density calculated with the

AFDMC method described in Refs. [3,34]. We show the
energies for R0 ¼ 1.0 fm for the NN and full 3N inter-
actions. We use VD2 and the three different VE structures:
VEτ (blue band), VE1 (red band), and VEP (green band).
The error bands are determined as in the light nuclei case.
The VEP interaction fits A ¼ 4; 5 with a vanishing cD;
hence, this choice of VE leads to an equation of state
identical to the equation of state with NN þ VC, as in
Ref. [24] (the projector P is zero for pure neutron systems),
and qualitatively similar to previous results using chiral
interactions at N2LO [35] and next-to-next-to-next-to-
leading order [36].
As discussed, the contributions of VD and VE are only

regulator effects for neutrons. However, they are sizable
and result in a larger error band. At saturation density
n0 ∼ 0.16 fm−3, the difference of the central value of the
energy per neutron after inclusion of the 3N contacts VE1 or
VEτ is ∼2 MeV, leading to a total error band with a range of
∼6.5 MeV when considering different VE structures. This
relatively large uncertainty can be qualitatively explained
when considering the following effects. Because the
expectation value h

P
i<jτi · τji has a sign opposite to that

of the expectation value h1i in 4He, cE will also have
opposite signs in the two cases to fit the binding energy.
However, in neutron matter both operators are the same,
spreading the uncertainty band. A similar argument was
made in Ref. [37].
With the regulators used here, the Fierz-rearrangement

invariance valid at infinite cutoff is only approximate at
finite cutoff, and hence the different choices of VD and VE
can lead to different results. The different local structures
can lead to finite relative P-wave contributions. These can
be eliminated by choosing VEP , which has a projection
onto even-parity waves (predominantly S waves). The
usual nonlocal regulator in momentum space does not
couple S and P waves.
In conclusion, we find for the first time that chiral

interactions can simultaneously fit light nuclei and
low-energy P-wave n-α scattering and provide reasonable
estimates for the neutron matter equation of state. Other
commonly used phenomenological 3N models do not
provide this capability. These chiral forces should be tested
in light p-shell nuclei, medium-mass nuclei, and isospin-
symmetric nuclear matter to gauge their ability to describe
global properties of nuclear systems.
We also find that the ambiguities associated with con-

tact-operator choices can be significant when moving from
light nuclei to neutron matter and possibly to medium-mass
nuclei, where the T ¼ 3

2 triples play a more significant role.
The reason for the sizable impact may be the regulators
used here, which break the Fierz-rearrangement invariance,
making further investigations of regulator choices a prior-
ity. The impact of these ambiguities in the contact operators
can contribute to the uncertainties and needs to be studied
further.

FIG. 3. The energy per particle in neutron matter as a function
of density for the NN and full 3N interactions at N2LO with
R0 ¼ 1.0 fm. We use VD2 and different 3N contact structures:
The blue band corresponds to VEτ, the red band to VE1, and the
green band to VEP . The green band coincides with the NN þ 2π-
exchange-only result because both VD and VE vanish in this case.
The bands are calculated as described in the text.
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FIG. 4. Energy per particle of nuclear matter as a function of the total density n = nn + np for various proton fractions x. The two
approximations of the effective NN potential, P = 0 and P average, and two approximations for the single-particle energies, free and
Hartree–Fock, are shown. The energy range is based on the set of Hamiltonians listed in Table I. The excluded Hamiltonian 6* has no influence
on the uncertainty bands. For a better view, the area between the dashed lines are not filled in the case of a free spectrum. For x = 0.5 we also
show the empirical saturation point (see text for details).
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FIG. 2. The energy per particle at different orders of MBPT is shown, up to Hartree-Fock (EHF
tot /N ), second order (E(2)

tot /N ), and third order
(E(3)

tot /N ), respectively, in comparison to the energies obtained from the SCGF method (ESCGF/N ) at n0 (first row) and n0/2 (second row),
respectively. The N3LO NN potentials are given in each panel. Three-body effects are included at N2LO (blue) and at N3LO (red), respectively.
The dashed lines connecting the data points are in order to guide the eyes. The error bars are due to the ci and !3N variations. In this plot, the
third-order calculation does not include the additional many-body uncertainty (the light-blue band in Fig. 1).

T = 3,4 MeV in densities between 0.05 and 0.10 fm−3, and
have found no dependency on the extrapolation.

Combining the discussions on the size of the additional
many-body uncertainty and the comparison of MBPT vs.
SCGF we conclude from Fig. 1 that the perturbativeness
improves from EM 500 MeV to EGM 450/500 MeV to
EGM 450/700 MeV. It is remarkable that a third-order MBPT
calculation compares so well with the nonperturbative case
for these chiral NN potentials. We study the many-body
convergence as well as the effect of subleading 3N forces
in more details in the next section.

B. Many-body convergence

In Fig. 2 we address again the many-body convergence and
show order-by-order in MBPT the total energy per neutron at
n0 (first row) and n0/2 (second row), analogously to Fig. 1.
More specifically, we show the total energy in Hartree-Fock
approximation E

(HF)
tot /N (“HF”), second order (“2nd”), and

third order (“3rd”), E
(2)
tot /N and E

(3)
tot /N , respectively, in

comparison to the results obtained in the SCGF method,
ESCGF/N (“SCGF”). The uncertainties are obtained as in Fig. 1
through variations of the 3N parameters and the single-particle
energies. However, to study the many-body convergence the
third-order bands do not include here the additional many-body

uncertainty (the light-blue bands of Fig. 1). The blue (red) data
points correspond to N2LO (N3LO) 3N forces.

For all six panels in Fig. 2 we observe similar overall
patterns: comparing order-by-order to the SCGF method we
observe that the second order adds always too much attraction
which then is compensated by the third-order repulsion.
However, the specific behavior is different for EM 500 MeV
and the two EGM potentials. In the case of EM 500 MeV the
large third order overcompensates the second-order repulsion.
In contrast, the third-order contribution is much smaller and
less repulsive for the EGM potentials as can be seen in Fig. 2
(second and third columns). In particular, this is pronounced
in the calculations based on EGM 450/700 MeV, which agree
remarkably well with the SCGF result.

As already discussed in the description of Fig. 1, including
N3LO 3N forces has only a small repulsive effect on the
energies based on EM 500 MeV, whereas the effect on
the EGM potentials is larger but attractive. This behavior
can be traced back to NN -3N mixing terms that enter the
calculation when including 3N forces beyond the HF level.
We also note that the values of the low-energy constants
CS and CT , which enter N3LO 3N contributions, differ for
all three potentials. However, the many-body convergence is
not altered by including contributions from subleading 3N
interactions.
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Figure 4 | Properties of the nuclear equation of state and neutron-star radii based on chiral interactions. a,b, Symmetry energy Sv (a) and its slope L (b)
at predicted saturation densities versus Rp in 48Ca. The theoretical error bars estimate uncertainties from truncations of the employed method and model
space (see Methods for details). The blue line represents a linear fit to the data. The blue band encompasses all error bars and estimates systematic
uncertainties. The vertical green line marks the experimental value of Rp. Its intersection with the blue line and the blue band yields the horizontal orange
line and orange band, respectively, and give the predicted range for the coordinate. c, Pressure–radius relationship for a neutron star of mass M= 1.4M�
(red band) from the phenomenological expression of refs 31,32. The horizontal orange band is taken from Supplementary Fig. 3 and shows the predicted
pressure. The intersection of the orange and red band yields the width of the vertical yellow band, which constrains the neutron star radius.

and Rn from the single CREX data point16,17. Figure 3a shows that a
strong correlation exists between Rn and FW(qc), and this allows us
to estimate 0.195. FW(qc). 0.222 (Supplementary Fig. 2), which is
consistent with theDFT expectation21. Themomentumdependence
of the weak-charge form factor (Fig. 3b) is also close to the DFT
result. This good agreement again emphasizes the role of 48Ca as
a key isotope for bridging nuclear ab initio and DFT approaches.
Exploiting the strong correlation between RW and Rp, we find
3.59.RW . 3.71 fm (Supplementary Fig. 1). The weak-charge
density ⇢W(r) is the Fourier transform of the weak-charge form
factor FW(q). As seen in Fig. 3c, the spatial extent of ⇢W in 48Ca
is appreciably greater than that of the electric charge density ⇢ch,
essentially because the former dependsmainly on the neutron distri-
bution and there is an excess of eight neutrons over protons in 48Ca.

The neutron distribution in atomic nuclei is related to the nuclear
matter equation of state, which in turn impacts the size of neutron
stars6–8. As the set of interactions employed in this work has turned
out to be useful for gauging systematic trends of observables that
depend on the neutron density (see Fig. 2), this o�ers an opportunity
to estimate the symmetry energy Sv and its di�erential with respect
to density L at the nuclear saturation density (seeMethods). As seen
in Fig. 4a,b, our calculations of asymmetric nuclear matter yield
results for Sv and L that are well correlated with Rp of 48Ca. This
allows us to deduce 25.2. Sv . 30.4MeV and 37.8. L. 47.7MeV.
These estimates are consistent with the recently suggested ranges
29.0. Sv . 32.7MeV and 40.5. L. 61.9MeV (ref. 31). The chiral
forces used in our analysis have been constrained around the nuclear
saturation density, which is much smaller than the actual density in
the interior of a neutron star. For that reason, their straightforward
extrapolations to supra-saturation densities are not supposed to
be meaningful. However, there exists an empirical power law that
relates neutron-star radii to the pressure P at the nuclear saturation
density32. Furthermore, P is strongly connected to Sv and L and
can also be expected to correlate with Rp of 48Ca. Exploiting

this correlation we arrive at an estimate 2.3. P . 2.6MeV fm�3

(see Methods and Supplementary Fig. 3). Figure 4c shows the
computed radius 11.1.R1.4M� . 12.7 km of a 1.4M� neutron star
based on this pressure and the phenomenological expression of
refs 31,32. It is compatible with radius estimates based on high-
density extensions of ab initio results for the equation of state8, the
analysis of ref. 31, and results from a Bayesian analysis of quiescent
low-mass X-ray binaries33. To improve our description one needs to
develop well-calibrated, higher-order chiral interactions, which will
extend the energy, momentum and density range of our ab initio
framework. This is a long-term goal.

Methods
Methods and any associated references are available in the online
version of the paper.
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FIG. 4. Energy per particle of nuclear matter as a function of the total density n = nn + np for various proton fractions x. The two
approximations of the effective NN potential, P = 0 and P average, and two approximations for the single-particle energies, free and
Hartree–Fock, are shown. The energy range is based on the set of Hamiltonians listed in Table I. The excluded Hamiltonian 6* has no influence
on the uncertainty bands. For a better view, the area between the dashed lines are not filled in the case of a free spectrum. For x = 0.5 we also
show the empirical saturation point (see text for details).
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approximations of the effective NN potential, P = 0 and P average, and two approximations for the single-particle energies, free and
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on the uncertainty bands. For a better view, the area between the dashed lines are not filled in the case of a free spectrum. For x = 0.5 we also
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13

FIG. 7. (Color online) Gap � as a function of Fermi momentum kF in the 3P2�3F2 channel with a free (left) and a Hartree-Fock
spectrum (center column) for the N3LO NN potentials EM 500 MeV (first), EGM 450/500 MeV (second) and EGM 450/700 MeV
(third row). The third column depicts the e↵ective mass at the Fermi surface corresponding to the Hartree-Fock spectrum. The
NN-only results are shown by the black-solid lines. The uncertainty bands for N2LO and N3LO are determined by variations of
the 3N parameters c1, c3 and ⇤3N as discussed in the text.
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Appendix A: Partial-wave decomposition

In this appendix we briefly review the partial-wave
decomposition of the gap equation (3) and specify the
conventions used in this work. Following Refs. [21, 40, 41]
we decompose the gap matrix in the form

�↵↵0(k) =
X

l,S
J,M

r
8⇡

2J + 1
�JM

lS (k)
⇣
GJM

lS (k̂)
⌘

↵↵0
, (A1)

and accordingly the nuclear interaction

(4⇡)�2 hk↵↵0|V |k0��0i

=
X

l,l0,S
J,M

il
0
�l

⇣
GJM

lS (k̂)
⌘

↵↵0

⇣
GJM

l0S (k̂0)
⌘
⇤

��0
V

J(M)

ll0S (k, k0) ,

(A2)

with
⇣
GJM

lS (k̂)
⌘

↵↵0
=

X

m,mS

CSmS

1/2↵1/2↵0CJM
lmSmS

Y m
l (k̂) . (A3)

These functions obey the orthogonality relations

Z
d⌦k

X

�,�0

⇣
GJM

l0S (k̂0)
⌘
⇤

��0

⇣
GJ0M 0

l00S0 (k̂0)
⌘

��0

�

= �ll0�MM 0�JJ 0�SS0 .

(A4)

The J-dependent factor in Eq. (A1) is chosen such that
the gap equation in partial-wave representation takes a
particularly simple form. Inserting Eqs. (A1) and (A2) in
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Table 5.1.: Comparison of di�erent assumptions for the moment of inertia as well as its uncertainty.
I [M� km2] �I [%] R [km] �R [km]

70
10 11.3� 12.7 1.4

20 10.4� 13.5 3.1
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10 12.3� 13.5 1.2
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Figure 5.5.: Radius constraints for a 1.34 M� neutron star by the moment of inertia.
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the theoretical uncertainties by performing calculations based
on the Hamiltonians listed in Table I and extract the maximal
spread of these results. We note that, for Hamiltonian 6*, the
fits of the short-range 3N couplings cD,cE in Ref. [7] have
not taken into account the isospin breaking of the N3LO NN
potential EGM 550/600 MeV. This leads to deviations for
the 3H binding energy of ∼200 keV in comparison to exact
calculations. We will discuss this Hamiltonian separately but
emphasize here that it has no influence on the uncertainty
bands shown in Fig. 4.

From the many-body point of view, neutron matter (x = 0)
represents the simplest system. At N2LO, only the long-range
3N forces proportional to c1 and c3 contribute for nonlocal
regulators fR(p,q) due to the Pauli-principle and the isospin
structure of the 3N forces [8]. In addition, no NN S-wave
tensor interactions are active in neutron matter. As a result we
find relatively narrow uncertainty bands with a width of about
4 MeV at saturation density.

Increasing the proton fraction influences the overall un-
certainty in two ways: First, the width of the bands for
each of the two single-particle spectra becomes larger up
to 5 to 6 MeV for symmetric nuclear matter at the high-
est density shown. The upper uncertainty limit is always
determined by Hamiltonian 7, which also leads to rather
small saturation densities for x = 0.5 (see below). Second,
the difference between the individual results based on the
two spectra grows systematically for larger proton fractions.
The dependence of our results on the single-particle energies
probes the perturbativeness of the Hamiltonians and provides a
measure of contributions from higher orders in the perturbative
expansion. Hence, these results indicate the need to analyze
third-order contributions more closely, which we discuss in
Sec. IV C. The two approximations lead to comparable results
and widely overlapping bands in each spectrum. We find that
the P -average approximation is slightly more repulsive, and
the bands are shifted at saturation density by ≈1 MeV in
symmetric matter.

We discuss now the properties of the equation of state
based on the P -average approximation of the effective in-
teraction. Considering the free and the Hartree–Fock spec-
trum and, excluding Hamiltonian 6*, symmetric matter sat-
urates at n0 = (0.138–0.190) fm−3 with energies of E/A =
−(13.2–18.3) MeV. Hamiltonian 6* increases slightly the
upper limit by !n0 = 0.003 fm−3. The saturation points for
each of the seven Hamiltonians of Table I are shown in
Fig. 5. The red (blue) points correspond to the calculations
with a free (Hartree–Fock) spectrum. Hence, the gray line
connecting the two calculations indicates the convergence
of the calculation. We find a Coester-like linear correlation
between the energy and density at the saturation point, but the
range is considerably smaller than the Coester line based on
NN interactions only [49]. The green band has been obtained
by independently fitting a linear function to the saturation
points for the two spectra excluding Hamiltonian 6*.

Skyrme energy-density functionals based on properties
of nuclei and nuclear matter can be used to empirically
constrain the saturation point [50–52]. Table 7 of Ref. [50]
summarizes 16 selected functionals, which reproduce well
selected properties of nuclear matter. Six more are excluded

FIG. 5. Correlation between the saturation density and energy for
the seven Hamiltonians of Table I, indicated by the figure. The green
area highlights the obtained Coester band based on independently
fitting the saturation points for a free and a Hartree–Fock spectrum.
The gray lines connect the two spectra. As discussed in the text,
the empirical saturation point (gray box) is given by the range
of 14 selected energy-density functionals. The region is in good
agreement with our calculated Coester band. See the text for details
of Hamiltonian 6*.

because of unreasonable behavior for large densities [50]
or being unstable for finite nuclei. The remaining ten are
listed in Table 1 of Ref. [52]. Our empirical saturation
range is determined based on these functionals plus those of
Ref. [53] (SLy4, UNEDF0, UNEDF1, and UNEDF2). As a
result we obtain the ranges n

emp
0 = (0.164 ± 0.007) fm−3 and

Eemp/A ≃ −(15.9 ± 0.4) MeV, which is indicated by the gray
boxes in Figs. 4 (for x = 0.5) and 5.

Our band in Fig. 5, based on NN and 3N interactions,
overlaps with the empirical saturation point, in contrast with
calculations based on NN interactions only [49]. This holds
especially for the equation of state based on Hamiltonian 4 and
5. We note that Hamiltonian 5 has the largest dependence on the
spectrum as it is almost twice compared to Hamiltonian 1. This
may be due to the large resolution scale λ = 2.8 fm−1 of the
Hamiltonian. Although the 3H binding energy corresponding
to Hamiltonian 6* is not well fit, it behaves still natural and
similar as Hamiltonian 1.

Following the usual quadratic expansion in the isospin
asymmetry β, we approximate globally the equation of state
in terms of a power series in the reduced density n̄ =
n/(0.16 fm−3)

E

A
(β,n̄) =

!

µ=0,2

ν=2,3,4,5,6

Cµνβ
µn̄ν/3. (18)

In order to determine the coefficients Cµν , we fit to the energy
per particle of neutron and symmetric nuclear matter and
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FIG. 4. Energy per particle of nuclear matter as a function of the total density n = nn + np for various proton fractions x. The two
approximations of the effective NN potential, P = 0 and P average, and two approximations for the single-particle energies, free and
Hartree–Fock, are shown. The energy range is based on the set of Hamiltonians listed in Table I. The excluded Hamiltonian 6* has no influence
on the uncertainty bands. For a better view, the area between the dashed lines are not filled in the case of a free spectrum. For x = 0.5 we also
show the empirical saturation point (see text for details).
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The chiral low-energy constants cD and cE are constrained by means of accurate ab initio calculations

of the A ¼ 3 binding energies and, for the first time, of the triton ! decay. We demonstrate that these low-

energy observables allow a robust determination of the two undetermined constants, a result of the

surprising fact that the determination of cD depends weakly on the short-range correlations in the wave

functions. These two- plus three-nucleon interactions, originating in chiral effective field theory and

constrained by properties of the A ¼ 2 system and the present determination of cD and cE, are successful
in predicting properties of the A ¼ 3 and 4 systems.
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The fundamental connection between nuclear forces and
the underlying theory of quantum chromodynamics (QCD)
remains one of the greatest contemporary theoretical chal-
lenges, due to the nonperturbative character of QCD in the
low-energy regime relevant to nuclear phenomena.
However, the past two decades of theoretical developments
provide us with a bridge to overcome this obstacle, in the
form of chiral perturbation theory ("PT) [1]. The "PT
Lagrangian, constructed by integrating out degrees of free-
dom of the order of!" # 1 GeV and higher (nucleons and

pions are thus the only explicit degrees of freedom), is an
effective Lagrangian of QCD at low energies. As such, it
retains all conjectured symmetry principles, particularly
the approximate chiral symmetry, of the underlying theory.
Furthermore, it can be organized in terms of a perturbative
expansion in positive powers of Q=!" where Q is the

generic momentum in the nuclear process or the pion
mass [1]. Though the subject of an ongoing debate about
its validity [2,3], the naive extension of this expansion to
nonperturbative phenomena provides a practical interface
with existing many-body techniques, and clearly holds a
significant value for the study of the properties of QCD at
low energy and its chiral symmetry.

The chiral symmetry dictates the operator structure of
each term of the effective Lagrangian, whereas the cou-
pling constants (not fixed by the symmetry) carry all the
information on the integrated-out degrees of freedom. A
theoretical evaluation of these coefficients, or low-energy
constants (LECs), is equivalent to solving QCD at low
energy. Recent lattice QCD calculations have allowed a
theoretical estimate of LECs of single- and two-nucleon
diagrams [4], while LECs of diagrams involving more than
two nucleons are out of the reach of current computational
resources. Alternatively, the undetermined constants can
be constrained by low-energy experiments.

The strength of "PT is that the chiral expansion is used
to derive both nuclear potentials and currents from the
same Lagrangian. Therefore, the electroweak currents in
nuclei (which determine reaction rates in processes involv-
ing external probes) and the strong interaction dynamics
(#N scattering, the NN interaction, the NNN interaction,
etc.) are all based on the same theoretical grounds and
rooted in the low-energy limits of QCD. In particular, "PT
predicts, along with theNN interaction at the leading order
(LO), a three-nucleon (NNN) interaction at the next-to-
next-to-leading order or N2LO [5,6], and even a four-
nucleon force at the fourth order (N3LO) [7]. At the
same time, the LO nuclear current consists of (the stan-
dard) single-nucleon terms, while two-body currents, also
known as meson-exchange currents (MEC), make their
first appearance at N2LO [8]. Up to N3LO both the NNN
potential and the current are fully constrained by the
parameters defining the NN interaction, with the exception
of two ‘‘new’’ LECs, cD and cE. The latter, cE, appears
only in the potential as the strength of the NNN contact
term [see Fig. 1(a)]. On the other hand, cD manifests itself
both in the contact term part of the NN-#-N three-nucleon
interaction of Fig. 1(a) and in the two-nucleon contact
vertex with an external probe of the exchange currents
[see Fig. 1(b)].

cD cE cD
(a) (b)

FIG. 1. Contact and one-pion exchange plus contact
interaction (a), and contact MEC (b) terms of "PT.
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QUANTUM MONTE CARLO CALCULATIONS OF NEUTRON . . . PHYSICAL REVIEW C 93, 024305 (2016)

Thus, in coordinate space, for the c3 part of the VC term, there
are four contributions due to a long-range and short-range
part in each pion exchange. The first term ∼Xij (rij )Xkj (rkj )
is a long-range two-pion-exchange contribution similar to
the anticommutator part of the P -wave two-pion-exchange
interaction of Ref. [33]. In addition, there is also a short-
range (SR) term ∼δ(rij )δ(rkj ) which is similar to VE

but spin-dependent, and two intermediate-range (IR) terms
∼Xik(rij )δ(rkj ) + Xik(rkj )δ(rij ) similar to VD . Note that,
although the spin-isospin structure is similar to the Urbana
IX force and in general to the two-pion-exchange part of the
Illinois forces, the spatial functions are quite different. Finally,
the coordinate-space expression for the c4 part of VC is given
in the Appendix. This does not contribute in neutron matter
for general regulators due to the isospin structure.

For a many-body system, the total 3N interactions are
then given by V3N =

!
i<j<k V

ijk
3N , with i,j,k = 1, . . . ,A.

Moreover, in the AFDMC calculation V
ijk

3N is rewritten as a
sum over cyclic permutations only.

In order to regularize the local 3N forces consistently with
the NN forces of Refs. [23,24], we replace the δ functions by
smeared-out delta functions of the form

δ(r) → δR3N (r) = 1
π#(3/4)R3

3N

e−(r/R3N)4
, (9)

where R3N is the three-body cutoff. For the long-range pion-
exchange contributions, we multiply the Yukawa functions
with the long-range regulator flong of Refs. [23,24], given by

Y (r) → Y (r)(1 − e−(r/R3N)4
). (10)

To be consistent with the NN cutoff R0 = 1.0–1.2 fm, we will
also vary the 3N cutoff in this range, R3N = 1.0–1.2 fm. We
have checked that the IR and SR parts of VC as well as the VE

and VD contributions in neutron matter vanish for R3N → 0
(for infinite momentum cutoffs), and are therefore regulator
effects.

In the following, we include all terms of VC (the c1 and
c3 parts for neutron matter), with the ci couplings having the
same values as in the local NN interactions [23,24]. Results
including the shorter-range contributions VD and VE , which
require fits of cD and cE , are studied in Ref. [32].

III. HARTREE-FOCK CALCULATION FOR NEUTRON
MATTER

We calculate the 3N contributions from the VC part to
neutron matter first at the Hartree-Fock (HF) level. This
includes all interactions of Eqs. (7) and (8). Details on the
HF calculation can be found in Refs. [34].

In Fig. 2 we show the contributions to the neutron-matter
energy per particle E/N as a function of density n. The blue
band corresponds to the LR part of the two-pion-exchange
interaction VC with the local regulator used here, the red band
to the SR part of VC , and the green band to the IR of VC .
For these bands, the cutoff in the local regulator is varied
between R3N = 1.0–1.2 fm. The dashed lines show the results
for VC with the local regulator and R3N = 0.5 fm. In addition,
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FIG. 2. Contributions to the neutron-matter energy per particle
E/N as a function of density n at the Hartree-Fock level. The black
band shows the energy obtained using a nonlocal regulator, as in Ref.
[34], with a 3N cutoff 400–500 MeV. The blue band corresponds to
the LR part of the two-pion-exchange interaction VC with the local
regulator used here, the red band to the SR part of VC , and the green
band to the IR of VC . For these bands, the cutoff in the local regulator
is varied with R3N = 1.0–1.2 fm. The dashed-dotted line corresponds
to the results for VC using the local momentum-space regulator of
Ref. [31] with a cutoff $3N = 500 MeV. This shows that these local
3N forces provide less repulsion at the Hartree-Fock level than with
nonlocal regulators. The dashed lines show the results for VC with
the local regulator and small R3N = 0.5 fm.

the black band shows the energy obtained using a nonlocal
regulator, as in Ref. [34], with a cutoff 400–500 MeV.

The HF energy in neutron matter for the local VC are in
total ≈3 MeV at saturation density n0 = 0.16 fm−3. This
is only about half of the VC contribution using the nonlocal
regulator. The shorter-range (IR and SR) contributions, which
are regulator effects, are small and with opposite sign. If
we lower the coordinate-space cutoff, R3N = 0.5 fm (dashed
lines), we find that the IR and SR parts almost vanish, as
expected, and that the total HF energy is 5.5 MeV for the
local VC , which agrees well with the momentum-space result.
We also note that the momentum-space result is very close to
the infinite-cutoff result at the HF level. Thus, the smaller 3N
energies for the local 3N forces are due to the local regulators
used.

To check this, we have performed a HF calculation of VC

using the local momentum-space regulator of Ref. [31] with a
cutoff of $3N = 500 MeV. This is given by the dashed-dotted
line in Fig. 2. At saturation density, we find an energy per
particle of 3.8 MeV, which is comparable to the result for the
local 3N forces used here. This supports the above conclusion
that 3N forces with local regulators provide less repulsion at
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FIG. 7. Comparison of the neutron-matter energy at N2LO based
on the local chiral NN+3N potentials in AFDMC (this work) with the
N2LO calculation of Ref. [10] based on the EGM N2LO potentials
and using MBPT, with the particle-particle (pp) ladder results of Ref.
[14] based on the EM N2LO potential, and with results based on the
N2LOopt potential using CC theory [11] and the SCGF methods [13].

In Fig. 7 we compare the neutron-matter energy at N2LO
based on the local chiral NN+3N potentials in AFDMC (this
work) with the N2LO calculation of Ref. [10] based on the
EGM N2LO potentials of Ref. [36] and using many-body
perturbation theory (MBPT), with the particle-particle (pp)
ladder results of Ref. [14] based on the EM N2LO potential of
Ref. [37], and with results based on the N2LOopt potential of
Ref. [38] using the self-consistent Green’s function (SCGF)
method [13] and using coupled-cluster (CC) theory [11]. At
saturation density, the AFDMC energies are in general smaller
than the other results, mainly due to the smaller contributions
from local 3N forces. Furthermore, the density dependence
of the AFDMC band is flatter than for the other calculations,
which may be explained by differences in the NN phase shift
predictions. We would expect the results to come closer when
including chiral forces at next-to-next-to-next-to-leading order
(N3LO). A comparison of AFDMC results with MBPT results
using the same local potential, as in Refs. [23,24], will be
presented in a forthcoming paper.

V. NEUTRON DROPS

Neutron drops in external potentials provide useful con-
straints for energy-density functionals and their applications to
neutron-rich nuclei [22,39]. They constitute a simplified model
of neutron-rich nuclei, where the external well simulates the
effects of the core on the valence neutrons. Their study is
therefore a natural addition to homogenous neutron matter.

TABLE I. Energies (in MeV) and radii (in fm) of neutron drops
with N = 8, 20, 40, and 70 neutrons in a harmonic oscillator potential
with an oscillator parameter !ω = 10 MeV. The same cutoff is used
in the NN and 3N interactions. We give the results at different orders
in the chiral expansion, and at N2LO, for NN forces only, plus only
the LR c1 and c3 parts of VC , and including also the SR and IR parts of
VC . For the latter, we also give the central densities (at r = 0.125 fm
in fm−3). In systems with N ≥ 20 a collapse occurs at low orders (for
the interactions not listed in the table).

N Hamiltonian E rms radius nc

8 LO(1.0) 133.51(3) 2.571(2)
8 NLO(1.0) 133.31(3) 2.633(2)
8 N2LO(1.0) NN-only 134.83(3) 2.656(2)
8 N2LO(1.0)+VC,LR 135.53(3) 2.673(2)
8 N2LO(1.0)+VC 135.59(5) 2.677(2) 0.07(1)

8 LO(1.2) 123.87(8) 2.365(2)
8 NLO(1.2) 133.11(3) 2.607(2)
8 N2LO(1.2) NN-only 133.86(3) 2.616(2)
8 N2LO(1.2)+VC,LR 134.78(3) 2.638(2)
8 N2LO(1.2)+VC 134.80(5) 2.637(2) 0.08(1)

20 LO(1.0) 432.92(12) 2.966(2)
20 NLO(1.0) 428.67(8) 3.062(2)
20 N2LO(1.0) NN-only 434.93(6) 3.089(2)
20 N2LO(1.0)+VC,LR 440.73(7) 3.137(2)
20 N2LO(1.0)+VC 440.67(10) 3.138(4) 0.15(1)

20 NLO(1.2) 422.13(5) 2.987(2)
20 N2LO(1.2) NN-only 424.64(5) 2.989(2)
20 N2LO(1.2)+VC,LR 432.05(5) 3.041(2)
20 N2LO(1.2)+VC 431.55(10) 3.036(2) 0.18(1)

40 NLO(1.0) 1056.24(26) 3.459(2)
40 N2LO(1.0) NN-only 1071.17(24) 3.481(2)
40 N2LO(1.0)+VC,LR 1094.90(18) 3.557(2)
40 N2LO(1.0)+VC 1093.18(32) 3.556(2) 0.16(1)

40 NLO(1.2) 1018.25(25) 3.318(2)
40 N2LO(1.2) NN-only 1019.44(20) 3.293(2)
40 N2LO(1.2)+VC,LR 1048.70(20) 3.385(2)
40 N2LO(1.2)+VC 1045.81(50) 3.377(2) 0.20(1)

70 N2LO(1.0) NN-only 2235.89(60) 3.877(2)
70 N2LO(1.0)+VC,LR 2302.05(150) 3.987(2)
70 N2LO(1.0)+VC 2296.23(111) 3.991(2) 0.25(2)

70 N2LO(1.2) NN-only 2071.90(70) 3.593(2)
70 N2LO(1.2)+VC,LR 2164.53(180) 3.730(4)
70 N2LO(1.2)+VC 2148.75(190) 3.711(4) 0.31(2)

We have performed AFDMC calculations for the energies
and radii of neutron drops with N = 8, 20, 40, and 70 neutrons
in a harmonic oscillator potential with an oscillator parameter
!ω = 10 MeV. For these calculations we used the same cutoff
in the NN and 3N interactions, R0 = R3N = 1.0–1.2 fm. The
results for the energies and radii are tabulated in Table I and
shown in Fig. 8. We give the results at different orders in
the chiral expansion, and at N2LO, for NN forces only, plus
only the LR c1 and c3 parts of VC , and including also the
SR and IR parts of VC . The bands in Fig. 8 are given by
the cutoff variation R0 = R3N = 1.0–1.2 fm. We generally
find a good order-by-order convergence of the energies and
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include results from LO, NLO, and N2LO in the analysis
using the Fermi momentum and the pion mass as the small
scales for neutron matter (discussed below) and nuclei,
respectively. The error bars presented here are comparable
to those shown in Ref. [33], although it is worth emphasiz-
ing that our calculations represent a complete estimate of
the uncertainty at N2LO since we include 3N interactions.
Other choices for 3N structures give similar results.
It is noteworthy that NN and 3N interactions derived

from chiral EFT up to N2LO have sufficient freedom such
that n-α scattering phase shifts in Fig. 1(b) and properties
of light nuclei in Fig. 2 can be simultaneously described.
The failures of the Urbana IX model in underbinding
nuclei and underpredicting the spin-orbit splitting in
neutron-rich systems, including the n-α system, were
among the factors motivating the addition of the three-
pion exchange diagrams in the Illinois 3N models [7]. Our
results show that chiral 3N forces at N2LO, including
the shorter-range parts in the pion exchanges, allow the
simultaneous fit. These interactions should be tested further
in light p-shell nuclei.
Finally, we study the full chiral N2LO forces, including

all 3N contributions, in neutron matter to extend the
results from Ref. [24]. More specifically, we examine
the effects of different VD and VE structures on the equation
of state of neutron matter. Although these terms vanish in
the limit of infinite cutoff, they contribute for finite cutoffs.
In Fig. 3 we show results for the neutron matter energy per
particle as a function of the density calculated with the

AFDMC method described in Refs. [3,34]. We show the
energies for R0 ¼ 1.0 fm for the NN and full 3N inter-
actions. We use VD2 and the three different VE structures:
VEτ (blue band), VE1 (red band), and VEP (green band).
The error bands are determined as in the light nuclei case.
The VEP interaction fits A ¼ 4; 5 with a vanishing cD;
hence, this choice of VE leads to an equation of state
identical to the equation of state with NN þ VC, as in
Ref. [24] (the projector P is zero for pure neutron systems),
and qualitatively similar to previous results using chiral
interactions at N2LO [35] and next-to-next-to-next-to-
leading order [36].
As discussed, the contributions of VD and VE are only

regulator effects for neutrons. However, they are sizable
and result in a larger error band. At saturation density
n0 ∼ 0.16 fm−3, the difference of the central value of the
energy per neutron after inclusion of the 3N contacts VE1 or
VEτ is ∼2 MeV, leading to a total error band with a range of
∼6.5 MeV when considering different VE structures. This
relatively large uncertainty can be qualitatively explained
when considering the following effects. Because the
expectation value h

P
i<jτi · τji has a sign opposite to that

of the expectation value h1i in 4He, cE will also have
opposite signs in the two cases to fit the binding energy.
However, in neutron matter both operators are the same,
spreading the uncertainty band. A similar argument was
made in Ref. [37].
With the regulators used here, the Fierz-rearrangement

invariance valid at infinite cutoff is only approximate at
finite cutoff, and hence the different choices of VD and VE
can lead to different results. The different local structures
can lead to finite relative P-wave contributions. These can
be eliminated by choosing VEP , which has a projection
onto even-parity waves (predominantly S waves). The
usual nonlocal regulator in momentum space does not
couple S and P waves.
In conclusion, we find for the first time that chiral

interactions can simultaneously fit light nuclei and
low-energy P-wave n-α scattering and provide reasonable
estimates for the neutron matter equation of state. Other
commonly used phenomenological 3N models do not
provide this capability. These chiral forces should be tested
in light p-shell nuclei, medium-mass nuclei, and isospin-
symmetric nuclear matter to gauge their ability to describe
global properties of nuclear systems.
We also find that the ambiguities associated with con-

tact-operator choices can be significant when moving from
light nuclei to neutron matter and possibly to medium-mass
nuclei, where the T ¼ 3

2 triples play a more significant role.
The reason for the sizable impact may be the regulators
used here, which break the Fierz-rearrangement invariance,
making further investigations of regulator choices a prior-
ity. The impact of these ambiguities in the contact operators
can contribute to the uncertainties and needs to be studied
further.

FIG. 3. The energy per particle in neutron matter as a function
of density for the NN and full 3N interactions at N2LO with
R0 ¼ 1.0 fm. We use VD2 and different 3N contact structures:
The blue band corresponds to VEτ, the red band to VE1, and the
green band to VEP . The green band coincides with the NN þ 2π-
exchange-only result because both VD and VE vanish in this case.
The bands are calculated as described in the text.
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FIG. 2. The energy per particle at different orders of MBPT is shown, up to Hartree-Fock (EHF
tot /N ), second order (E(2)

tot /N ), and third order
(E(3)

tot /N ), respectively, in comparison to the energies obtained from the SCGF method (ESCGF/N ) at n0 (first row) and n0/2 (second row),
respectively. The N3LO NN potentials are given in each panel. Three-body effects are included at N2LO (blue) and at N3LO (red), respectively.
The dashed lines connecting the data points are in order to guide the eyes. The error bars are due to the ci and !3N variations. In this plot, the
third-order calculation does not include the additional many-body uncertainty (the light-blue band in Fig. 1).

T = 3,4 MeV in densities between 0.05 and 0.10 fm−3, and
have found no dependency on the extrapolation.

Combining the discussions on the size of the additional
many-body uncertainty and the comparison of MBPT vs.
SCGF we conclude from Fig. 1 that the perturbativeness
improves from EM 500 MeV to EGM 450/500 MeV to
EGM 450/700 MeV. It is remarkable that a third-order MBPT
calculation compares so well with the nonperturbative case
for these chiral NN potentials. We study the many-body
convergence as well as the effect of subleading 3N forces
in more details in the next section.

B. Many-body convergence

In Fig. 2 we address again the many-body convergence and
show order-by-order in MBPT the total energy per neutron at
n0 (first row) and n0/2 (second row), analogously to Fig. 1.
More specifically, we show the total energy in Hartree-Fock
approximation E

(HF)
tot /N (“HF”), second order (“2nd”), and

third order (“3rd”), E
(2)
tot /N and E

(3)
tot /N , respectively, in

comparison to the results obtained in the SCGF method,
ESCGF/N (“SCGF”). The uncertainties are obtained as in Fig. 1
through variations of the 3N parameters and the single-particle
energies. However, to study the many-body convergence the
third-order bands do not include here the additional many-body

uncertainty (the light-blue bands of Fig. 1). The blue (red) data
points correspond to N2LO (N3LO) 3N forces.

For all six panels in Fig. 2 we observe similar overall
patterns: comparing order-by-order to the SCGF method we
observe that the second order adds always too much attraction
which then is compensated by the third-order repulsion.
However, the specific behavior is different for EM 500 MeV
and the two EGM potentials. In the case of EM 500 MeV the
large third order overcompensates the second-order repulsion.
In contrast, the third-order contribution is much smaller and
less repulsive for the EGM potentials as can be seen in Fig. 2
(second and third columns). In particular, this is pronounced
in the calculations based on EGM 450/700 MeV, which agree
remarkably well with the SCGF result.

As already discussed in the description of Fig. 1, including
N3LO 3N forces has only a small repulsive effect on the
energies based on EM 500 MeV, whereas the effect on
the EGM potentials is larger but attractive. This behavior
can be traced back to NN -3N mixing terms that enter the
calculation when including 3N forces beyond the HF level.
We also note that the values of the low-energy constants
CS and CT , which enter N3LO 3N contributions, differ for
all three potentials. However, the many-body convergence is
not altered by including contributions from subleading 3N
interactions.
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many-body uncertainty and the comparison of MBPT vs.
SCGF we conclude from Fig. 1 that the perturbativeness
improves from EM 500 MeV to EGM 450/500 MeV to
EGM 450/700 MeV. It is remarkable that a third-order MBPT
calculation compares so well with the nonperturbative case
for these chiral NN potentials. We study the many-body
convergence as well as the effect of subleading 3N forces
in more details in the next section.

B. Many-body convergence

In Fig. 2 we address again the many-body convergence and
show order-by-order in MBPT the total energy per neutron at
n0 (first row) and n0/2 (second row), analogously to Fig. 1.
More specifically, we show the total energy in Hartree-Fock
approximation E
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tot /N (“HF”), second order (“2nd”), and

third order (“3rd”), E
(2)
tot /N and E
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comparison to the results obtained in the SCGF method,
ESCGF/N (“SCGF”). The uncertainties are obtained as in Fig. 1
through variations of the 3N parameters and the single-particle
energies. However, to study the many-body convergence the
third-order bands do not include here the additional many-body

uncertainty (the light-blue bands of Fig. 1). The blue (red) data
points correspond to N2LO (N3LO) 3N forces.

For all six panels in Fig. 2 we observe similar overall
patterns: comparing order-by-order to the SCGF method we
observe that the second order adds always too much attraction
which then is compensated by the third-order repulsion.
However, the specific behavior is different for EM 500 MeV
and the two EGM potentials. In the case of EM 500 MeV the
large third order overcompensates the second-order repulsion.
In contrast, the third-order contribution is much smaller and
less repulsive for the EGM potentials as can be seen in Fig. 2
(second and third columns). In particular, this is pronounced
in the calculations based on EGM 450/700 MeV, which agree
remarkably well with the SCGF result.

As already discussed in the description of Fig. 1, including
N3LO 3N forces has only a small repulsive effect on the
energies based on EM 500 MeV, whereas the effect on
the EGM potentials is larger but attractive. This behavior
can be traced back to NN -3N mixing terms that enter the
calculation when including 3N forces beyond the HF level.
We also note that the values of the low-energy constants
CS and CT , which enter N3LO 3N contributions, differ for
all three potentials. However, the many-body convergence is
not altered by including contributions from subleading 3N
interactions.
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We study the properties of spin-polarized neutron matter at next-to-next-to-next-to-leading order in 
chiral effective field theory, including two-, three-, and four-neutron interactions. The energy of spin-
polarized neutrons is remarkably close to a non-interacting system at least up to saturation density, 
where interaction effects provide less than 10% corrections. This shows that the physics of neutron matter 
is similar to a unitary gas well beyond the scattering-length regime. Implications for energy-density 
functionals and for a possible ferromagnetic transition in neutron stars are discussed. Our predictions 
can be tested with lattice QCD, and we present results for varying pion mass.

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Due to the large neutron–neutron scattering length, the physics 
of neutron matter exhibits properties similar to a unitary Fermi 
gas [1–3]. The energy of neutron matter is approximately 0.4 times 
the energy of a free Fermi gas, and neutrons form an S-wave su-
perfluid for densities almost up to saturation density, for recent 
reviews see Refs. [3,4]. These benchmark results, combined with 
the possibility to simulate low-density neutron matter with ultra-
cold atoms near a Feshbach resonance [5], have lead to the in-
clusion of ab initio results for neutron matter into modern energy-
density functionals for nuclei [6,7] and into predictions for neutron 
stars [8,9]. Neutron matter is also interesting theoretically, because 
all many-body forces among neutrons are predicted in chiral ef-
fective field theory (EFT) to next-to-next-to-next-to-leading order 
(N3LO) [10,11].

In this Letter, we study the properties of spin-polarized neu-
tron matter at N3LO in chiral EFT [12], including consistently 
two- (NN), three- (3N), and four-neutron (4N) interactions. Spin-
polarized neutron matter may exist in very strong magnetic fields 
as they occur in the interior of magnetars. For a unitary Fermi gas, 
the spin-polarized system is a non-interacting gas, so we ask the 
question to which densities spin-polarized neutrons behave like 
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E-mail addresses: thomas.krueger@physik.tu-darmstadt.de (T. Krüger), 

kai.hebeler@physik.tu-darmstadt.de (K. Hebeler), schwenk@physik.tu-darmstadt.de
(A. Schwenk).

Fig. 1. (Color online.) Energy per particle of spin-polarized neutron matter at N3LO 
as a function of density for the different EM/EGM NN potentials and including 3N 
and 4N interactions. The bands provide an estimate of the uncertainty in 3N forces 
and in the many-body calculation (see text). The solid (orange) line is the energy of 
a free Fermi gas (FG). The inset shows the relative size of the interaction contribu-
tions.

a weakly interacting Fermi gas? While the answer is simple at 
low densities relevant to ultracold atoms, because P -wave inter-

http://dx.doi.org/10.1016/j.physletb.2015.03.027
0370-2693/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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in Ref. [26]) do not contribute in polarized matter. The C S/CT
dependence of the 3N N3LO relativistic-corrections interaction is 
negligible and results only in energy differences at the 1 keV
level at saturation density. Thus, the many-body forces essentially 
depend only on the low-energy couplings c1 and c3, which are 
chosen according to Refs. [28,29]: c1 = −(0.75–1.13) GeV−1 and 
c3 = −(4.77–5.51) GeV−1 as in Refs. [11,21]. In order to probe the 
cutoff dependence of our calculation we also vary the 3N/4N cut-
off ! = 2–2.5 fm−1.

3. Results and discussion

Our central result, Fig. 1, shows that the energy of spin-
polarized neutrons is close to a non-interacting system, with in-
teraction effects providing less than 10% corrections at n0 (see 
the inset). The largest dependence of our calculations is on the 
NN interaction used. The EM 500 MeV potential leads to weakly 
repulsive interactions with E/N ≈ 61.5 MeV at n0, compared to 
55.7 MeV for a free Fermi gas. Using the EGM 450/500 and 
450/700 MeV potentials results in even weaker interactions with 
E/N ≈ 59.5 MeV and ≈ 56 MeV, respectively. Because n0 for polar-
ized matter corresponds to a high Fermi momentum of 2.1 fm−1, 
these small differences are due to the range in NN scattering pre-
dictions at these higher momenta.

At very low densities, we can also compare our results to the 
dilute-gas expansion [30], where the first non-vanishing contribu-
tion is at k5

F from the P-wave scattering length aP, or the P-wave 
scattering volume a3

P. We have fitted the P-wave scattering length 
for kF < 0.3 fm−1 to our equation of state and obtain a range 
aP = 0.50–0.52 fm depending on the NN interaction used. This is 
consistent with aP = 0.44–0.47 fm from the different NN interac-
tions with small corrections due to Pauli blocking that render the 
P-wave scattering length more repulsive in the medium.

By comparing our results with the corresponding energy range 
for spin-symmetric matter, E/N ≈ 14–21 MeV at n0 [11,21], it is 
clear that a phase transition to the ferromagnetic state is not pos-
sible for n ! n0. Further, we expect the energy of spin-polarized 
neutrons at higher densities to lie above the free Fermi gas due to 
repulsive 3N forces (see also Fig. 2). Assuming the energy of spin-
polarized neutrons remains close to a free Fermi gas also for higher 
densities, we can use the general equation of state constraints of 
Ref. [31] to provide constraints for the onset of a possible ferro-
magnetic phase transition. Taking the three representative equa-
tions of state [31], a phase transition to a ferromagnetic state may 
be possible for n/n0 " 6.1, 3.4, and 2.3 for the soft, intermediate, 
and stiff equations of state, respectively. Note that if more mas-
sive neutron stars are discovered, e.g., with 2.4M⊙ , the soft case is 
ruled out [31].

Fig. 2 shows the individual interaction contributions. All ener-
gies are small compared to the spin-symmetric system [11,21]. The 
left panel shows the NN contributions for the three N3LO poten-
tials. The different behavior can be traced to different predictions 
for the scattering phase shifts. The EM 500 MeV potential gives a 
net repulsive contribution, with E/N ≈ 3.1 MeV at n0 (5.6% rel-
ative to EFG). Up to densities n ! 0.1 fm−3 the EGM 450/500
and 450/700 MeV potentials are in good agreement and provide 
only E/N ≈ −0.5 MeV at n = 0.08 fm−3, and then start to dif-
fer. The middle panel of Fig. 2 shows the contributions from the 
leading N2LO 3N forces. The 3N interactions are, as in the spin-
symmetric case, repulsive but with much smaller energies in the 
range 0.8–1.9 MeV at n0. In the right panel, we show all con-
tributions from the N3LO many-body forces. The dominant con-
tributions are from two-pion-exchange 3N forces with energies 
−(0.9–1.6) MeV at n0. This is almost as large as the leading con-
tribution of the two-pion-exchange topology, and shows that one 

Fig. 3. (Color online.) Energy per particle of spin-polarized neutron matter from 
Fig. 1 in comparison with different energy-density functionals (see text) following 
Ref. [32].

is pushing the chiral EFT expansion to the limits. However, all 
these 3N contributions are still small. In addition, there are re-
pulsive contributions from pion-ring 3N forces, which contribute 
1.1–2.1 MeV at n0 and counteract these. Finally, there are small 
repulsive contributions from the two-pion–one-pion-exchange 3N 
topology of 0.1–0.2 MeV at n0, small attractive contributions from 
the relativistic-corrections 3N topology, while three-pion-exchange 
4N interactions contribute only −0.1 MeV at n0. In total, the 
3N +4N contributions provide a net repulsion of E/N = 1–2.2 MeV
at n0. While it is known that P-wave interactions are weak it is re-
markable that even contributions from many-body forces are small.

In Fig. 3 we compare our results with predictions based on 
state-of-the-art energy-density functionals (for early work on po-
larized neutron matter with Skyrme functionals see Ref. [33]), fol-
lowing Ref. [32]: SIII [34], SGII [35], SkM* [36], SLy4 and SLy5 [37], 
SkO and SkO’ [38], BSk9 [39], as well as SAMi [40] and using the 
Gogny D1N interaction [41]. At low densities n ! 0.01 fm−3 all 
functionals agree with a free Fermi gas. However, at higher den-
sities we find significant deviations. In best agreement with our 
calculations are the functionals SIII, SkO, SGII, SkM*, and SLy5, 
whereas the latter two reproduce the free Fermi gas and the for-
mer provide small repulsive contributions. The predictions of the 
functionals SLy4, SAMi, BSk9, and SkO’ differ significantly from our 
N3LO bands. Therefore, it will be interesting to use our results as 
additional neutron-matter constraint for modern functionals. Note 
that the above discussion of a possible transition to a ferromag-
netic state is different to the spin instabilities caused by the po-
larized system to decrease unphysically in energy, as for the SkO’ 
case.

For comparison with lattice QCD simulations, we also vary the 
pion mass in NN, 3N, and 4N interactions. For this estimate we 
only take into account the explicit pion exchanges and do not 
vary the pion mass implicitly in the coupling constants. For spin-
symmetric neutron matter, this was found to be the dominant 
contribution, whereas the contributions from the pion-mass de-
pendence of the coupling constants was estimated to be smaller 
[42–44]. The dependence of the energy of the free Fermi gas, 
EFG/N = 3k2

F/(10mN ), is a result of the change of the nucleon mass 
with the pion mass. This varies as [45]

mN(mπ ) = m0 − 4c1m2
π − 3g2

A

32π f 2
π

m3
π + O(m4

π ), (4)
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Asymmetric nuclear matter
ASYMMETRIC NUCLEAR MATTER BASED ON CHIRAL . . . PHYSICAL REVIEW C 93, 054314 (2016)

FIG. 4. Energy per particle of nuclear matter as a function of the total density n = nn + np for various proton fractions x. The two
approximations of the effective NN potential, P = 0 and P average, and two approximations for the single-particle energies, free and
Hartree–Fock, are shown. The energy range is based on the set of Hamiltonians listed in Table I. The excluded Hamiltonian 6* has no influence
on the uncertainty bands. For a better view, the area between the dashed lines are not filled in the case of a free spectrum. For x = 0.5 we also
show the empirical saturation point (see text for details).
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TABLE II. Esym and corresponding uncertainties extracted from
the linear fits in Fig. 3 for the three densities.

n (fm−3) Esym (MeV)

0.05 15.8 ± 0.2
0.10 24.0 ± 0.2
0.16 30.8 ± 0.8

with the inclusion of the contributions from two or more
proton lines, neglected in Eq. (4), Esym slightly increases,
to 31.2 ± 1.0 MeV. The uncertainty range is smaller than
when extracting Esym from neutron matter calculations and the
empirical saturation point (see Refs. [12,24,43]). This is caused
by the explicit information from asymmetric matter results.

Figure 4 shows Esym as a function of density extracted from
our asymmetric matter calculations as in Fig. 3. The Esym band
is caused by the theoretical uncertainty of our calculations
for the energy. In this case, we have included the small
contributions from two or more hole lines discussed above. Our
results are compared in Fig. 4 with constraints from a recent
analysis of isobaric analog states (IAS) and with inclusion
of the constraints from neutron skins (IAS + skins) [42],
showing a remarkable agreement over the entire density
range. In addition, we show Esym obtained from microscopic
calculations performed with a variational approach [Akmal
et al. (1998)] [40] and at the Brueckner-Hartree-Fock (BHF)
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this work
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BHF, AV18+UIX
Danielewicz & Lee (2013) IAS
Danielewicz & Lee (2013) IAS + skins

FIG. 4. (Color online) Esym as a function of density obtained
from our ab initio calculations as in Fig. 3, including the small
contributions from two or more proton lines. In comparison, we
give Esym obtained from microscopic calculations performed with
a variational approach [Akmal et al. (1998)] [40] and at the BHF
level [41] based on the Argonne v18 NN and Urbana UIX 3N potentials
(with parameters adjusted to the empirical saturation point). The
band over the density range n = 0.04–0.16 fm−3 is based on a recent
analysis of isobaric analog states (IAS) and with inclusion of the
constraints from neutron skins (IAS + skins) [42].

level [41]. Both calculations are based on the Argonne v18
NN and Urbana UIX 3N potentials (with different parameters
adjusted to the empirical saturation point), but derive Esym
from symmetric and pure neutron matter using the quadratic
expansion (14). These results are compatible with our Esym
band at low and intermediate densities but predict a somewhat
stiffer Esym for n ! n0. We attribute these differences to the
phenomenological 3N forces used.

C. Empirical parametrization

In order to extend ab initio calculations of neutron matter
to asymmetric matter for astrophysical applications, Ref. [24]
used an empirical parametrization that represents an expansion
in the Fermi momentum with kinetic energies plus interaction
energies that follow the quadratic expansion with x(1 − x) =
(1 − β2)/4:

E(n,x)
A

= T0

!
3
5

(x5/3 + (1 − x)5/3)(2n)2/3

− ((2α − 4αL)x(1 − x) + αL) n

+ ((2η − 4ηL)x(1 − x) + ηL) n4/3
"
, (17)

where n = n/n0 denotes the density in units of saturation
density and T0 = (3π2n0/2)2/3/(2m) = 36.84 MeV is the
Fermi energy at n0. The parameters α, η, αL, and ηL are
determined from fits to neutron-matter calculations (αL,ηL)
and to the empirical saturation point of symmetric matter.
The latter gives α = 5.87, η = 3.81. The uncertainty range of
αL,ηL obtained from neutron-matter calculations is shown in
Fig. 4 of Ref. [24].

We use our ab initio calculations to benchmark the
empirical parametrization (17) for asymmetric matter. The
comparison is shown in Fig. 5 for the energy difference from
neutron matter %E/A as a function of density for three
proton fractions. Remarkably, our results based on nuclear
forces fit only to few-body data agree within uncertainties
with the empirical parametrization (17) used in Ref. [24] to
extrapolate from pure neutron matter to neutron-rich matter.
We observe only a slight difference in the density dependence,
with the empirical parametrization of Hebeler et al. [24]
underestimating (overestimating) our band at lower (higher)
densities.

We investigate whether the small discrepancy could be
caused by the neutron effective mass m∗

n in the empirical
expansion. To this end, we replace the kinetic part in Eq. (17)
with

T0

!
3
5

#
x5/3 + m

m∗
n

(1 − x)5/3
$

(2n)2/3
"

, (18)

while the terms proportional to n and n4/3 remain unchanged.
For each proton fraction, we fit a density-dependent neutron
effective mass m∗

n/m such that the difference between (the
upper bands of) our microscopic calculation and the empirical
parametrization with the modified kinetic term (18) is mini-
mized. The values and ranges for α, η, αL, and ηL are kept
the same. In Fig. 6, we show the resulting m∗

n/m [Fig. 6(b)]
and the improved empirical parametrization [Fig. 6(a)] for a
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FIG. 2. (Color online) Interaction energy per particle from NN (a) and 3N (b) contributions for pure neutron matter (blue bands) and
asymmetric nuclear matter with proton fraction x = 0.1 (red bands) as a function of density.

percentage number is relative to [Ennn + Ennp]/A. This shows
that the neglected contributions from two or more proton
lines are small. Furthermore, the NN and 3N contributions are
opposite and, to a large extent, cancel in the total energy per
particle. This confirms that approximation (4) works well for
the neutron-rich conditions considered in this work. However,
when we compare to constraints for the symmetry energy
based on experiments around symmetric nuclei (see Fig. 4),
we decided to include the small contributions from two or
more proton lines. The corresponding changes in the symmetry
energy are smaller than the theoretical uncertainties.

B. Quadratic expansion and symmetry energy

The technical difficulties of asymmetric matter calculations
have triggered approximate or phenomenological expansions
for the nuclear equation of state. Starting from the saturation
point of symmetric matter, the quadratic expansion expresses
the energy of asymmetric matter in terms of the asymmetry
parameter β = (nn − np)/n = 1 − 2x as

E(n,β)
A

= E(n,β = 0)
A

+ Sv(n) β2 + O(β4), (14)

where Sv is the symmetry energy. Provided that the equation of
state of symmetric matter is known, Sv is the only input needed
to extrapolate to asymmetric matter at order β2. Originally
designed for small values of β, the quadratic expansion has
proven to be successful over a large range of asymmetries.
Microscopic calculations have validated the β2 truncation,
with only small deviations away from symmetric matter [3,5].

We use our ab initio calculations to test the quadratic
expansion for neutron-rich conditions. To this end, we define
the energy difference from pure neutron matter "E:

"E(n,x)
A

= E(n,x)
A

− E(n,x = 0)
A

. (15)

In terms of "E, the quadratic approximation (14) reads

− "E(n,β)
A

= E(n,β = 1)
A

−E(n,β)
A

= Esym(n) (1 − β2),

(16)

where Esym coincides with the symmetry energy Sv , if O(β4)
terms vanish. Equation (16) allows us to extract Esym for a
given density and to verify the linearity in (1 − β2). In Fig. 3,
we show our results for −"E/A as a function of (1 − β2)
for three representative densities. For each value of β (or
x), the vertical error bars reflect the energy range in Fig. 1.
The colored bands in Fig. 3 are linear fits to the points with
the corresponding errors. This demonstrates that the quadratic
expansion is a very good approximation even for neutron-rich
conditions.

From the slope of the linear fits in Fig. 3 one can
extract Esym for a given density. The resulting values for
the three representative densities are listed in Table II. At
saturation density, we find Esym = 30.8 ± 0.8 MeV. Note that

0 0.1 0.2 0.3 0.4 0.5
1-β2

0
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10

15

-∆
E/

A
 [M
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]

0 0.05 0.1 0.15
x

n=0.16 fm-3

n=0.1 fm-3

n=0.05 fm-3

FIG. 3. (Color online) Energy per particle relative to pure neu-
tron matter −"E/A as a function of (1 − β2) for three densities; the
upper axis gives the proton fraction x. The points correspond to our
calculations, with error bars reflecting the uncertainty bands in Fig. 1.
The colored bands are linear fits to the points with the corresponding
errors.
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Figure 4 | Properties of the nuclear equation of state and neutron-star radii based on chiral interactions. a,b, Symmetry energy Sv (a) and its slope L (b)
at predicted saturation densities versus Rp in 48Ca. The theoretical error bars estimate uncertainties from truncations of the employed method and model
space (see Methods for details). The blue line represents a linear fit to the data. The blue band encompasses all error bars and estimates systematic
uncertainties. The vertical green line marks the experimental value of Rp. Its intersection with the blue line and the blue band yields the horizontal orange
line and orange band, respectively, and give the predicted range for the coordinate. c, Pressure–radius relationship for a neutron star of mass M= 1.4M�
(red band) from the phenomenological expression of refs 31,32. The horizontal orange band is taken from Supplementary Fig. 3 and shows the predicted
pressure. The intersection of the orange and red band yields the width of the vertical yellow band, which constrains the neutron star radius.

and Rn from the single CREX data point16,17. Figure 3a shows that a
strong correlation exists between Rn and FW(qc), and this allows us
to estimate 0.195. FW(qc). 0.222 (Supplementary Fig. 2), which is
consistent with theDFT expectation21. Themomentumdependence
of the weak-charge form factor (Fig. 3b) is also close to the DFT
result. This good agreement again emphasizes the role of 48Ca as
a key isotope for bridging nuclear ab initio and DFT approaches.
Exploiting the strong correlation between RW and Rp, we find
3.59.RW . 3.71 fm (Supplementary Fig. 1). The weak-charge
density ⇢W(r) is the Fourier transform of the weak-charge form
factor FW(q). As seen in Fig. 3c, the spatial extent of ⇢W in 48Ca
is appreciably greater than that of the electric charge density ⇢ch,
essentially because the former dependsmainly on the neutron distri-
bution and there is an excess of eight neutrons over protons in 48Ca.

The neutron distribution in atomic nuclei is related to the nuclear
matter equation of state, which in turn impacts the size of neutron
stars6–8. As the set of interactions employed in this work has turned
out to be useful for gauging systematic trends of observables that
depend on the neutron density (see Fig. 2), this o�ers an opportunity
to estimate the symmetry energy Sv and its di�erential with respect
to density L at the nuclear saturation density (seeMethods). As seen
in Fig. 4a,b, our calculations of asymmetric nuclear matter yield
results for Sv and L that are well correlated with Rp of 48Ca. This
allows us to deduce 25.2. Sv . 30.4MeV and 37.8. L. 47.7MeV.
These estimates are consistent with the recently suggested ranges
29.0. Sv . 32.7MeV and 40.5. L. 61.9MeV (ref. 31). The chiral
forces used in our analysis have been constrained around the nuclear
saturation density, which is much smaller than the actual density in
the interior of a neutron star. For that reason, their straightforward
extrapolations to supra-saturation densities are not supposed to
be meaningful. However, there exists an empirical power law that
relates neutron-star radii to the pressure P at the nuclear saturation
density32. Furthermore, P is strongly connected to Sv and L and
can also be expected to correlate with Rp of 48Ca. Exploiting

this correlation we arrive at an estimate 2.3. P . 2.6MeV fm�3

(see Methods and Supplementary Fig. 3). Figure 4c shows the
computed radius 11.1.R1.4M� . 12.7 km of a 1.4M� neutron star
based on this pressure and the phenomenological expression of
refs 31,32. It is compatible with radius estimates based on high-
density extensions of ab initio results for the equation of state8, the
analysis of ref. 31, and results from a Bayesian analysis of quiescent
low-mass X-ray binaries33. To improve our description one needs to
develop well-calibrated, higher-order chiral interactions, which will
extend the energy, momentum and density range of our ab initio
framework. This is a long-term goal.

Methods
Methods and any associated references are available in the online
version of the paper.
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FIG. 12. The same as Fig. 9 for the pairing gaps in the 3PF 2

channel. Note the logarithmic scale on the z axis.

nonlocal regulator affects the integrated momentum variable
and has a 3NF cutoff !3NF = 500 MeV [64]. Off-diagonal
momentum matrix elements are obtained with the prescription
introduced in Ref. [61].

Three-neutron forces affect our calculations at two different
levels. First, the effective pairing interaction itself is modified.
At the singlet pairing level, one expects a repulsive effect that
will reduce the gap [21,61]. For triplet pairing, chiral N2LO
forces produce attractive components that, in general, enhance
the gap [64]. These aspects become particularly clear at the
BCS level where, in our treatment, the only difference between
NN and NN + 3NF calculations are the effective interaction
themselves.
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FIG. 13. Pairing gaps at the Fermi surface as a function of Fermi
momentum in the 1S0 (a) and 3PF 2 (b) channels. Results for different
approximations are presented for the chiral N3LO Idaho NN force in
the BCS (dotted lined) and BCS + SRC approximation (light circles).
Results including 3NF (2N + 3NF) are given in a solid (bold circles)
line for the BCS (BCS + SRC) approximation. See text for details.

The situation is illustrated in Fig. 13. At the BCS level,
the Fermi-surface gap with NN forces only (dotted line) for
the singlet [panel (a)] and triplet [panel (b)] channels is
the same that has been presented in Figs. 8 and 10, respectively.
The solid lines, in contrast, are obtained including 3NFs within
the BCS approach. For the singlet, one finds a decrease in
the maximum gap of about 0.2 MeV and a narrower gap.
Gap closure occurs around kF ≈ 1.5 fm−1 when 3NFs are
considered, instead of 1.6 fm−1. For the triplet, in contrast, the
gap increases at all densities. The maximum gap, in this case,
goes from 0.77 MeV (NN only) to 1.21 MeV (NN + 3NF),
reflecting the attractive nature of 3NFs in this channel.

In addition to the pairing interaction, 3NFs affect our calcu-
lations via the the double-convolution denominators. Changes
in spectral functions from the self-consistent calculations will
induce variations in gaps within the SRC approximation.
We find that 3NFs modify quasiparticle energy peaks more
than they modify the spectral functions widths [64]. These
considerations are density dependent, as expected. At the low
densities relevant for singlet pairing, 3NFs are less important
and the difference between NN and NN + 3NF calculations
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FIG. 6. (Color online) Gap � as a function of Fermi momentum kF in the 1S0 channel with a free (left) and a Hartree-Fock
spectrum (center column) for the N3LO NN potentials EM 500 MeV (first), EGM 450/500 MeV (second) and EGM 450/700 MeV
(third row). The third column depicts the e↵ective mass at the Fermi surface corresponding to the Hartree-Fock spectrum. The
NN-only results are shown by the black-solid lines. The uncertainty bands for N2LO and N3LO are determined by variations of
the 3N parameters c1, c3 and ⇤3N as discussed in the text.

since no 3N forces have been taken into account for these
interactions. Hence, the analysis should be revisited as
soon as the calculation of the corresponding local 3N
partial-wave matrix elements have been completed. This
is work in progress.

In addition, we also investigated the impact of 3N forces
on the pairing gap for nonlocal N3LO potentials. Taking
advantage of recent developments for including 3N forces
in a partial-wave basis [22, 23], we were able to incorpo-
rate for the first time subleading 3N contributions in the
gap equation via normal ordering. We found only small
repulsive e↵ects from 3N forces in the singlet channel
1S

0

, whereas in the 3P
2

�3F
2

channel the e↵ects from 3N
forces are larger and lead to attractive contributions in
most cases. Also for these interactions, we find significant
regulator dependences in the 3P

2

�3F
2

channel.

We conclude that due to the high densities of the
3P

2

� 3F
2

gaps, which are reaching the limit of the em-
ployed chiral EFT interactions, it is not possible to draw
final quantitative conclusions on the size of the 3P

2

�3F
2

gap in neutron matter. However, we have observed nonva-
nishing gaps for all employed realistic NN potentials, also

when including 3N contributions. We further emphasize
that the contributions from higher many-body corrections
beyond the BCS approximation have not been taken into
account and are known to be significant [6, 38], although
their quantitative assessment is especially challenging in
the 3P

2

�3F
2

channel.

The methods discussed in this paper can be used for
improved studies of pairing gaps in the future. In par-
ticular, the advanced treatment of 3N forces in terms of
partial waves allows to handle in a straightforward way
arbitrary partial-wave decomposed 3N forces. In addi-
tion, it is also possible to perform calculations based on
consistently-evolved NN and 3N forces [39] via the simi-
larity renormalization group (SRG). This is in particular
of interest when taking into account many-body correc-
tions beyond the BCS approximation in calculations of
the pairing gap since SRG-evolved forces are expected to
exhibit an improved many-body convergence.

13

FIG. 7. (Color online) Gap � as a function of Fermi momentum kF in the 3P2�3F2 channel with a free (left) and a Hartree-Fock
spectrum (center column) for the N3LO NN potentials EM 500 MeV (first), EGM 450/500 MeV (second) and EGM 450/700 MeV
(third row). The third column depicts the e↵ective mass at the Fermi surface corresponding to the Hartree-Fock spectrum. The
NN-only results are shown by the black-solid lines. The uncertainty bands for N2LO and N3LO are determined by variations of
the 3N parameters c1, c3 and ⇤3N as discussed in the text.
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Appendix A: Partial-wave decomposition

In this appendix we briefly review the partial-wave
decomposition of the gap equation (3) and specify the
conventions used in this work. Following Refs. [21, 40, 41]
we decompose the gap matrix in the form

�↵↵0(k) =
X

l,S
J,M

r
8⇡

2J + 1
�JM

lS (k)
⇣
GJM

lS (k̂)
⌘

↵↵0
, (A1)

and accordingly the nuclear interaction

(4⇡)�2 hk↵↵0|V |k0��0i

=
X

l,l0,S
J,M

il
0
�l

⇣
GJM

lS (k̂)
⌘

↵↵0

⇣
GJM

l0S (k̂0)
⌘
⇤

��0
V

J(M)

ll0S (k, k0) ,

(A2)

with
⇣
GJM

lS (k̂)
⌘

↵↵0
=

X

m,mS

CSmS

1/2↵1/2↵0CJM
lmSmS

Y m
l (k̂) . (A3)

These functions obey the orthogonality relations

Z
d⌦k

X

�,�0

⇣
GJM

l0S (k̂0)
⌘
⇤

��0

⇣
GJ 0M 0

l00S0 (k̂0)
⌘

��0

�

= �ll0�MM 0�JJ 0�SS0 .

(A4)

The J-dependent factor in Eq. (A1) is chosen such that
the gap equation in partial-wave representation takes a
particularly simple form. Inserting Eqs. (A1) and (A2) in

BCS approx. gap 
1S0 max 3 MeV, closes at ~1.5 
fm-1  
3NFs repulsive, pairing smaller 

3PF2 depends on the 
interaction 
3NFs attractive, 
enhancing of the pairing 

Beyond BCS: correlations 
strongly reduce gap  
No closer for 3PF2 gap 
with EM500 
limits of applicability of 
chiral forces

Drischler et al., 
arXiv:1610.05213v1 

(2016)
Ding et al., PRC94, 025802 (2016)

MBPT

MBPT

SCGF



Free energy and pressure at varying temperature

17

in
cr

ea
si

ng
 te

m
pe

ra
tu

re

Carbone, Rios, Polls (in preparation)

similar behaviour to 
zero T energy 

N2LOopt most 
repulsive 

less difference 
between other 
potentials 

liquid-gas phase 
transition

0 0,04 0,08 0,12 0,16 0,2 0,24

Density, ρ [fm
-3

]

0

5

10

15

20

25

30

35

E
n

er
g

y
/N

u
cl

eo
n

, 
E

/A
 [

M
eV

]

2N N2LO
opt

+3N N2LO

2N N2LO
sat

+3N N2LO

2N N3LO
SRG-1

+3N N2LO

2N N3LO
SRG-2

+3N N2LO

2N N3LO
SRG-3

+3N N2LO

Pure Neutron MatterT=0 MeV

-30
-25
-20
-15
-10

2N N3LOSRG-3+3N N2LO

-0.5
0
0.5
1
1.5
2

-30
-25
-20
-15

Fr
ee

 E
ne

rg
y/

nu
cl

eo
n,

 F
/A

 [M
eV

]

2N N3LOSRG-2+3N N2LO

-0.5
0
0.5
1
1.5

Pr
es

su
re

, P
 [M

ev
 fm

-3
]

2N N2LOopt + 3N N2LO-40

-30

-20

2N N3LOSRG-1+3N N2LO

-0.5
0
0.5
1
1.5

2N N2LOsat + 3N N2LO

0 0.04 0.08 0.12 0.16

Density, ρ [fm-3]

-60

-45

-30

-15

0 0.04 0.08 0.12 0.16 0.2

Density, ρ [fm-3]

-0.5
0
0.5
1
1.5

T=12 MeV

T=8 MeV

T=16 MeV

T=20 MeV

T=8 MeV

T=12 MeV

T=16 MeV

T=20 MeV

F = E � TS P = ⇢(µ� F )

Arianna Carbone – Recent advances in infinite matter based on chiral nuclear forces – 15th November 2016

0 0.04 0.08 0.12 0.16 0.2 0.24
Density, ρ [fm-3]

-16

-12

-8

-4

0

En
er

gy
/N

uc
le

on
, E

/A
 [M

eV
]

Symmetric Nuclear MatterT=0 MeVSCGF

Symmetric nuclear matter



Saturation Energy vs Critical Temperature

18

Remarkable linear correlation between 
saturation energy and critical temperature

Carbone, Rios, Polls (in preparation)
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FIG. 4: The coexistence line for 5 Hamiltonians

error associated to the chiral Hamiltonian, as presented
in Fig. 1. On one side, one can see that the hamiltonian
which gave the more attractive free-energy and pressure,
leads to a coexistence line which covers a bigger area in
the phase diagram plot. On the other hand, the poten-
tial which resulted the more repulsive, in terms of free-
energy and pressure, leads to the smallest region in the
T-⇢ plane. These two limits are provided respectively
by the N3LO

SRG�1

, the most softened 2N potential, and
the N2LO

opt

, the most repulsive one. All other poten-
tials give a coexistence line which lies in between these
two limits. It is interesting to see that the N3LO

SRG�3

and N2LO
sat

coexistence lines cross, as it was also ob-
served in the pressures plotted in Fig. 1. For one tem-
perature, this crossing leads to higher pressures for the
N2LO

sat

with respect to the N3LO
SRG�3

potential, and
consequently a lower density in the liquid phase of the
coexistence line is encountered for N2LO

sat

with respect
to the N3LO

SRG�3

for a specific T. The spread in the es-
timation of the critical temperature provides a feeling of
the error associated with the chiral EFT Hamiltonians.

In Fig. 5 we present an estimation of the error asso-
ciated to the many-body approximation. As presented
in Fig. 2, this is obtained by comparing calculations ob-
tained within the SCGF to the ones obtained with the
BHF approach. As previously stated, the BHF approach
is not thermodynamically consistent, consequently the
values of the chemical potential obtained microscopically
do not correspond to the macroscopic thermodynamic
quantity. One overcomes this by obtaining the chemical
potential and the pressure from the free-energy density
using a suitable parametrization to overcome numerical
errors in the derivatives. Once the values for pressure and
chemical potentials are encountered, one follows with the
same procedure already discussed to obtain the phase di-
agram of symmetric nuclear matter. Fig. 5 shows how the
calculation with the BHF provides a shift of the entire
band, obtained with the five Hamiltonians as in Fig. 4, to-
wards higher temperatures. This is because, as observed

0 0.04 0.08 0.12 0.16
Density, ρ [fm-3]

8

10

12

14

16

18

20

Te
m

pe
ra

tu
re

, T
 [M

eV
]

N3LO (SRG λ/λ
3
=2.0/2.5 fm-1)

NNLOsat

Coexistence line
SCFG
BHF

FIG. 5: Many-body approximation comparison, SCGF
vs BHF

TABLE II: Table of critical density ⇢c and temperature
Tc, saturation density ⇢

0

and energy E
0

/N , and
e↵ective mass at saturation m⇤/m, for each of the 5

Hamiltonian considered in Table I, and plotted in Fig. 6
using the SCGF method.

SCGF ⇢c [fm�3] Tc [MeV] ⇢
0

[fm�3] E0
N [MeV] m⇤

m
N3LO

SRG�1

0.05 14.8 0.19 -16.3 0.85
N3LO

SRG�2

0.05 14.2 0.18 -15.7 0.81
N3LO

SRG�3

0.04 12.4 0.15 -13.7 0.90
NNLO

opt

0.04 9.4 0.12 -9.9 0.90
NNLO

sat

0.04 13.1 0.16 -14.6 0.90

in Fig. 2, all results for free-energy and pressure resulted
more attractive with the BHF, and this in turn provides
higher critical temperatures. This error provides an es-
timate of the importance of the hole-hole e↵ect in the
in-medium propagation of states.
It is interesting to see that a linear relation is encoun-

tered for the saturation energy at T=0 with respect to
the critical temperature obtained for each di↵erent chiral
Hamiltonian of Table I. This is shown in Fig. 6, where
the saturation energies are taken from Ref.[]. This is a
somewhat intuitive relation which could have been ex-
tracted by looking at Fig. of Ref.[] and Fig. 4. In fact
one sees that the more attractive the saturation energy,
the higher the critical temperature.

IV. CONLCUSIONS

• summary of things presented in the paper

• considerations on findings presented in the paper

• possible outlooks of these calculations
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Eth = E(T )� E0

Pth = P (T )� E0

Pth  decreases after certain density 
Eth decreases monotonically 
Index increases then decreases after 
sat. density 
dependence on the effective mass 
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Pure neutron matter
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NS Mass and radius can constrain the EOS of NSmatter 
Radius is poorly constrained

5 Radius constraints from a moment of inertia observation

We have already mentioned that each EOS yields unique predictions for the mass, the radius and the
moment of inertia of neutron stars. On the one hand, the EOS underlies uncertainties which yields a
wide range of possible MR relations. On the other hand, neutron star observations allow precise mass
measurements, but poorly determined radii [8]. Several studies have shown that the measurement of
the moment of inertia might be possible in the future [9, 10, 12]. Using phenomenological EOS, it was
also shown that such a measurement would yield constraints for the radius and thus for the EOS [12].
In this chapter, we investigate constraints for the radius using the set of representative EOS based on
chiral EFT interactions. We derive an approximate relation that connects mass, radius and moment of
inertia. With this relation, we consider a hypothetical measurement of the moment of inertia of the
pulsar J0737–3039A.

5.1 Approximate relation between neutron star observables

In this section, we derive an approximate relation between mass, radius and moment of inertia by using
the three representative EOS, since they represent an uncertainty band. We follow the approach of
Ref. [12]. Lattimer and Schutz have calculated M/R and I/MR

2 for several phenomenological EOS and
showed the results in a plot. The resulting data points lie in a thin strip. Consequently, they find an
approximate relation for calculating the moment of inertia for a given mass and radius.
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(a) Themoment of inertia as a dimensionless func-
tion of the parameter M/R.
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(b) Depiction of the fit function which we use for
constraining the radius.

Figure 5.1.: Similar depiction of the moment of inertia like in Ref. [12] with the set of representative EOS
from Ref. [14].

Our results for the three EOS are shown in Fig. 5.1 (a). The data points lie in a thin strip for all three
EOS. Following Ref. [12], we fit a function to the data,
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Figure 5.4.: Range of the radius for PSR J0737–3039A.

Table 5.1.: Comparison of di�erent assumptions for the moment of inertia as well as its uncertainty.
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include results from LO, NLO, and N2LO in the analysis
using the Fermi momentum and the pion mass as the small
scales for neutron matter (discussed below) and nuclei,
respectively. The error bars presented here are comparable
to those shown in Ref. [33], although it is worth emphasiz-
ing that our calculations represent a complete estimate of
the uncertainty at N2LO since we include 3N interactions.
Other choices for 3N structures give similar results.
It is noteworthy that NN and 3N interactions derived

from chiral EFT up to N2LO have sufficient freedom such
that n-α scattering phase shifts in Fig. 1(b) and properties
of light nuclei in Fig. 2 can be simultaneously described.
The failures of the Urbana IX model in underbinding
nuclei and underpredicting the spin-orbit splitting in
neutron-rich systems, including the n-α system, were
among the factors motivating the addition of the three-
pion exchange diagrams in the Illinois 3N models [7]. Our
results show that chiral 3N forces at N2LO, including
the shorter-range parts in the pion exchanges, allow the
simultaneous fit. These interactions should be tested further
in light p-shell nuclei.
Finally, we study the full chiral N2LO forces, including

all 3N contributions, in neutron matter to extend the
results from Ref. [24]. More specifically, we examine
the effects of different VD and VE structures on the equation
of state of neutron matter. Although these terms vanish in
the limit of infinite cutoff, they contribute for finite cutoffs.
In Fig. 3 we show results for the neutron matter energy per
particle as a function of the density calculated with the

AFDMC method described in Refs. [3,34]. We show the
energies for R0 ¼ 1.0 fm for the NN and full 3N inter-
actions. We use VD2 and the three different VE structures:
VEτ (blue band), VE1 (red band), and VEP (green band).
The error bands are determined as in the light nuclei case.
The VEP interaction fits A ¼ 4; 5 with a vanishing cD;
hence, this choice of VE leads to an equation of state
identical to the equation of state with NN þ VC, as in
Ref. [24] (the projector P is zero for pure neutron systems),
and qualitatively similar to previous results using chiral
interactions at N2LO [35] and next-to-next-to-next-to-
leading order [36].
As discussed, the contributions of VD and VE are only

regulator effects for neutrons. However, they are sizable
and result in a larger error band. At saturation density
n0 ∼ 0.16 fm−3, the difference of the central value of the
energy per neutron after inclusion of the 3N contacts VE1 or
VEτ is ∼2 MeV, leading to a total error band with a range of
∼6.5 MeV when considering different VE structures. This
relatively large uncertainty can be qualitatively explained
when considering the following effects. Because the
expectation value h

P
i<jτi · τji has a sign opposite to that

of the expectation value h1i in 4He, cE will also have
opposite signs in the two cases to fit the binding energy.
However, in neutron matter both operators are the same,
spreading the uncertainty band. A similar argument was
made in Ref. [37].
With the regulators used here, the Fierz-rearrangement

invariance valid at infinite cutoff is only approximate at
finite cutoff, and hence the different choices of VD and VE
can lead to different results. The different local structures
can lead to finite relative P-wave contributions. These can
be eliminated by choosing VEP , which has a projection
onto even-parity waves (predominantly S waves). The
usual nonlocal regulator in momentum space does not
couple S and P waves.
In conclusion, we find for the first time that chiral

interactions can simultaneously fit light nuclei and
low-energy P-wave n-α scattering and provide reasonable
estimates for the neutron matter equation of state. Other
commonly used phenomenological 3N models do not
provide this capability. These chiral forces should be tested
in light p-shell nuclei, medium-mass nuclei, and isospin-
symmetric nuclear matter to gauge their ability to describe
global properties of nuclear systems.
We also find that the ambiguities associated with con-

tact-operator choices can be significant when moving from
light nuclei to neutron matter and possibly to medium-mass
nuclei, where the T ¼ 3

2 triples play a more significant role.
The reason for the sizable impact may be the regulators
used here, which break the Fierz-rearrangement invariance,
making further investigations of regulator choices a prior-
ity. The impact of these ambiguities in the contact operators
can contribute to the uncertainties and needs to be studied
further.

FIG. 3. The energy per particle in neutron matter as a function
of density for the NN and full 3N interactions at N2LO with
R0 ¼ 1.0 fm. We use VD2 and different 3N contact structures:
The blue band corresponds to VEτ, the red band to VE1, and the
green band to VEP . The green band coincides with the NN þ 2π-
exchange-only result because both VD and VE vanish in this case.
The bands are calculated as described in the text.
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FIG. 4. Energy per particle of nuclear matter as a function of the total density n = nn + np for various proton fractions x. The two
approximations of the effective NN potential, P = 0 and P average, and two approximations for the single-particle energies, free and
Hartree–Fock, are shown. The energy range is based on the set of Hamiltonians listed in Table I. The excluded Hamiltonian 6* has no influence
on the uncertainty bands. For a better view, the area between the dashed lines are not filled in the case of a free spectrum. For x = 0.5 we also
show the empirical saturation point (see text for details).
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FIG. 2. The energy per particle at different orders of MBPT is shown, up to Hartree-Fock (EHF
tot /N ), second order (E(2)

tot /N ), and third order
(E(3)

tot /N ), respectively, in comparison to the energies obtained from the SCGF method (ESCGF/N ) at n0 (first row) and n0/2 (second row),
respectively. The N3LO NN potentials are given in each panel. Three-body effects are included at N2LO (blue) and at N3LO (red), respectively.
The dashed lines connecting the data points are in order to guide the eyes. The error bars are due to the ci and !3N variations. In this plot, the
third-order calculation does not include the additional many-body uncertainty (the light-blue band in Fig. 1).

T = 3,4 MeV in densities between 0.05 and 0.10 fm−3, and
have found no dependency on the extrapolation.

Combining the discussions on the size of the additional
many-body uncertainty and the comparison of MBPT vs.
SCGF we conclude from Fig. 1 that the perturbativeness
improves from EM 500 MeV to EGM 450/500 MeV to
EGM 450/700 MeV. It is remarkable that a third-order MBPT
calculation compares so well with the nonperturbative case
for these chiral NN potentials. We study the many-body
convergence as well as the effect of subleading 3N forces
in more details in the next section.

B. Many-body convergence

In Fig. 2 we address again the many-body convergence and
show order-by-order in MBPT the total energy per neutron at
n0 (first row) and n0/2 (second row), analogously to Fig. 1.
More specifically, we show the total energy in Hartree-Fock
approximation E

(HF)
tot /N (“HF”), second order (“2nd”), and

third order (“3rd”), E
(2)
tot /N and E

(3)
tot /N , respectively, in

comparison to the results obtained in the SCGF method,
ESCGF/N (“SCGF”). The uncertainties are obtained as in Fig. 1
through variations of the 3N parameters and the single-particle
energies. However, to study the many-body convergence the
third-order bands do not include here the additional many-body

uncertainty (the light-blue bands of Fig. 1). The blue (red) data
points correspond to N2LO (N3LO) 3N forces.

For all six panels in Fig. 2 we observe similar overall
patterns: comparing order-by-order to the SCGF method we
observe that the second order adds always too much attraction
which then is compensated by the third-order repulsion.
However, the specific behavior is different for EM 500 MeV
and the two EGM potentials. In the case of EM 500 MeV the
large third order overcompensates the second-order repulsion.
In contrast, the third-order contribution is much smaller and
less repulsive for the EGM potentials as can be seen in Fig. 2
(second and third columns). In particular, this is pronounced
in the calculations based on EGM 450/700 MeV, which agree
remarkably well with the SCGF result.

As already discussed in the description of Fig. 1, including
N3LO 3N forces has only a small repulsive effect on the
energies based on EM 500 MeV, whereas the effect on
the EGM potentials is larger but attractive. This behavior
can be traced back to NN -3N mixing terms that enter the
calculation when including 3N forces beyond the HF level.
We also note that the values of the low-energy constants
CS and CT , which enter N3LO 3N contributions, differ for
all three potentials. However, the many-body convergence is
not altered by including contributions from subleading 3N
interactions.
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Figure 4 | Properties of the nuclear equation of state and neutron-star radii based on chiral interactions. a,b, Symmetry energy Sv (a) and its slope L (b)
at predicted saturation densities versus Rp in 48Ca. The theoretical error bars estimate uncertainties from truncations of the employed method and model
space (see Methods for details). The blue line represents a linear fit to the data. The blue band encompasses all error bars and estimates systematic
uncertainties. The vertical green line marks the experimental value of Rp. Its intersection with the blue line and the blue band yields the horizontal orange
line and orange band, respectively, and give the predicted range for the coordinate. c, Pressure–radius relationship for a neutron star of mass M= 1.4M�
(red band) from the phenomenological expression of refs 31,32. The horizontal orange band is taken from Supplementary Fig. 3 and shows the predicted
pressure. The intersection of the orange and red band yields the width of the vertical yellow band, which constrains the neutron star radius.

and Rn from the single CREX data point16,17. Figure 3a shows that a
strong correlation exists between Rn and FW(qc), and this allows us
to estimate 0.195. FW(qc). 0.222 (Supplementary Fig. 2), which is
consistent with theDFT expectation21. Themomentumdependence
of the weak-charge form factor (Fig. 3b) is also close to the DFT
result. This good agreement again emphasizes the role of 48Ca as
a key isotope for bridging nuclear ab initio and DFT approaches.
Exploiting the strong correlation between RW and Rp, we find
3.59.RW . 3.71 fm (Supplementary Fig. 1). The weak-charge
density ⇢W(r) is the Fourier transform of the weak-charge form
factor FW(q). As seen in Fig. 3c, the spatial extent of ⇢W in 48Ca
is appreciably greater than that of the electric charge density ⇢ch,
essentially because the former dependsmainly on the neutron distri-
bution and there is an excess of eight neutrons over protons in 48Ca.

The neutron distribution in atomic nuclei is related to the nuclear
matter equation of state, which in turn impacts the size of neutron
stars6–8. As the set of interactions employed in this work has turned
out to be useful for gauging systematic trends of observables that
depend on the neutron density (see Fig. 2), this o�ers an opportunity
to estimate the symmetry energy Sv and its di�erential with respect
to density L at the nuclear saturation density (seeMethods). As seen
in Fig. 4a,b, our calculations of asymmetric nuclear matter yield
results for Sv and L that are well correlated with Rp of 48Ca. This
allows us to deduce 25.2. Sv . 30.4MeV and 37.8. L. 47.7MeV.
These estimates are consistent with the recently suggested ranges
29.0. Sv . 32.7MeV and 40.5. L. 61.9MeV (ref. 31). The chiral
forces used in our analysis have been constrained around the nuclear
saturation density, which is much smaller than the actual density in
the interior of a neutron star. For that reason, their straightforward
extrapolations to supra-saturation densities are not supposed to
be meaningful. However, there exists an empirical power law that
relates neutron-star radii to the pressure P at the nuclear saturation
density32. Furthermore, P is strongly connected to Sv and L and
can also be expected to correlate with Rp of 48Ca. Exploiting

this correlation we arrive at an estimate 2.3. P . 2.6MeV fm�3

(see Methods and Supplementary Fig. 3). Figure 4c shows the
computed radius 11.1.R1.4M� . 12.7 km of a 1.4M� neutron star
based on this pressure and the phenomenological expression of
refs 31,32. It is compatible with radius estimates based on high-
density extensions of ab initio results for the equation of state8, the
analysis of ref. 31, and results from a Bayesian analysis of quiescent
low-mass X-ray binaries33. To improve our description one needs to
develop well-calibrated, higher-order chiral interactions, which will
extend the energy, momentum and density range of our ab initio
framework. This is a long-term goal.

Methods
Methods and any associated references are available in the online
version of the paper.
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FIG. 4. Energy per particle of nuclear matter as a function of the total density n = nn + np for various proton fractions x. The two
approximations of the effective NN potential, P = 0 and P average, and two approximations for the single-particle energies, free and
Hartree–Fock, are shown. The energy range is based on the set of Hamiltonians listed in Table I. The excluded Hamiltonian 6* has no influence
on the uncertainty bands. For a better view, the area between the dashed lines are not filled in the case of a free spectrum. For x = 0.5 we also
show the empirical saturation point (see text for details).
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13

FIG. 7. (Color online) Gap � as a function of Fermi momentum kF in the 3P2�3F2 channel with a free (left) and a Hartree-Fock
spectrum (center column) for the N3LO NN potentials EM 500 MeV (first), EGM 450/500 MeV (second) and EGM 450/700 MeV
(third row). The third column depicts the e↵ective mass at the Fermi surface corresponding to the Hartree-Fock spectrum. The
NN-only results are shown by the black-solid lines. The uncertainty bands for N2LO and N3LO are determined by variations of
the 3N parameters c1, c3 and ⇤3N as discussed in the text.
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Appendix A: Partial-wave decomposition

In this appendix we briefly review the partial-wave
decomposition of the gap equation (3) and specify the
conventions used in this work. Following Refs. [21, 40, 41]
we decompose the gap matrix in the form

�↵↵0(k) =
X

l,S
J,M

r
8⇡

2J + 1
�JM

lS (k)
⇣
GJM

lS (k̂)
⌘

↵↵0
, (A1)

and accordingly the nuclear interaction

(4⇡)�2 hk↵↵0|V |k0��0i
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lmSmS

Y m
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These functions obey the orthogonality relations
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= �ll0�MM 0�JJ 0�SS0 .

(A4)

The J-dependent factor in Eq. (A1) is chosen such that
the gap equation in partial-wave representation takes a
particularly simple form. Inserting Eqs. (A1) and (A2) in
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Figure 5.4.: Range of the radius for PSR J0737–3039A.

Table 5.1.: Comparison of di�erent assumptions for the moment of inertia as well as its uncertainty.
I [M� km2] �I [%] R [km] �R [km]

70
10 11.3� 12.7 1.4

20 10.4� 13.5 3.1

80
10 12.3� 13.5 1.2

20 11.4� 13.5 2.1
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Figure 5.5.: Radius constraints for a 1.34 M� neutron star by the moment of inertia.
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include results from LO, NLO, and N2LO in the analysis
using the Fermi momentum and the pion mass as the small
scales for neutron matter (discussed below) and nuclei,
respectively. The error bars presented here are comparable
to those shown in Ref. [33], although it is worth emphasiz-
ing that our calculations represent a complete estimate of
the uncertainty at N2LO since we include 3N interactions.
Other choices for 3N structures give similar results.
It is noteworthy that NN and 3N interactions derived

from chiral EFT up to N2LO have sufficient freedom such
that n-α scattering phase shifts in Fig. 1(b) and properties
of light nuclei in Fig. 2 can be simultaneously described.
The failures of the Urbana IX model in underbinding
nuclei and underpredicting the spin-orbit splitting in
neutron-rich systems, including the n-α system, were
among the factors motivating the addition of the three-
pion exchange diagrams in the Illinois 3N models [7]. Our
results show that chiral 3N forces at N2LO, including
the shorter-range parts in the pion exchanges, allow the
simultaneous fit. These interactions should be tested further
in light p-shell nuclei.
Finally, we study the full chiral N2LO forces, including

all 3N contributions, in neutron matter to extend the
results from Ref. [24]. More specifically, we examine
the effects of different VD and VE structures on the equation
of state of neutron matter. Although these terms vanish in
the limit of infinite cutoff, they contribute for finite cutoffs.
In Fig. 3 we show results for the neutron matter energy per
particle as a function of the density calculated with the

AFDMC method described in Refs. [3,34]. We show the
energies for R0 ¼ 1.0 fm for the NN and full 3N inter-
actions. We use VD2 and the three different VE structures:
VEτ (blue band), VE1 (red band), and VEP (green band).
The error bands are determined as in the light nuclei case.
The VEP interaction fits A ¼ 4; 5 with a vanishing cD;
hence, this choice of VE leads to an equation of state
identical to the equation of state with NN þ VC, as in
Ref. [24] (the projector P is zero for pure neutron systems),
and qualitatively similar to previous results using chiral
interactions at N2LO [35] and next-to-next-to-next-to-
leading order [36].
As discussed, the contributions of VD and VE are only

regulator effects for neutrons. However, they are sizable
and result in a larger error band. At saturation density
n0 ∼ 0.16 fm−3, the difference of the central value of the
energy per neutron after inclusion of the 3N contacts VE1 or
VEτ is ∼2 MeV, leading to a total error band with a range of
∼6.5 MeV when considering different VE structures. This
relatively large uncertainty can be qualitatively explained
when considering the following effects. Because the
expectation value h

P
i<jτi · τji has a sign opposite to that

of the expectation value h1i in 4He, cE will also have
opposite signs in the two cases to fit the binding energy.
However, in neutron matter both operators are the same,
spreading the uncertainty band. A similar argument was
made in Ref. [37].
With the regulators used here, the Fierz-rearrangement

invariance valid at infinite cutoff is only approximate at
finite cutoff, and hence the different choices of VD and VE
can lead to different results. The different local structures
can lead to finite relative P-wave contributions. These can
be eliminated by choosing VEP , which has a projection
onto even-parity waves (predominantly S waves). The
usual nonlocal regulator in momentum space does not
couple S and P waves.
In conclusion, we find for the first time that chiral

interactions can simultaneously fit light nuclei and
low-energy P-wave n-α scattering and provide reasonable
estimates for the neutron matter equation of state. Other
commonly used phenomenological 3N models do not
provide this capability. These chiral forces should be tested
in light p-shell nuclei, medium-mass nuclei, and isospin-
symmetric nuclear matter to gauge their ability to describe
global properties of nuclear systems.
We also find that the ambiguities associated with con-

tact-operator choices can be significant when moving from
light nuclei to neutron matter and possibly to medium-mass
nuclei, where the T ¼ 3

2 triples play a more significant role.
The reason for the sizable impact may be the regulators
used here, which break the Fierz-rearrangement invariance,
making further investigations of regulator choices a prior-
ity. The impact of these ambiguities in the contact operators
can contribute to the uncertainties and needs to be studied
further.

FIG. 3. The energy per particle in neutron matter as a function
of density for the NN and full 3N interactions at N2LO with
R0 ¼ 1.0 fm. We use VD2 and different 3N contact structures:
The blue band corresponds to VEτ, the red band to VE1, and the
green band to VEP . The green band coincides with the NN þ 2π-
exchange-only result because both VD and VE vanish in this case.
The bands are calculated as described in the text.
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FIG. 4. Energy per particle of nuclear matter as a function of the total density n = nn + np for various proton fractions x. The two
approximations of the effective NN potential, P = 0 and P average, and two approximations for the single-particle energies, free and
Hartree–Fock, are shown. The energy range is based on the set of Hamiltonians listed in Table I. The excluded Hamiltonian 6* has no influence
on the uncertainty bands. For a better view, the area between the dashed lines are not filled in the case of a free spectrum. For x = 0.5 we also
show the empirical saturation point (see text for details).
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FIG. 2. The energy per particle at different orders of MBPT is shown, up to Hartree-Fock (EHF
tot /N ), second order (E(2)

tot /N ), and third order
(E(3)

tot /N ), respectively, in comparison to the energies obtained from the SCGF method (ESCGF/N ) at n0 (first row) and n0/2 (second row),
respectively. The N3LO NN potentials are given in each panel. Three-body effects are included at N2LO (blue) and at N3LO (red), respectively.
The dashed lines connecting the data points are in order to guide the eyes. The error bars are due to the ci and !3N variations. In this plot, the
third-order calculation does not include the additional many-body uncertainty (the light-blue band in Fig. 1).

T = 3,4 MeV in densities between 0.05 and 0.10 fm−3, and
have found no dependency on the extrapolation.

Combining the discussions on the size of the additional
many-body uncertainty and the comparison of MBPT vs.
SCGF we conclude from Fig. 1 that the perturbativeness
improves from EM 500 MeV to EGM 450/500 MeV to
EGM 450/700 MeV. It is remarkable that a third-order MBPT
calculation compares so well with the nonperturbative case
for these chiral NN potentials. We study the many-body
convergence as well as the effect of subleading 3N forces
in more details in the next section.

B. Many-body convergence

In Fig. 2 we address again the many-body convergence and
show order-by-order in MBPT the total energy per neutron at
n0 (first row) and n0/2 (second row), analogously to Fig. 1.
More specifically, we show the total energy in Hartree-Fock
approximation E

(HF)
tot /N (“HF”), second order (“2nd”), and

third order (“3rd”), E
(2)
tot /N and E

(3)
tot /N , respectively, in

comparison to the results obtained in the SCGF method,
ESCGF/N (“SCGF”). The uncertainties are obtained as in Fig. 1
through variations of the 3N parameters and the single-particle
energies. However, to study the many-body convergence the
third-order bands do not include here the additional many-body

uncertainty (the light-blue bands of Fig. 1). The blue (red) data
points correspond to N2LO (N3LO) 3N forces.

For all six panels in Fig. 2 we observe similar overall
patterns: comparing order-by-order to the SCGF method we
observe that the second order adds always too much attraction
which then is compensated by the third-order repulsion.
However, the specific behavior is different for EM 500 MeV
and the two EGM potentials. In the case of EM 500 MeV the
large third order overcompensates the second-order repulsion.
In contrast, the third-order contribution is much smaller and
less repulsive for the EGM potentials as can be seen in Fig. 2
(second and third columns). In particular, this is pronounced
in the calculations based on EGM 450/700 MeV, which agree
remarkably well with the SCGF result.

As already discussed in the description of Fig. 1, including
N3LO 3N forces has only a small repulsive effect on the
energies based on EM 500 MeV, whereas the effect on
the EGM potentials is larger but attractive. This behavior
can be traced back to NN -3N mixing terms that enter the
calculation when including 3N forces beyond the HF level.
We also note that the values of the low-energy constants
CS and CT , which enter N3LO 3N contributions, differ for
all three potentials. However, the many-body convergence is
not altered by including contributions from subleading 3N
interactions.
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Figure 4 | Properties of the nuclear equation of state and neutron-star radii based on chiral interactions. a,b, Symmetry energy Sv (a) and its slope L (b)
at predicted saturation densities versus Rp in 48Ca. The theoretical error bars estimate uncertainties from truncations of the employed method and model
space (see Methods for details). The blue line represents a linear fit to the data. The blue band encompasses all error bars and estimates systematic
uncertainties. The vertical green line marks the experimental value of Rp. Its intersection with the blue line and the blue band yields the horizontal orange
line and orange band, respectively, and give the predicted range for the coordinate. c, Pressure–radius relationship for a neutron star of mass M= 1.4M�
(red band) from the phenomenological expression of refs 31,32. The horizontal orange band is taken from Supplementary Fig. 3 and shows the predicted
pressure. The intersection of the orange and red band yields the width of the vertical yellow band, which constrains the neutron star radius.

and Rn from the single CREX data point16,17. Figure 3a shows that a
strong correlation exists between Rn and FW(qc), and this allows us
to estimate 0.195. FW(qc). 0.222 (Supplementary Fig. 2), which is
consistent with theDFT expectation21. Themomentumdependence
of the weak-charge form factor (Fig. 3b) is also close to the DFT
result. This good agreement again emphasizes the role of 48Ca as
a key isotope for bridging nuclear ab initio and DFT approaches.
Exploiting the strong correlation between RW and Rp, we find
3.59.RW . 3.71 fm (Supplementary Fig. 1). The weak-charge
density ⇢W(r) is the Fourier transform of the weak-charge form
factor FW(q). As seen in Fig. 3c, the spatial extent of ⇢W in 48Ca
is appreciably greater than that of the electric charge density ⇢ch,
essentially because the former dependsmainly on the neutron distri-
bution and there is an excess of eight neutrons over protons in 48Ca.

The neutron distribution in atomic nuclei is related to the nuclear
matter equation of state, which in turn impacts the size of neutron
stars6–8. As the set of interactions employed in this work has turned
out to be useful for gauging systematic trends of observables that
depend on the neutron density (see Fig. 2), this o�ers an opportunity
to estimate the symmetry energy Sv and its di�erential with respect
to density L at the nuclear saturation density (seeMethods). As seen
in Fig. 4a,b, our calculations of asymmetric nuclear matter yield
results for Sv and L that are well correlated with Rp of 48Ca. This
allows us to deduce 25.2. Sv . 30.4MeV and 37.8. L. 47.7MeV.
These estimates are consistent with the recently suggested ranges
29.0. Sv . 32.7MeV and 40.5. L. 61.9MeV (ref. 31). The chiral
forces used in our analysis have been constrained around the nuclear
saturation density, which is much smaller than the actual density in
the interior of a neutron star. For that reason, their straightforward
extrapolations to supra-saturation densities are not supposed to
be meaningful. However, there exists an empirical power law that
relates neutron-star radii to the pressure P at the nuclear saturation
density32. Furthermore, P is strongly connected to Sv and L and
can also be expected to correlate with Rp of 48Ca. Exploiting

this correlation we arrive at an estimate 2.3. P . 2.6MeV fm�3

(see Methods and Supplementary Fig. 3). Figure 4c shows the
computed radius 11.1.R1.4M� . 12.7 km of a 1.4M� neutron star
based on this pressure and the phenomenological expression of
refs 31,32. It is compatible with radius estimates based on high-
density extensions of ab initio results for the equation of state8, the
analysis of ref. 31, and results from a Bayesian analysis of quiescent
low-mass X-ray binaries33. To improve our description one needs to
develop well-calibrated, higher-order chiral interactions, which will
extend the energy, momentum and density range of our ab initio
framework. This is a long-term goal.

Methods
Methods and any associated references are available in the online
version of the paper.
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FIG. 4. Energy per particle of nuclear matter as a function of the total density n = nn + np for various proton fractions x. The two
approximations of the effective NN potential, P = 0 and P average, and two approximations for the single-particle energies, free and
Hartree–Fock, are shown. The energy range is based on the set of Hamiltonians listed in Table I. The excluded Hamiltonian 6* has no influence
on the uncertainty bands. For a better view, the area between the dashed lines are not filled in the case of a free spectrum. For x = 0.5 we also
show the empirical saturation point (see text for details).
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FIG. 7. (Color online) Gap � as a function of Fermi momentum kF in the 3P2�3F2 channel with a free (left) and a Hartree-Fock
spectrum (center column) for the N3LO NN potentials EM 500 MeV (first), EGM 450/500 MeV (second) and EGM 450/700 MeV
(third row). The third column depicts the e↵ective mass at the Fermi surface corresponding to the Hartree-Fock spectrum. The
NN-only results are shown by the black-solid lines. The uncertainty bands for N2LO and N3LO are determined by variations of
the 3N parameters c1, c3 and ⇤3N as discussed in the text.
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Appendix A: Partial-wave decomposition

In this appendix we briefly review the partial-wave
decomposition of the gap equation (3) and specify the
conventions used in this work. Following Refs. [21, 40, 41]
we decompose the gap matrix in the form

�↵↵0(k) =
X

l,S
J,M

r
8⇡

2J + 1
�JM

lS (k)
⇣
GJM

lS (k̂)
⌘

↵↵0
, (A1)

and accordingly the nuclear interaction

(4⇡)�2 hk↵↵0|V |k0��0i

=
X

l,l0,S
J,M

il
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lmSmS

Y m
l (k̂) . (A3)

These functions obey the orthogonality relations

Z
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GJM
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��0

⇣
GJ0M 0

l00S0 (k̂0)
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��0

�

= �ll0�MM 0�JJ 0�SS0 .

(A4)

The J-dependent factor in Eq. (A1) is chosen such that
the gap equation in partial-wave representation takes a
particularly simple form. Inserting Eqs. (A1) and (A2) in
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Figure 5.4.: Range of the radius for PSR J0737–3039A.

Table 5.1.: Comparison of di�erent assumptions for the moment of inertia as well as its uncertainty.
I [M� km2] �I [%] R [km] �R [km]

70
10 11.3� 12.7 1.4

20 10.4� 13.5 3.1

80
10 12.3� 13.5 1.2

20 11.4� 13.5 2.1
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Figure 5.5.: Radius constraints for a 1.34 M� neutron star by the moment of inertia.
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