S8 TECHNISCHE
~ /=) UNIVERSITAT
Ur'~ DARMSTADT

Can we locate the QCD critical
endpoint with the Taylor expansion ?
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Outline

¢ Taylor expansion

e expectations & lattice results

e higher orders in the PQM model

® convergence

¢ |ocating the critical endpoint
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Taylor expansion

e expand pressure around i = 0

LI ST LT

n=0 . IL(,:O

e coefficients evaluated at 1« = 0, i.e. Monte Carlo techniques applicable

® easy access to quark number densities & susceptibilities
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Hopes

e works for small i,/T, i.e., u/T < 1

e only a few coefficients required for ‘convergence’
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@ 2001-present: sign problem not solved, circumvented by approximate methods:
reweigthing, Taylor expansion, imaginary chem. pot,,need /T <1 (u= ug/3)
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e works for small i,/T, i.e., u/T < 1

e only a few coefficients required for ‘convergence’

¢ calculate thermodynamic observables relevant for heavy-ion collisions

e might locate the critical endpoint

¢ troubles with phase transitions
(divergences)

Temperature

early universe

ALICE quark—gluon plasma

crossover

<Yy>~0

quark matter

<YyP>>0
hadronic fluid crosover —
superfluid/superconducting
phases ?
ng=0 ng>0 2SC <1p1p/> >0 oFL
vacuum \ nuclear matter |  ,ousron star cores
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e defines where the expansion should work C. Schmidt (2008)
- 1/2 T 1  generic picture h2
r= lim r9, = lim o B
n—od " n—oo 62n+2 pa _rigtOfC(S
root of Cf
—>
e extrapolation to n — oo Pe
e Stefan-Boltzmann limit:
= — >
N\ 1B
® ¢, — O f()r n Z 6 resonance gas
HRG
® resonance gas: r — OO
(THRG)Q (e Y (n+2)(n+1)
(1) Crt 9
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Results on the lattice
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e coefficients are conceptually easy to simulate on the lattice
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e quark number susceptibility ® convergence radius
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Polyakov-Quark-Meson (PQM) model

B-J. Schaefer, MW, J. Wambach (in preparation)
¢ relevant degrees of freedom: quarks and mesons

— PQM model

r — q(11)— Ly —U(D, D .
pQM = ¢ (1) — g¢s5) q + ( Polyakov loop variable

Lo = Tr(0,0'0"6) —m? Tr(6'6) = M [Tr(676)]” = X Tr (670)°
+c (det(d) + det(o")) + Tr [H(¢p + ¢")]

quarks /
antiguarks

mesonic fields

® |ogarithmic Polyakov loop potential roessner 2006)

T = a(T)8D 1 H(T)In [1 - 680 + 4 (87 1 8°) — 3 (80)’]
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=xplicit and implicit u-dependence

e mean-field approximation
e thermodynamic potential Q = U (0, 0y) + Qgq (04,04, P, ) + U (P, D)

e gquark contribution

Qiy(0s, 0, P, ®)

(& + BeBas =1/ Tye=(Bay=np)/T | 6—3<Eq,f—w>/T}
f=u,d,s

+1In |14 3(® +d 6—(Eq,f+uf)/T)e—(Eq,f+uf)/T 4+ e 3(Eq ptpug)/T

explicit p-dependence

0 00 09 00
do, Do, 0P 0P

e equations of motion

global minimum min(u, T) = (0, = (04) ,0y = (0y) , @ = (@), = (D))
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Coefficients in the PQM-model I
e comparison of calculation at « with extrapolation to « possible
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¢ higher orders ?
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Why we need a novel technique

(MW, A. Walther, B.-J. Schaefer, submitted to Comm. Phys. Commun. '09)

e humerical derivatives / divided differences

d?Q) 1
® error prone a2 AR Qe — Ap) = 29p) + Qp + Ap)] + O(Ap?)

e need at least (n+1) function evaluations for n-th derivative

e analytic derivatives

e rapidly increasing number of terms (2 (/% oz (), oy(p), @(1), (i)(ﬂ))

Q _(0PN0 0% | f00\o0? | 5°0
do? ouj0odu  Ou?

* algebra systems can help ;7,2 | 5,2/9,
e still a lot of coding required

e cannot help with implicit dependencie
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Algorithmic differentiation

(MW, A. Walther, B.-J. Schaefer, submitted to Comm. Phys. Commun. '09)

¢ dea: ‘differentiate’ the algorithm using the chain rule
® NO approximations, i.e. machine precision
e only slight modifications of the code necessary

e arbitrary orders without further coding

® inverse Taylor expansion to treat implicit derivatives
e performance
e AD: 1 evaluation of grand potential and equations of motion

e DD: (n+1) evaluations of grand potential (including minimization)
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Algorithmic differentiation

(MW, A. Walther, B.-J. Schaefer, submitted to Comm. Phys. Commun. '09)

¢ dea: ‘differentiate’ the algorithm using the chain rule

® NO approximation
e only slight modific

e arbitrary orders

e inverse Taylor exf 5 10 15 20
highest derivative degree d 80’ (9 9’

e performance

e AD: 1 evaluation of grand potential and equations of motion

e DD: (n+1) evaluations of grand potential (including minimization)
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Higher orders
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F. Karsch, B-J. Schaefer, MW, J. Wambach (in preparation)

® higher coefficients are
oscillating near transition

® increasing amplitude
e not negligible for 1/1" < 1

e small outside transition
region

e 22nd (!) order

® NO ‘numerical noise’
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Diverging susceptibility at the CEP

F. Karsch, B-J. Schaefer, MW, J. Wambach (in preparation)

e quark number susceptibility 250
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Convergence radii

Con 1/ 2 Red line: chiral crossover (dotted), 1st order (solid)
r —= hm oy = hHl S Yellow line: deconfinement crossover
1 — 0O n—00 | C2y4-2 Black dot: chiral critical end point
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Relation to phase boundary

® Crossover region

® no divergences
e oscillations near T,
* 2nd order

e convergence radius close to phase
boundary

e st order

Red line: chiral crossover (dotted), 1st order (solid)

® convergence region extends Yellow line: deconfinement crossover
Black dot: chiral critical end point
beyond phase boundary
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Closer look at first-order transition

F. Karsch, B-J. Schaefer, MW, J. Wambach (in preparation)

e consider u/T =3
e first order transition: new global minimum in grand potential

e not captured by Taylor expansion
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Closer look at first-order transition

F. Karsch, B-J. Schaefer, MW, J. Wambach (in preparation)

e consider u/T =3
e first order transition: new global minimum in grand potential

e not captured by Taylor expansion
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Locating the critical endpoint

e convergence radius close to CEP
lim r,(T.) — pe

n—oo

®* need a way to determine 7. :
sign of coefficients
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Locating the critical endpoint

all expansion

e convergence radius close to CEP coefficients
. positive:

lim Tn (Tc) — e singularity

n—a~o0 on the real

axis!

®* need a way to determine 7. : A —- >
. . T T
sign of coefficients TCEP Ce
TSC’EP
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e convergence radius close to CEP
lim r,(T.) — pec

n—oo

®* need a way to determine 7. :
sign of coefficients

e at least n=8 required for non-trivial estimate

e extrapolation required: 7. = lim 7.,

n—oo

® precise determination and higher orders
requires algorithmic differentiation method
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Summary & Outlook

e Taylor expansion to higher orders (n=24)
e novel technique for derivatives
¢ determined convergence region

¢ relation to phase boundary

e higher orders (n > 12) might locate the CEP

¢ signals for the critical end point
e Padé approximation

e different model setups, i.e. different location of CEP

GOOD LUCK ' |

¢ include fluctuations in the hadronic phase (RG)
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