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Many-flavor QCD
� β function
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� e.g., SU(3): IR fixed point α∗ (CASWELL’74; BANKS&ZAKS’82)

[CASWELL@PHYS.REV.LETT.33:244,1974]



Many-flavor QCD
� β function

β = −2
(

11
3

Nc −
2
3

Nf

)
g4

16π2−2

(
34Nc

3 + 3Nf − 13Nc
2Nf

3Nc

)
g6

(16π2)2 +. . .

� Nf dependence of α∗
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Many-flavor QCD
� β function
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� e.g. Nf = 14 =⇒ IR fixed point
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Many-flavor QCD

� Caswell-Banks-Zaks fixed point destabilized by χSB:

for g2 > g2
cr : fermions aqcuire mass → Nf, eff → 0

� similar quantum phase transitions, e.g., in 3d QED (PISARSKI’84)
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Shape of the Phase Boundary: Small Nf

� unified scale dependence of observables in QCD (in the χ limit):

Tc, fπ, 〈ψ̄ψ〉1/3, mc.q., · · · ∼ ΛQCD

� perturbatively: ΛQCD ∼ position of the Landau pole
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pert. RG scale: µ0 = mZ , mτ , . . .

CAVEAT: comparison of theories!
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Shape of the Phase Boundary: Small Nf

� unified scale dependence of observables in QCD (in the χ limit):

Tc, fπ, 〈ψ̄ψ〉1/3, mc.q., · · · ∼ ΛQCD

� Tc scaling at small Nf: (BRAUN, HG’05,’06)

Tc ∼ ΛQCD ' µ0 e−
1

4πb0α(µ0)

' µ0 e−
6π

11Ncα(µ0)
(
1− εNf +O((εNf)

2)
)

where ε = 12π
121Nc

2α(µ0)
' 0.107 for Nc = 3 and µ0 = mτ

=⇒ linear small-Nf behavior



Shape of the Phase Boundary: Small Nf

(BRAUN, HG’05,’06)
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Shape of the Phase Boundary: Small Nf

(BRAUN, HG’05,’06)

T

Nf

� application: Nf-scaling of PNJL / PQM model parameters

=⇒ significant improvement of thermodynamics predictions
(SCHAEFER, PAWLOWSKI, WAMBACH ’07)



Shape of the Phase Boundary: Large Nf

� lower end of conformal window

=
onset of χSB

� assumption:

onset of χSB requires

g2 > g2
cr

2

Nf2
cr

cr k

g

g

k

=⇒ fixed-point regime is relevant



Shape of the Phase Boundary: Large Nf

� RG flow in the fixed-point regime:

governed by universal

critical exponent Θ

β(g2) ' −Θ (g2 − g2
∗) + . . . |Θ|

2β( )

2

g

g



Shape of the Phase Boundary: Large Nf

� RG flow in the fixed-point regime:

governed by universal

critical exponent Θ
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� solution in the fixed-point regime:

g2(k) = g2
∗ −

(
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Shape of the Phase Boundary: Large Nf

� χSB dynamics sets in at:

kcr ' µ0 (g2
∗ − g2

cr)
1
|Θ|

2

Nf2
cr

cr k

g

g

k

� unified scale dependence of χSB observables in QCD:

Tc, fπ, 〈ψ̄ψ〉1/3, mc.q., · · · ∼ kcr

� approx. proportionality g2
∗ ∼ Nf

=⇒ scaling relation: (BRAUN, HG’06)

Tc ∼ µ0|Nf − Nf,cr|
1
|Θ|



Scaling Relation near the Conformal Window
(BRAUN, HG’06)
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Scaling Relation near the Conformal Window
(BRAUN, HG’06)

Tc ∼ |Nf − Nf,cr|
1
|Θ|
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• relates two universal quantities
• relates chiral structure to IR gauge dynamics
• parameter-free prediction



Scaling Relation near the Conformal Window
T

Nf

|Θ|<1

T

Nf
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� generalizes to generic chiral observables O
with mass dimension dO: (BRAUN, HG IN PREP.)

O ∼ |Nf − Nf,cr|
dO
|Θ|

e.g., O = Tc, fπ, 〈ψ̄ψ〉,mc.q., . . .



Many-Flavor QCD, Quantitatively . . . ?

Nf,cr = ?, Θ(Nf,cr) = ?



Many-flavor QCD, Quantitatively . . . ?

Nf,cr(@2003) =


5 (HARADA&YAMAWAKI’00)

6 (IWASAKI ET AL.’03)

& 6 (VELKOVSKY&SHURYAK’97,APPELQUIST&SELIPSKY’97)

& 10 (SANNINO&SCHECHTER’99)

' 12 (MIRANSKY&YAMAWAKI’96,APPELQUIST ET AL.’96)

LGT: (KOGUT&SINCLAIR’88; BROWN ET AL.’92; IWASAKI ET AL.’96; DAMGAARD ET AL.’97)



Many-Flavor QCD with Functional RG
� RG flow equation (WILSON’71; WEGNER&HOUGHTON’73; POLCHINSKI’84; WETTERICH’93)

∂t Γk ≡ k∂k Γk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk =

[cf. talks by B.J. Schaefer, J. Braun, J.M. Pawlowski]

� computation of effective action in a gauge-covariant derivative
expansion: SU(Nc), SU(Nf)L × SU(Nf)R

Γk =

∫
ZF

4
F z
µνF z

µν + . . . + ψ̄ (iZψ∂/+ Z1ḡA/)ψ

+
1
2
λσ
k2 (S-P) +

1
2
λVA

k2

[
2(V-A)adj. + (1/Nc)(V-A)

]
+

1
2
λ+

k2 (V+A) +
1
2
λ−
k2 (V-A)

(HG,JAECKEL,WETTERICH’04)



Critical flavor number

� SU(3) “conformal phase” for (HG,JAECKEL’05)

Nf,cr = 10.0± 0.29(fermion) +1.55
−0.63 (gluon) . Nf < 16.5

� error analysis includes:
• check for truncation dependencies

(higher-derivative operators, higher-vertex operators, momentum dependencies, anomalous
dimensions, . . . )

• check for regulator and scheme dependencies



Chiral Phase Boundary T − Nf
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� fixed-point regime: critical exponent Θ

βg2 ' −Θ (g2 − g2
∗)

� shape of the phase boundary for Nf ' Ncr
f : (BRAUN,HG’05,’06)

Tc ∼ |Nf − Nf,cr|
1
|Θ| , Θ ' −0.60



Recent Results from the Lattice
� Nf = 8,Nc = 3 QCD is in the χSB phase:

(DEUZEMANN,LOMBARDO,PALLANTE’08; APPELQUIST,FLEMING,NEIL’08&’09)

(JIN, MAWHINNEY’09; FODOR,HOLLAND,KUTI,NOGRADI,SCHROEDER’09)

� Nf = 9(rooted staggered), Nc = 3 QCD is in the χSB phase:
(FODOR,HOLLAND,KUTI,NOGRADI,SCHROEDER’09)

� Nf = 12,Nc = 3 QCD is in the conformal phase:
(APPELQUIST,FLEMING,NEIL’08&’09; DEUZEMANN,LOMBARDO,PALLANTE’09)

=⇒ 9 < Nf,cr ≤ 12



Conclusions

� “conformal window” in many-flavor QCD:

Nf,cr ' 10− 12 ≤ Nf < 16.5 for SU(3)

. . . lessons on chiral structure
. . . quantum phase transition

. . . applications to walking technicolor
(DIETRICH ET AL.’06; TERAO ET AL.’07; SANNINO’09)

� universal aspects:

shape of the phase boundary⇐⇒ IR critical exponent

� functional RG for Γ[φ]

• systematic and consistent expansion schemes for QCD
• chiral symmetry X

• calculations “from first principles”





Chiral Criticality at Finite Temperature

� quark modes:

m2
T = m2

f + (2πT (n +
1
2

))2

=⇒ T -dependent

critical coupling:

αcr(T ) & αcr ' 0.85

(BRAUN,HG’05)


