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Challenges in QCD

• Asymptotic freedom at high 
momenta (Gross & Wilczek ’73, Politzer ’73)

• running coupling exhibits Landau 
pole at small momenta
         pQCD fails

• Understanding of QCD in the mid- 
momentum regime is needed to 
study confinement & chiral 
symmetry breaking

Bethke ‘04



QCD phase diagram? Puzzles ...

M. Stephanov ‘07



QCD phase diagram? Puzzles ...

  indications that there is no 
critical point at least at small                             

(de Forcrand, Philipsen ’07)

µ
M. Stephanov ‘07

low-energy models:
•parameter dependence/ cutoff 
dependence
•temperature-dependent 
parameters?
•truncated action



M. Stephanov ‘07

QCD phase diagram? Puzzles ...

low-energy models:
•parameter dependence/ cutoff 
dependence
•temperature-dependent 
parameters?
•truncated action

For two (massless) quark flavors:
order of the phase transition?
Answers from FV scaling (!?)

(JB, B. Klein, Phys. Rev. D ’07, EPJ C ’08; 
JB, B. Klein, P. Piasecki, in prep.;

JB, B. Klein, B.-J. Schaefer, in prep)

 important for 
low-energy models

Lattice QCD simulations

Analysis



Functional approaches
(Functional RG methods, Dyson-

Schwinger Eqs.,  ...)

How to tackle QCD at finite temperature?

Lattice QCD



Functional approaches
(Functional RG methods, Dyson-

Schwinger Eqs.,  ...)

How to tackle QCD at finite temperature?

Lattice QCD

pros cons

•continuum formulation
•chiral fermions
•no sign-problem
•computationally efficient

•search for controlled 
expansion point



Functional Renormalization Group

“Theory space”:
spanned by all couplings

UV
microscopic: small length scales

large length scales:
Full Quantum 

Effective Action

IR

Γk=0

Γk=Λ

Idea: to integrate out 
momentum shells from 

high (  ) to low 
momenta: study the RG 

flow of the operators

Λ



Functional Renormalization Group - QCD

UV

IR

PT or
 NJL, Quark-

Meson-model, 
PNJL

χ

perturbative
QCD

Γk=Λ

“Theory space”:
spanned by all couplings

well-defined 
starting point: fix strong 

coupling at UV scale

(C. Wetterich ‘92)
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Functional Renormalization Group - QCD

UV
Γk=Λ

∂tΓk =
1
2
Tr

∂tRk

Γ(2)
k + Rk

RG flow equation: determines the change 
of the scale-dependent effective action 

with the variation of the (momentum) scale

“Theory space”:
spanned by all couplings

IR
Γk=0

RG flow

(C. Wetterich ‘92)
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Aspects of the NJL model

•spontaneous symmetry breaking if quark condensate is non-vanishing: 〈ψ̄ψ〉 #= 0

•classical action of the NJL model:

S =
∫

x

{
ψ̄i∂/ψ + λ̄σ[(ψ̄ψ)2 − (ψ̄γ5ψ)2]

}

(Y. Nambu, G. Jona-Lasinio ‘61)



Aspects of the NJL model

•classical action of the NJL model:

S =
∫

x

{
ψ̄i∂/ψ + λ̄σ[(ψ̄ψ)2 − (ψ̄γ5ψ)2]

}

•bosonization of the NJL model yields 
(
σ = −2λ̄σψ̄ψ , π = −2λ̄σψ̄γ5ψ

)

is inverse proportional to the scalar mass parameter, λ̄σ m2 ∝ 1
λ̄σ

m2 > 0 m2 < 0

(“Quark-Meson model”)

χSB

S =
∫

x

{
ψ̄i∂/ψ + ψ̄(σ + iγ5π)ψ − 1

λ̄σ
(σ2 + π2)

}

(Y. Nambu, G. Jona-Lasinio ‘61)



Four-Fermion Interactions in QCD

•at the UV scale                             :(k = Λ! ΛQCD)

ΓΛ =
∫

x

{
1
4
F a

µνF a
µν + ψ̄(i∂/ + ḡA/)ψ

}



Four-Fermion Interactions in QCD

•at the UV scale                             :

k = Λ− δk

ΓΛ =
∫

x

{
1
4
F a

µνF a
µν + ψ̄(i∂/ + ḡA/)ψ

}

ΓΛ−δk =
∫

x

{
1
4
F a

µνF a
µν + ψ̄(i∂/ + ḡA/)ψ +

λσ

2k2
[(ψ̄aψb)2 − (ψ̄aγ5ψ

b)2] + . . .

}

•quark-gluon dynamics generate four-fermion interactions

(k = Λ! ΛQCD)



RG flow for the chiral QCD sector

•effective action:

•four-fermion interactions 
(

lim
Λ→∞

λi = 0
)

•truncation checks: momentum dependencies, regulator dependencies, higher      
order interactions (H. Gies, J. Jaeckel, C. Wetterich ’04, H. Gies, C. Wetterich ’02, JB ‘08)

•no Fierz-ambiguity

Γk =
∫

x

{ ḡ2

g2
F a

µνF a
µν + w2(F a

µνF a
µν)2 + w3(F a

µνF a
µν)3 + . . .

}

+
∫

x

{
ψ̄(iZψ∂/ + Z1ḡA/)ψ +

1
2

[λ−
k2

(V −A) +
λ+

k2
(V + A)

+
λσ

k2
(S− P) +

λVA

k2
[2(V −A)adj + (1/Nc)(V−A)]

]}



“Criticality” at zero and finite temperature

•flow of four-fermion couplings: 

1
m2
∝ λ→∞

∂tλ = 2λ− λA(T
k )λ− b(T

k )λαs − c(T
k )αs

2



“Criticality” at zero and finite temperature

if                                    no fixed points     χSB

•critical gauge coupling        : 

1
m2
∝ λ→∞

•at zero temperature: (H. Gies, J. Jaeckel ’05)

αcr

αs > αcr

αcr

Nc=Nf=3
≈ 0.85



if                                    no fixed points     

“Criticality” at zero and finite temperature

χSB

•critical gauge coupling        : 

1
m2
∝ λ→∞

•at finite temperature: (JB, H. Gies ’05)

quarks acquire a thermal mass

αcr

αs > αcr

αcr(T/k) > αcr(T = 0)



RG flow of gluodynamics

p2
g,0 ≡ ω2

n = 4n2π2T 2 → ω2
0 = 0

•decrease for             due to existence of a non-trivial IR fixed point in 3d 
Yang-Mills theory: strong interactions at high temperatures

T ! k

•       decoupling of hard gluonic modes            “finite-size” effect:kmax ∝ T

α4D ≈ α∗
3D

k

T
+O

(
(k/T )2

)
with α∗

3D ≈ 2.7 ; η3d → 1

(JB, H. Gies ’06; Lattice: Cucchieri et al. ‘07)

cf. vertex expansion in Landau-gauge QCD: 

SDE: v. Smekal et al. '97, Fischer et al.  '02; 
RG: Pawlowski et al. '03, Fischer&Gies '04; 
Gies ’02; Gies&Braun ’05/’06
Lattice: e. g. Sternbeck et al. ’05; ...

(JB, H. Gies ’06)Yang-Mills theory



Chiral Phase Transition in QCD

•study:                  vs.αcr(T/k) αs(T/k)
•intersection point of          and        indicates onset of     αcr αs χSB

 4

 2

 1

0.60.40.2
k [GeV]

!s at T=130 MeV
!cr at T=130 MeV  4

 2

 1

0.60.40.2
k [GeV]

!s at T=220 MeV
!cr at T=220 MeV

kcr



Chiral Phase Transition in QCD

•study:                  vs.αcr(T/k) αs(T/k)
•intersection point of          and        indicates onset of     αcr αs χSB

αs(mτ ) = 0.322•single input parameter: 

(JB, H. Gies ’06)

2
3

Nf Tcr

172 MeV
148 MeV

 4

 2

 1

0.60.40.2
k [GeV]

!s at T=130 MeV
!cr at T=130 MeV  4

 2

 1

0.60.40.2
k [GeV]

!s at T=220 MeV
!cr at T=220 MeV

kcr

TcrNf = 2 + 1
192 MeV
151 MeV

Lattice (Cheng et al. ’06)

Lattice (Aoki et al. ’06)



Many-flavor QCD

(JB, H. Gies ’06)

•“conformal phase” for 

•critical number of quark flavors:

Nf,cr < Nf < 16.5: asymptotic freedom but no χSB

• small       : fermionic screeningNf

(cf. e. g. Appelquist et al. ’07 & ‘96)

2+1 flavor QCD, 
Cheng et al. ’06

JB, H. Gies ’06

2+1 flavor QCD,  
Aoki et al. ’06

Nf,cr ≈ 12

(Appelquist et al. ‘07; Deuzeman, Lombardo, Pallante ’08; Fodor et al. ‘09 )



Many-flavor QCD

(JB, H. Gies ’06)

•“conformal phase” for 

•critical number of quark flavors:

Nf,cr < Nf < 16.5: asymptotic freedom but no χSB

• small       : fermionic screeningNf

(cf. e. g. Appelquist et al. ’07 & ‘96)

(Appelquist et al. ‘07; Deuzeman, Lombardo, Pallante ’08; Fodor et al. ‘09 )

2+1 flavor QCD, 
Cheng et al. ’06

JB, H. Gies ’06

2+1 flavor QCD,  
Aoki et al. ’06

cf. Holger Gies’ talk, 
and arXiv:0909.xxxx

Nf,cr ≈ 12

Tc ∼ µ0|Nf −N cr
f | 1

Θ



Challenge:
How to penetrate the phase boundary in 

order to get access to 
the low-energy observables

from first principles?



From microscopic to macroscopic DoFs

large length scales small length scales
kk → 0 k → Λ

RG flow

gluons

quarks

macroscopic DoF microscopic DoF

∂tΓk[φ] =
1
2
Tr

∂tRk

Γ(2)
k [φ] + Rk



From microscopic to macroscopic DoFs: 
Do it by hand ...

macroscopic DoF microscopic DoF

gluons

quarksRG flow RG flow

e. g.:

Hubbard-Stratonovich transformation 

λ̄σ[(ψ̄ψ)2 − (ψ̄γ5ψ)2]

bosonization at fixed scale

“set” by diverging 
k ≈ kcr

hψ̄(σ + iγ5π)ψ + m2(σ2 + π2)

h h

For example: 
(constituent-quark-) meson-model

quark-gluon dynamics

λ̄σ(µ, T )



From microscopic to macroscopic DoFs

gluons

quarks

macroscopic DoF microscopic DoF

kk → 0 k → Λ

(H. Gies, C. Wetterich ’01, ‘02; J. M. Pawlowski ’05)

∂tφk ∼ ψ̄LψR

scale-dependent 
degrees of freedom

solution:

∂tΓk[φk] =
1
2
Tr

∂tRk

Γ(2)
k [φk] + Rk

−
∫

x

δΓk[φk]
δφk

∂tφk



Hubbard-
Stratonovich 

Trafo

...

Hubbard-
Stratonovich 

Trafo

macroscopic DoF microscopic DoF

quarksRG flow

•solution: cont. Hubbard-Stratonovich transformations

∼ m−1
π ! 1 fm−1

chiral perturbation theory perturbative QCD

p ∼ k

From microscopic to macroscopic DoFs

k − δk



QCD with one quark flavor: setting up the stage

Γk =
∫

x

{
ψ̄(i∂/ + iγ0µq)ψ +

m2

2
φ2 +

[
(ψ̄RψL)φ− (ψ̄LψR)φ∗

]
}

•(re-)bosonizaton technique  allows to include (momentum-dependent) four-
fermion interactions to arbitrary order 

•ansatz: (mean-field)



QCD with one quark flavor: setting up the stage

Γk =
∫

x

{
Zψψ̄(i∂/ + iγ0µq)ψ + Zφ∂µφ∗∂µφ +

m2

2
φ2 +

λ

4
φ4 + h

[
(ψ̄RψL)φ− (ψ̄LψR)φ∗

]
}

•dynamical hadronization allows to include (momentum-dependent) four-fermion 
interactions to arbitrary order 

•ansatz: (mean-field + bosonic fluctuations)



QCD with one quark flavor: setting up the stage

•dynamical hadronization allows to include (momentum-dependent) four-fermion 
interactions to arbitrary order 

•ansatz: (mean-field + bosonic fluctuations + gauge field fluctuations)

+h̄
[
(ψ̄RψL)φ − (ψ̄LψR)φ∗

]
}

+ Γgauge

•initial conditions: λ̄σ|Λ = 0, λ̄φ|Λ = 0, h̄|Λ = 0, Zφ|Λ = 0, αs(MZ) = 0.118

ΓΛ =
∫

x

{
1
4
F a

µνF a
µν + ψ̄(iD/ + iγ0µq)ψ

}

Γk =
∫

x

{
ψ̄(iD/ + iγ0µq)ψ +

λ̄σ

2
[
(ψ̄ψ)2 − (ψ̄γ5ψ)2

]
+ Zφ∂µφ∗∂µφ + U(φ2)

(JB ‘08,’09)



•anomalously broken           :UA(1)

QCD with one quark flavor

•with global             symmetry:UA(1) 2nd order phase transition

crossover

(JB ’08)
0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

T/Tc

mq(T )
mq(0)



QCD phase boundary at small chemical potentials

Tc(µq)
Tc(0)

= 1− t2

(
µq

πTc(0)

)2

+ . . .

Method

FRG: QCD flow --- ---

Lattice: imag.      --- 0.500(54) 0.667(6)

Lattice: Taylor+Rew. --- --- 1.13(45)

µ

Nf = 1 Nf = 2 Nf = 3

(JB ’08)

(de Forcrand 
et al. ’02, ’06)

(Karsch 
et al. ’03)

•large      expansion: Nc t2 ∼
Nf

Nc

•results from different approaches:

(D. Toublan ’05, J. Braun ‘08)

*with global             symmetryUA(1)

•no parameters, relies solely on physical coupling: αs(MZ)

0.97*
0.4**

** anomalously broken                          
***symmetry (lower bound)

UA(1)

(J. Braun, accepted for publication in EPJ C)

FAIR, www.gsi.de

http://www.gsi.de
http://www.gsi.de
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Confinement at zero temperature

r

q q̄

q

q q

q̄

q̄q̄

potential of a quark-antiquark pair: Fqq̄(r) ∝ σr



confinement at finite temperature

•Polyakov-Loop:                         (Polyakov '78, Susskind '79)τ = β = 1/T

•infinitely heavy quark moving in Euclidean time direction:

Ψq(!x, τ) =
[
Pexp

(
iḡ

∫ τ

0
dtA0

)]
Ψq(!x, 0)∂Ψq

∂τ
= iḡA0Ψq

infinitely heavy quark propagating in (Euclidean) time direction

space

τ

P(!x) =
1

Nc
P exp

(
iḡ

∫ β

0
dtA0(t, !x)

)



confinement at finite temperature

•expectation value of Polyakov-loop is related to the quark free energy       : Fq

〈TrFP(!x)〉 ∼
∫
DA TrFP(!x) e−S ∼ e−βFq

deconfinement:

confinement:

Fq →∞ ⇐⇒ 〈TrFP(!x)〉 = 0

Fq finite ⇐⇒ 〈TrFP(!x)〉 %= 0



confinement at finite temperature

•quark-antiquark correlator:

T < Tc T ≥ Tc

deconfinement

Fq finite ⇐⇒ 〈TrFP(!x)〉 %= 0Fq →∞ ⇐⇒ 〈TrFP(!x)〉 = 0

q q̄

q

q q

q̄

q̄q̄

|!x− !y|

Fqq̄ ∼ σ|"x− "y|

lim
|!x−!y|→∞

e−βFqq̄ ∼ lim
|!x−!y|→∞

〈TrP(!x) · TrP†(!y)〉 ≤ |〈TrP〉|2 ∼ |e−βFq |2



minimum at                   :  
deconfinement (broken      -symmetry)

β〈A0〉 = 0
Z3

perturbative Polyakov-Loop potential

•perturbative Polyakov-loop potential in background-field gauge,                             Aµ = δµ0〈A0〉
(see Gross, Pisarski, Yaffe ’81; Weiss '81,'82)

SU(3)

SU(3)

-5
0

5

10
-5

0

5

0
0.25
0.5

0.75

-5
0

5

10

V (β〈A0〉)

β〈A0〉(3)
β〈A0〉(8) Fq finite ⇐⇒ 〈TrFP(!x)〉 %= 0

(JB, H. Gies, J. M. Pawlowski ’07)



Landau-gauge propagators & color confinement
(JB, H. Gies, J. M. Pawlowski ’07)

•Polyakov-loop potential:         

V (β〈A0〉) =
1

ΩT 4

(
1
2
Tr lnΓ(2)

A [β〈A0〉] − Tr lnΓ(2)
gh [β〈A0〉]

)

•low-temperature: 

•what if ...

3κA − 2κgh < −2 κgh >
d− 3

4

(Γ(2)
A ) ∼ (D2[〈A0〉])1+κA , (Γ(2)

gh ) ∼ (D2[〈A0〉])1+κgh



minimum at                   :  
deconfinement (broken      -symmetry)

β〈A0〉 = 0
Z3

perturbative Polyakov-Loop potential

•perturbative Polyakov-loop potential in background-field gauge,                             Aµ = δµ0〈A0〉
(see Gross, Pisarski, Yaffe ’81; Weiss '81,'82)

SU(3)

SU(3)

-5
0

5

10
-5

0

5

0
0.25
0.5

0.75

-5
0

5

10

V (β〈A0〉)

β〈A0〉(3)
β〈A0〉(8)

•for T < Tc

minimum at                           :  
deconfinement (broken      -symmetry)Z3

β〈A0〉 = (2/3)2π

Fq →∞ ⇐⇒ 〈TrFP(!x)〉 = 0

Fq finite ⇐⇒ 〈TrFP(!x)〉 %= 0

(JB, H. Gies, J. M. Pawlowski ’07)

-5

0

5
-5

0

5

0
0.25

0.5

0.75

-5

0

5

V (β〈A0〉)

β〈A0〉(3)
β〈A0〉(8)

SU(3)



p [GeV]

p2
(Γ

(2
)

A
)−

1

(�(2)
A ) ∼ (D2[〈A0〉])1+κA

Landau-gauge propagators & color confinement

(Fischer, Maas, Pawlowski ’08)

(JB, H. Gies, J. M. Pawlowski ’07)

•Polyakov-loop potential:         

•quark confinement criterion  (Landau gauge):

〈TrFP(!x)〉 = 0 : 3κA − 2κgh < −2

RG improvement 
terms

V (β〈A0〉) =
1

ΩT 4

(
1
2
Tr lnΓ(2)

A [β〈A0〉] − Tr lnΓ(2)
gh [β〈A0〉]

)
+O(∂tΓ(2)) +O(V ′′)



Polyakov-Loop Potential in Landau-gauge

•order parameter

(JB, H. Gies, J. M. Pawlowski ’07)

•first order phase transition for SU(3) (and second order for SU(2))

•SU(3): Lattice QCD:                           (Kaczmarek et al.) Tc = 0.646
√

σTc = 284MeV(= 0.646
√

σ)

L[〈A0〉] =
1

Nc
TrF exp

(
i

∫ β

0
dt〈A0〉

)

V
(β

〈A
0
〉)

β〈A0〉

!"(!)

# = "#$ %&'

# = "#( %&'

# = ")* %&'

# = ")( %&'

!"(!)

T/Tc

L
[〈A

0
〉]

•more gauge groups: (JB, A. Eichhorn, H. Gies, J. Pawlowski, in prep.)

‣SU(N) for N=4, 5, 6, 7, 8: first order 
‣symplectic group Sp(2): first order (in agreement with Holland, Pepe, Wiese ‘04)

‣exceptional group G(2) and others are under investigation ...
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•RG flow of the effective action

(JB, L. Haas, F. Marhauser, J. M. Pawlowski ’09)

∂tΓk[φ] = 1
2 − − + 1

2

meson loop(s)quark loopgluon loop

•quark contribution to the flow of the gluon propagator:

0.01 0.1 1 10

k [GeV]

0

1

2

3

4

!
s
(k

 2
)

" = 0

" = 1/12

" = 1/6

YM result

(see also JB, Gies ’05, ’06)

•running coupling at zero temperature:

(cf. L. Haas’ talk)

Polyakov-Loop potential (direct)
+ modification of Gluon-Prop.

2-flavor QCD study in the chiral limit



•RG flow of the effective action

(JB, L. Haas, F. Marhauser, J. M. Pawlowski ’09)

∂tΓk[φ] = 1
2 − − + 1

2

meson loop(s)quark loopgluon loop

•quark contribution to the flow of the gluon propagator:

0.01 0.1 1 10

k [GeV]

0

1

2

3

4

!
s
(k

 2
)

" = 0

" = 1/12

" = 1/6

YM result

(see also JB, Gies ’05, ’06)

•running coupling at zero temperature:

(cf. L. Haas’ talk)

work in 
progress

Polyakov-Loop potential (direct)
+ modification of Gluon-Prop.

2-flavor QCD study in the chiral limit



Chiral and Confinement order parameters for 
vanishing chemical potential

 0

0.2

0.4

0.6

0.8

 1

 150  160  170  180  190  200  210  220  230

T [MeV]

f!(T)/f!(0)

Dual density

Polyakov Loop

160 180 200
"

L
,d

u
a
l

(JB, L. Haas, F. Marhauser, J. M. Pawlowski ’09)

(cf. C. Fischer’s, 
J. M. Pawlowski’s and

& A. Wipf’s talk 
for a discussion of dual 

observables)



Roberge-Weiss phase diagram

 0

 50

 100

 150

 200

 250

 300

0 !/3 2!/3 ! 4!/3

T
 [
M

e
V

]

2!"

Tconf

T#

(JB, L. Haas, F. Marhauser, J. M. Pawlowski ’09)

θ = −i
µ

2πT

•chiral phase transition and deconfinement crossover temperature follow each 
other closely (in accordance with Lattice QCD, see Kratochvila et al. ’06 & Wu et al. ’06)

•PNJL model studies agree with lattice QCD if an additional               -coupling is 
introduced in the PNJL model (Sakai et al. ’09)

φ4 ∼ ψ8



• FRG allows to bridge the gap between regimes with different DoF

• good agreement with Lattice QCD studies for chiral as well as deconfinement 
phase transition 

• criterion for quark confinement & studies of the Polyakov loop dynamics in 
various gauge groups 

• critical number of quark flavors for SU(3): 

• shape of the phase boundary near           is determined by the underlying IR 
fixed point scenario (testable prediction!)

• promising results for finite chemical potential, including a relation of QCD at 
imaginary chemical potential and dual observables

Conclusions

Nf,cr

Nf,cr ≈ 12



Outlook

• quantitative study of the effect of anomalously broken            on the phase 
boundary (together with L. Haas, F. Marhauser and J. M. Pawlowski)

• RG analysis of lattice data and the nature of the chiral transition?                                                                            
(insights from finite-volume scaling (?), together with B. Klein and P. Piasecki)

• study finite (real) chemical potential for               and              :                  
radius of convergence?

• study of thermodynamic observables

• successive improvement of truncations (include dynamical hadronization in   
2-flavor QCD study)

Nf = 2 Nf = 3

UA(1)


