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Quick review of the kinetic theory approach vs the 
diagramatic method for calculating transport coefficients

A diagramatic calculation of the shear viscosity in the meson gas in 
ChPT: unitarity, KSS bound, comparison with other results for the 
hadron gas, ...

Conclusions

Outline

A diagramatic calculation of the bulk viscosity in the meson gas in 
ChPT: trace anomaly, sum rules, comparison with other results, ...
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Fig. 6.3 Evolution of the f0(600)/σ pole at T = 0 for several nu-
clear densities controlled effectively by decreasing the pion decay con-
stant. The corresponding values for Fπ are indicated besides each pole.
When the pole crosses the threshold it splits into two virtual states, and
for higher densities one becomes a bound state

Fig. 6.4 Evolution of the ρ(770) pole at T = 0 for several nuclear
densities controlled effectively by decreasing the pion decay constant.
In this case, after crossing the threshold, the pole becomes a pair virtual
state–bound state at almost the same position

well as the influence of the in-medium evolution of reso-
nances on them.

7 General analysis of diagrams
for transport coefficients in ChPT

In the analysis of transport coefficients within ChPT, anal-
ogously to what happens in high-temperature quantum field
theory, we also find non-perturbative contributions, ∝ 1/Γ

(and Γ = O(p6)), due to the presence of pinching poles.
This would indicate that the standard ChPT power count-
ing, dictated by Weinberg’s formula (2.7), has to be modi-
fied in some way because otherwise, naively, diagrams with
a larger number of pinching poles would become more im-
portant as the temperature is lowered. We shall show that for
low temperatures, ladder diagrams are the most relevant, but

still perturbatively small in comparison to the leading order
given by the simple diagram of Fig. 7.1.

Again, the same topology arguments used in high-
temperature theories are a priori applicable for the ChPT
case, so we expect that the dominant contribution to trans-
port coefficients come from ladder and bubble diagrams. We
start by analyzing the spectral density corresponding to lad-
der diagrams. The spectral density of a generic diagram of
the form shown in Fig. 4.3 can be easily calculated in ITF
[17], and we obtain

lim
ω→0+

ρ(ω,0)

ω
= Cβ

∫
d3p

(2π)3

∫ ∞

−∞

dξ

2π
nB(ξ)

[
1 + nB(ξ)

]

× GR(ξ,p)GA(ξ,p)Λ1(ξ,p)Λ2(ξ,p),

(7.1)

where C is some combinatoric factor which depends on the
kind of external field we couple to the pion loop, and it
can be shown [18] that when considering a non-zero width
we can take the zero spatial-momentum limit from the be-
ginning. In the case of the simple diagram without rungs
of Fig. 7.1, and for some constant external insertions, at
T & Mπ we obtain that the spectral density behaves like
limω→0+ ρ(ω)/ω ∼ √

Mπ/T , indicating that there could
be important non-perturbative contributions from higher-
order diagrams (ladder diagrams with an arbitrary number
of rungs) in the low-temperature regime. In order to give
a first and naive estimation of the contribution at low tem-
peratures (T & Mπ ) from every diagram we assign a fac-
tor Y , that we expect to be of order Y1 ≡ √

Mπ/T for very
low temperatures, to each pair of lines sharing the same
four-momentum, and a factor X that we expect to be of or-
der X1 ≡ [Mπ/(4πFπ )]2 for very low temperatures, to any
other “ordinary” loop (X1 is the typical contribution from
a chiral loop). Therefore, according to this new counting,
the contribution from a ladder diagram with n rungs would
be of order O(XnYn+1), so ladder diagrams could in prin-
ciple become more important as we go down in tempera-
tures (where ChPT is expected to work better). Evidently,
the contribution from the simple diagram in Fig. 7.1 would
be of order O(Y ) instead of the O(X) estimation given by
Weinberg’s power counting. In order to verify this naive
counting we have explicitly performed [18] the resumma-
tion of all the ladder diagrams for T & Mπ and have found
that it corresponds to multiply the lowest-order result from
Fig. 7.1 by some constant factor. This is because the con-
tribution X from ordinary loops at very low temperatures is

Fig. 7.1 Leading-order
contribution to transport
coefficients for low
temperatures in ChPT. Double
lines represent pion propagators
with a non-zero thermal width

particle widthif         is smallEur. Phys. J. C (2009) 62: 37–54 43

Fig. 5.1 Leading-order
contribution to the pion width

relative speed. Up to energies of 1 GeV it can be shown [32]
that for ππ scattering only the channels IJ = 00,11,20 of
isospin-angular momentum are relevant, and then we can
make the approximation

σtot(s) = 32π

3s

∑

I,J

(2J + 1)(2I + 1)
∣∣tIJ (s)

∣∣2

! 32π

3s

[∣∣t00(s)
∣∣2 + 9

∣∣t11(s)
∣∣2 + 5

∣∣t20(s)
∣∣2]

, (5.4)

where tIJ (s) are the partial waves, so the total scattering
amplitude for ππ scattering is decomposed in terms of the
isospin-projected scattering amplitude, TI , and the partial
waves as

T (s, t) = 1
3

2∑

I=0

(2I + 1)
∣∣TI (s, t)

∣∣2
, (5.5)

with TI (s, t) ≡ 32π

∞∑

J=0

(2J + 1)tIJ (s)PJ (cos θ), (5.6)

and PJ being Legendre polynomials. Furthermore, in the 00
and 11 channels there appear the f0(600) and ρ(770) res-
onances, respectively. In order to deal properly with these
resonances within ChPT, we shall have to unitarize our scat-
tering amplitudes (see next section). The leading-order con-
tribution to the pion width is represented by the diagram in
Fig. 5.1. Cutting this diagram in order to extract its imagi-
nary part (the width) leads to the formula (5.2) with T (s, t)

being the pion–pion scattering amplitude. All the diagram-
matic calculation will be carried out in the Imaginary Time
Formalism (ITF) [27] which has the advantage of dealing
with the same fields, vertices and diagrams as the corre-
sponding vacuum field theory but with properly modified
Feynman rules.

6 Resonances

It is difficult for ChPT to deal with the resonances that ap-
pear in some of the scattering channels because the unitarity
condition

ŜŜ† = 1 ⇒ Im tIJ (s) = σ (s)
∣∣tIJ (s)

∣∣2
,

with σ (s) ≡
√

1 − 4M2
π/s, (6.1)

is not respected for high enough energy
√

s. This is because
the partial waves calculated in ChPT are essentially poly-
nomials in p (and logarithms): tIJ (s) = t

(1)
IJ (s) + t

(2)
IJ (s) +

O(s3), with t
(k)
IJ (s) = O(sk) and s = O(p2). In order to ex-

tend the range of applicability of the next-to-leading order
results for the partial waves calculated in ChPT we shall
unitarize them by means of the Inverse Amplitude Method
(IAM). The idea behind this method is essentially to con-
struct an expression for the scattering amplitude which re-
spects unitarity exactly and when expanded perturbatively
matches to a given order the standard ChPT expansion. The
construction of this amplitude can be justified more for-
mally by using dispersion relations [33–36]. According to
the IAM, the unitarized partial waves to order O(p4) are
given by

tU
IJ (s) = t

(1)
IJ (s)

1 − t
(2)
IJ (s)/t

(1)
IJ (s)

. (6.2)

Using this unitarization method, the f0(600) and ρ(770)

resonances that appear in the pion–pion scattering channels
IJ = 00,11 respectively are correctly reproduced for some
set of values of the low-energy constants l̄i (an overline de-
notes the renormalized low-energy constant; see (2.5)). In
addition to appearing as peaks in the scattering cross sec-
tion, resonances can also be identified as poles in the scatter-
ing amplitude after continued to the second Riemann sheet
(SRS). If t (I) denotes the analytical continuation of the scat-
tering amplitude off the real axis, then the scattering am-
plitude on the SRS, t (II), is defined by Im t (II)(s − i0+) =
Im t (I)(s + i0+), for s > 4M2

π . Therefore one has

t (II)(s) = t (I)(s)

1 − i2σ (s)t(I)(s)
. (6.3)

A resonance corresponds to a pole of t (II) in the lower half
complex plane, being the position of the pole related to the
mass and width of the resonance by spole = (MR − iΓR/2)2,
assuming that the resonance is a narrow Breit-Wigner one,
which in the case of the f0(600) is not a so good approxima-
tion. Since we work in the center of mass reference frame,
the mass and width obtained correspond to a resonance at
rest. In what follows, we shall fix the low-energy constants
to the values l̄1 = −0.3, l̄2 = 5.6, l̄3 = 3.4, l̄4 = 4.3, which
imply a mass and width at T = 0 for the f0(600)/σ res-
onance of Mσ = 441 MeV and Γσ = 464 MeV respec-
tively, and for the ρ(770) resonance Mρ = 756 MeV and
Γρ = 151 MeV.

If the pion gas is dilute enough, so only intermediate two-
pion states are relevant in the thermal bath, then we can de-
fine thermal scattering amplitudes as those calculated like
in the T = 0 case but using thermal propagators instead [37,

= O(1/λ2)

(ladder diagram) (bubble diagram)

dressed lines
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Chiral Perturbation Theory (ChPT)

U(x) χ!→ RU(x)L†

∈ SU(3)L∈ SU(3)R

χ ≡ SU(3)L × SU(3)R ≡ SU(3)V × SU(3)A −→ SU(3)V .

⇒ [QV
a ,φb] = ifabcφc , [QA

a ,φb] = gab(φ) .

10



L2 =
F 2

0

4
Tr{(∇µU)(∇µU)†}+

F 2
0

4
Tr{χU† + Uχ†} .

ChPT: lagrangians 11



D = 2 +
∑

n

Nn(n− 2) + 2L .
2 2

= O(p4)

p = E, |p|, T, M

ChPT: power counting 12
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σππ(s) ! 32π

3s

[
|t00(s)|2 + 9|t11(s)|2 + 5|t20(s)|2

]
.

here we can introduce the effect of resonances and medium evolution thereof

tIJ(s) ! t(1)IJ (s)

1− t(2)IJ (s;T )/t(1)IJ (s)
.

ChPT violates the unitarity condition for high p: S†S = 1⇒ Im tIJ(s) = σ(s)|tIJ(s)|2,
with σ(s) ≡

√
1− 4M2

π/s.

Because partial waves are essentially polynomials in p: tIJ(s) = t(1)IJ (s)+t(2)IJ (s)+O(s3) .

Gomez Nicola & Pelaez, PRD 65, 054009 (2002).
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The value of           near the phase transition  16

η(0)

s

3

easily determined using our model, the detailed calcula-
tion of ηHG and ηHS requires the knowledge about the
mean free paths of the different particles and resonances
in the thermal medium. In the non-relativistic approx-
imation, we can set 〈pi〉 = mi〈vi〉 =

√

8mi T/π in Eq.
(3). Note that HS with very large mi’s are more likely
to quickly decay. We assume that λi = τi 〈vi〉 where
τi ≡ 1/Γi = 1/(0.151 mi − 0.0583) GeV−1 is the inverse
of the decay width of the ith HS obtained from a lin-
ear fit to the decay widths of the known resonances in
the particle data book [23, 24, 34]. Our choice for λi

gives the largest mean free path associated with a given
state because it neglects any possible collisions that could
occur before it decays on its own. The inclusion of col-
lisions here would only shorten λi, which would further
decrease ηtot. Further studies of the relationship between
HS and η could be done, for instance, using the cross sec-
tions discussed in [35]. Substituting the results above in
we find that ηHS = 8T

∑

i niτi/3π. The remaining ratio
(η/s)HG has been computed in Refs. [16, 17, 18] using dif-
ferent models and approximations. Since our main goal
is to understand the effects of HS on (η/s)tot, here we
will simply use the values for (η/s)HG obtained in some
of these calculations to illustrate the importance of HS.
We chose to obtain (η/s)HG for a gas of pions and nu-
cleons from Fig. 5 in [16] and for a hadron resonance gas
with (constant) excluded volume corrections from [17].
Note that the results for η/s obtained from the calcu-
lation that included many particles and resonances [17]
are already much smaller than those found in [16] where
only pions and nucleons are considered. A linear extrap-
olation of the results in [16, 17] was used to obtain their
η/s values at high temperatures. One can see in Fig.
3 that (η/s)tot drops significantly around Tc because of
HS. This result is especially interesting because η/s in
the hadronic phase is thought to be too large (according
to viscous hydrodynamics calculations) to be compatible
with elliptic flow data. One can see that the contribu-
tions from HS should lower η/s to near the KSS bound.
Thus, the drop in η/s due to HS could explain the low
shear viscosity near Tc already in the hadronic phase. We
used Mmax = 20 GeV in the calculations shown in Fig.
3 but the results do not change significantly if Mmax is
increased by a factor of 4.

The large value of the trace anomaly near Tc observed
on the lattice has been used as an indication that ζ/s of
QCD may be large at the phase transition [36, 37]. This
is very different than at high temperatures where ζ/s is
predicted to be small [38]. This may have some interest-
ing phenomenological consequences such as the formation
of clusters at freeze-out [39]. Using the QCD sum rules
derived in [40], one can extract the (zero-momentum) Eu-
clidean correlator of the trace of the energy-momentum
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FIG. 3: η/s is shown for a gas of pions and nucleons [16] (up-
per dashed black line) and for a hadron resonance gas with
(constant) excluded volume corrections [17] (lower dashed
black line). An upper bound on the effects of HS on η/s
is shown in solid red lines. The blue band between the curves
is used to emphasize the effects of HS. The solid black line at
the bottom is the AdS/CFT lower bound η/s = 1/4π [6].
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FIG. 4: Estimates for ζ/s ≡ GE(0)/(9ω0 s) (ω0 = 1 GeV) for
a model that includes HS with 2 < m < 20 GeV (solid red
line) and 2 < m < 80 GeV (dotted-dashed blue line) and a
hadron gas model with m < 2 GeV (black dashed line).

tensor, θµ
µ, as follows

GE(0,0) =

∫

d4x 〈θµ
µ(τ,x)θν

µ(0,0)〉

= (T∂T − 4) (ε − 3p) (4)

The authors of Ref. [37] have argued that ζ can be ob-
tained via GE using πρ(ω,0)/9ω = ζω2

0/(ω2 + ω2
0) as an

ansatz for the small frequency limit of the 〈θθ〉 spectral
density at zero spatial momentum, ρ(ω,0). The parame-
ter ω0(T ) defines the energy scale at which perturbation
theory is applicable. The validity of this ansatz has been
recently studied in Refs. [41]. Here we assume that this
ansatz can at least capture the qualitative behavior of ζ
around Tc and we use it to estimate how HS change the
ζ/s close to Tc. The results for ζ/s ≡ GE(0)/(9ω0 s) are
shown in Fig. 4 where ω0 = 1 GeV. Note that while ζ/s
decreases near Tc for the hadron gas model with m < 2
GeV, when HS are included ζ/s increases close to Tc and
this enhancement does not vary much with Mmax.

In conclusion, a hadron resonance gas model includ-
ing all the known particles and resonances with masses
m < 2 GeV and also an exponentially rising level density

Noronha-Hostler,Noronha, & Greiner, arXiv: 0811.1571
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Trace anomaly, sum rules, and bulk viscosity

Ansatz: ω0 ∼ 1 GeV

〈·〉∗ ≡ 〈·〉T − 〈·〉0

∂νJν
dil = Tµ

µ =
β(g)
2g

Ga
µνGµν

a + (1 + γ(g))q̄Mq

17

vacuum energy density

Kharzeev & Tuchin, JHEP 0809:093,2008 Kharsch, Kharzeev & Tuchin, PLB 663, 217 (2008)
F. Karsch et al.: Hadron resonance mass spectrumand lattice QCD thermodynamics 553
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Fig. 2. The left-hand figure shows the energy density ε in units of T 4 calculated on the lattice with (2 + 1) quark flavors as a
function of the T/Tc ratio. The right-hand figure represents the corresponding results for the interaction measure (ε − 3P )/T 4.
The full lines are the results of the hadron resonance gas model that accounts for all mesonic and baryonic resonances
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Fig. 3. The transition temperature in 2- (filled squares) and 3-
(circles) flavor QCD versus mPS/

√
σ using an improved stag-

gered fermion action (p4-action). Also shown are results for
2-flavor QCD obtained with the standard staggered fermion
action (open squares). The dashed band indicates the uncer-
tainty on Tc/

√
σ in the quenched limit. The straight line is the

fit given in (13)

temperature obtained on the lattice for different quark
masses.

4 Quark mass dependence
of the QCD transition

We want to confront here the resonance gas model devel-
oped in the previous section with lattice results on the
quark mass dependence of the QCD transition tempera-
ture and use it to learn about the critical conditions near
deconfinement. Lattice calculations suggest that this tran-
sition is a true phase transition only in small quark mass
intervals in the light and heavy quark mass regime, re-
spectively. In a broad intermediate regime, in which the
pion mass changes by more than an order of magnitude,
the transition is not related to any singular behavior of
the QCD partition function. Nonetheless, it still is well

localized and is characterized by rapid changes of thermo-
dynamic quantities in a narrow temperature interval. The
transition temperature thus is well defined and is deter-
mined in lattice calculations through the location of max-
ima in response functions such as the chiral susceptibility.
A collection of transition temperatures obtained in calcu-
lations with 2 and 3 quark flavors with degenerate masses
is shown in Fig. 3. The main feature of the numerical re-
sults which we want to explore here is that the transition
temperature varies rather slowly with the quark mass. In
[17] the almost linear behavior has been described by the
fit

(
Tc√
σ

)

mPS/
√

σ

= 0.4 + 0.04(1)
(

mPS√
σ

)
, (13)

which also is shown in Fig. 3. For pion masses mPS ∼ (6–
7)

√
σ # 2.5 GeV the transition temperature reaches the

pure gauge value, Tc/
√

σ # 0.632(2) [27].
We note that all numerical results shown in Fig. 3 do

correspond to quark mass values in the crossover regime.
Also the resonance gas model formulated in the previous
section does not lead to a true phase transition. We thus
may ask what the conditions in a hadron gas are that trig-
ger the transition to the plasma phase. Using the hadron
gas with a quark mass dependent hadron mass spectrum
and including the same set of 1026 resonances which have
been included in other phenomenological calculations [5,
6] we have constructed resonance gas models for 2- and 3-
flavor QCD, respectively. In the former case we eliminate
all states containing strange quarks whereas in the latter
case we assigned to meson states containing strange parti-
cles the corresponding masses of non-strange particles, e.g.
kaons have been replaced by pions etc. With these reso-
nance gas models we have calculated the energy density at
the transition temperature. We use Tc = 175 (15) MeV for
2-flavor QCD and Tc = 155 (15) MeV for 3-flavor QCD, re-
spectively. For the energy densities at the transition point

Kharsch et al., 03*
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Fig. 1. Feynman graphs occurring in the low temperature expansion of the partition function to order 

T 8. The numbers attached to the vertices refer to the piece of the effective lagrangian they come from: 

the symbol U '  e.g. denotes a vertex generated by L ~4). Vertices associated with the leading term L t2) are 
represented by a dot. 

Us ing  this relation, one obtains 

z6a = 3 M 2 ( G  )2 /8F2  

Zsa = - 25MZ(G1)3/48F 4. 

(2.6) 

(2.7) 

The  three-loop graph 8b involves an integral over the torus T defined by - i l l 2  <~ 

X 4 ~ j ~ / 2 ,  

c2 = fTddx I t (x)]  2. (2.8) 

This integral can be expressed in terms of the derivative of  the propagator  with 

respect  to the mass 

G 2 

In  terms of  this quantity,  we have 

dG 1 

d M  2 . (2.9) 

z,b = M2( G1)2(8Ga - 3MZG2)/16F 4. (2.10) 

〈Tµ
µ 〉T = T 5 d

dT

(
P

T 4

)

O(T 6)

O(T 8)

T (MeV)

O(T 8), mq = 0

O(T 6)

O(T 8)

(i) the low temperature regime, which in the vicinity of the
transition temperature often is compared with the physics
of a resonance gas and which at lower temperatures is
sensitive to properties of the hadron spectrum controlled
by chiral symmetry breaking; (ii) the genuine nonpertur-
bative physics in the transition region and at temperatures
above but close to the crossover region which is probed
experimentally at RHIC and presumably is a still strongly
interacting medium with a complicated quasiparticle struc-
ture; and (iii) the high temperature regime, which even-
tually becomes accessible to resummed perturbative
calculations. In numerical calculations on a lattice these
three regimes also deserve a separate discussion as discre-
tization effects influence lattice calculations in these re-
gimes quite differently. Before proceeding to a calculation
of other bulk thermodynamic observables we therefore will
discuss in the following three subsections properties of
!!" 3p#=T4 in three temperature intervals: (i) T &
200 MeV or T & Tc, (ii) 200 MeV & T & 300 MeV or
1:0 & T=Tc & 1:5 and (iii) T * 300 MeV or T * 1:5Tc.

1. Trace anomaly at low temperatures

In Fig. 6 we show the low temperature part of !!"
3p#=T4 obtained from our calculations with the p4fat3
action on lattices with temporal extent N" $ 4 and 6 and
spatial size N#=N" $ 4. We compare these results with
calculations performed with the asqtad action [11] for
N" $ 6. These latter calculations have been performed
on lattices with smaller spatial extent, N#=N" $ 2, and
results are based on lower statistics. These calculations are,
however, consistent with our findings. We also note that
results obtained for two different values of the lattice cut-
off, N" $ 4 and 6, are compatible with each other.

In the transition region from high to low temperature it is
generally expected that thermodynamic quantities can be
described quite well by a hadron resonance gas (HRG) [6];
the freeze-out of hadrons in heavy ion experiments takes

place in this region and observed particle abundances are,
in fact, well described by a HRG model [30]. Also a
comparison of lattice results for the EOS with heavier
quarks with a resonance gas model Ansatz was quite sat-
isfactory [31] but required the use of a suitably adjusted
hadron mass spectrum. As we now can perform lattice
calculations with almost physical quark mass values a
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temperature obtained on the lattice for different quark
masses.

4 Quark mass dependence
of the QCD transition

We want to confront here the resonance gas model devel-
oped in the previous section with lattice results on the
quark mass dependence of the QCD transition tempera-
ture and use it to learn about the critical conditions near
deconfinement. Lattice calculations suggest that this tran-
sition is a true phase transition only in small quark mass
intervals in the light and heavy quark mass regime, re-
spectively. In a broad intermediate regime, in which the
pion mass changes by more than an order of magnitude,
the transition is not related to any singular behavior of
the QCD partition function. Nonetheless, it still is well

localized and is characterized by rapid changes of thermo-
dynamic quantities in a narrow temperature interval. The
transition temperature thus is well defined and is deter-
mined in lattice calculations through the location of max-
ima in response functions such as the chiral susceptibility.
A collection of transition temperatures obtained in calcu-
lations with 2 and 3 quark flavors with degenerate masses
is shown in Fig. 3. The main feature of the numerical re-
sults which we want to explore here is that the transition
temperature varies rather slowly with the quark mass. In
[17] the almost linear behavior has been described by the
fit

(
Tc√
σ

)

mPS/
√

σ

= 0.4 + 0.04(1)
(

mPS√
σ

)
, (13)

which also is shown in Fig. 3. For pion masses mPS ∼ (6–
7)

√
σ # 2.5 GeV the transition temperature reaches the

pure gauge value, Tc/
√

σ # 0.632(2) [27].
We note that all numerical results shown in Fig. 3 do

correspond to quark mass values in the crossover regime.
Also the resonance gas model formulated in the previous
section does not lead to a true phase transition. We thus
may ask what the conditions in a hadron gas are that trig-
ger the transition to the plasma phase. Using the hadron
gas with a quark mass dependent hadron mass spectrum
and including the same set of 1026 resonances which have
been included in other phenomenological calculations [5,
6] we have constructed resonance gas models for 2- and 3-
flavor QCD, respectively. In the former case we eliminate
all states containing strange quarks whereas in the latter
case we assigned to meson states containing strange parti-
cles the corresponding masses of non-strange particles, e.g.
kaons have been replaced by pions etc. With these reso-
nance gas models we have calculated the energy density at
the transition temperature. We use Tc = 175 (15) MeV for
2-flavor QCD and Tc = 155 (15) MeV for 3-flavor QCD, re-
spectively. For the energy densities at the transition point
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FIG. 2. Upper panels: Bulk viscosity, scaled by the energy
density, is displayed for the linear σ model. Peak at Tc is due to
the σ field’s inability to reach equilibrium, while the peak at low
energy density is due to falling away from equilibrium. Viscous terms
are larger and sharper for couplings close to the critical coupling
(gc = 3.554). Lower Panel: For a Bjorken expansion (∇ · u = 1/τ ),
pressure is plotted alongside the Navier-Stokes expression, Tii =
P − B∇ · u. Since the Navier-Stokes expression and the linear
response approximation are only valid for small, linear changes to
the stress-energy tensor, the dynamics of the mean field should be
handled explicitly if the corrections are large, as in the lower left-hand
panel.

hydrodynamics. We expect Israel-Stewart [13–17] equations
for hydrodynamics to result in moderated effects compared
to Navier-Stokes, though they should give identical results
if the corrections are modest. If the effects are also large
in Israel-Stewart solutions, one should consider treating the
dynamics of the mean field explicitly along the lines of [11],
where the equations of motion for hydrodynamics and for the
the mean field were solved in parallel.

IV. SUMMARY

The simplicity of the Kubo relations, Eqs. (7) and (8),
masks the wide variety of physical sources of viscosity. The
one common aspect of the various sources is that nonzero
equilibration times or nonzero interaction ranges can always
be identified. We focused on bulk viscosities associated with
the chiral transition. In general, one would expect such
effects whenever a system needs to rapidly rearrange its basic
structure. In this sense, these effects have much in common
with supercooling or hysteresis. In the case of a first-order
transition where supercooling occurs, the departure from
equilibrium is not proportional to the rate at which the system is
changing, and the language of Navier-Stokes hydrodynamics
is inappropriate.

The peaking of the bulk viscosity near Tc is in stark contrast
to the behavior of the shear viscosity for many fluids, which
comes to a minimum near Tc [18]. In Ref. [18], convincing
physical arguments are presented that the shear viscosity for

the deconfinement transition also comes to a minimum near
Tc. If the source of the viscosity is mainly due to the system’s
failure to equilibrate a scalar quantity such as the σ field, one
physically expects the singularity to be confined to the bulk
viscosity. However, it is of interest that models of binary fluids
also make predictions of a singularity in the shear viscosity
near Tc as described in [19], where physical arguments are
made by thermodynamically linking the diverging correlation
length to a divergence in viscous forces. One lesson from the
study of critical phenomena is that critical exponents inferred
from mean-field models like those discussed here will likely
be incorrect, even though the qualitative behavior might be
well reproduced.

The implications for dynamics should be that the matter
accelerates more quickly because of the higher gradients in Txx

that occur when the interior energy density is above the critical
region. Once the matter flows into the viscous region of energy
densities, there should be a slowing down and a reduction of
surface emission. This trend would be in the right direction to
explain identical-pion correlation measurements which show
a rapid expansion with a sudden disintegration [20], but the
potential magnitude of the effects are not yet known.

Finally, we reemphasize that if one were to solve for
the evolution of the mean fields or chemistry while solving
the hydrodynamic evolution equations, one could forego
incorporating these effects through the viscosity coefficients.
If the stress-energy tensor is strongly affected, the proper
conclusion may be that rather than absorbing these effects
into viscous hydrodynamics, one should treat nonequilibrated
degrees of freedom explicitly. For instance, the dynam-
ics of the σ field can be calculated in parallel with the
hydrodynamic equations of motion as done in [11], though
it would be important to incorporate damping effects, which
were neglected there. Furthermore, chemical nonequilibration
might be accounted for by solving for the time evolution of
chemical abundances, then expressing the pressure in terms of
the resulting nonequilibrated densities.
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APPENDIX A: EQUIVALENCE BETWEEN
DAMPED HARMONIC OSCILLATOR AND

MEAN FIELD EQUATIONS

The differential equations for the harmonic oscillator and
for the Klein-Gordon equations,

m
d2x

dt2
= −γ

dx

dt
− k(x − x0(t)) + F (t),

(A1)
d2σ

dt2
= −$

dσ

dt
− m2

σ (σ − σeq) + F (t),

014901-5

〈Tµ
µ 〉∗

T 4

ζ ∝ Γσ

m2
σ

βP =
∑

i



B(1)
i ξi + B(2)

i ξ2
i +

∑

j≥i

Bintξiξj + . . .




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minimal value of about !c2s"min ’ 0:09 that is reached at
! * !1–2" GeV=fm3. The dependence of p=! on the en-
ergy density can be parametrized in the high temperature
region with a simple Ansatz [35],

 

p
!

# 1

3

!
C$ A

1% B!fm3=GeV

"
; (32)

which then also allows a simple calculation of the velocity
of sound, using Eq. (31). We find that the above parame-
trization yields a good fit of the N" # 6 data in the interval
1:3 & !1=4=!GeV=fm3"1=4 & 6 with a #2=dof of 1.3. For
the fit parameters we obtain, C # 0:964!5", A # 1:16!6"
and B # 0:26!3". This fit and the resulting velocity of
sound are also shown in Fig. 9 (right).

At energy densities below ! ’ 1 GeV=fm3 the lattice
calculations indicate a rise of p=! as expected in hadron
resonance gas models. However, the current resolution and
accuracy of lattice calculations in this regime clearly is not
yet sufficient to allow for a detailed comparison between
both.

As pointed out in Sec. II the nonperturbative vacuum
condensates of QCD show up at high temperature as
powerlike corrections to temperature dependence of the
trace anomaly and consequently also to pressure and en-
ergy density. These vacuum condensate contributions drop
out in the entropy density which is shown in Fig. 10. It thus
is an observable most suitable for comparisons with (re-
summed) perturbative calculations [15]. Like energy den-
sity and pressure, the entropy also deviates from the ideal
gas value by about 10% at T ' 4Tc.

We note that for T & 2Tc the results obtained with the
asqtad action [11] for the entropy density are in good
agreement with the results obtained with the p4fat3 action,
although at least in the high temperature limit the cutoff
dependence of both actions is quite different. This suggests
that at least up to temperature T ’ 2Tc nonperturbative
contributions dominate the properties of bulk thermody-
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Thus, one can solve ζ variationally, i.e., finding an ansatz A(p)
that gives the biggest ζ .

It is known that if one uses the ansatz A(p) = a1 + a2Ep,
then it will not contribute to the 2 → 2 scattering on the
right-hand side of Eq. (18) (the a2 terms cancel by energy
conservation). In fact, this ansatz will not contribute to
all the particle-number-conserving processes but can con-
tribute to particle-number-changing processes, such as 2 ↔ 4
scattering, which we have not shown. As we know from
Eqs. (18) and (23), ζ is proportional to the size of A(p) that is
inversely proportional to rate of scattering. Thus, if the 2 → 2
scattering has a bigger rate than the 2 ↔ 4 scattering, then
this ansatz gives a bigger ζ by bypassing the faster 2 → 2
scattering. In φ4 theory, it was found that ζ is indeed set
by the 2 ↔ 4 scattering [34]. However, in perturbative QCD
(PQCD), the soft particle-number-changing bremsstrahlung is
faster than the 2 → 2 scattering [28]. Thus, ζ is governed by
2 → 2 scattering.

In the case with massless pions, however, 2 → 2 scattering
is still the dominant process. Although using the ansatz
A(p) = a1 + a2Ep, the δT00 = 0 constraint in Eq. (21) de-
mands a1/a2 = 0 because np ∝ 1/p as p → 0. Because A(p)
parametrizes a small deviation of fp away from thermal
equilibrium, a1/a2 = 0 gives a1 = 0 instead of a2 → ∞ and
a1 finite. Thus, to maximize ζ , we uses the ansatz A(p) =
a2Ep + a3E

2
p + · · · without the a1 term. The point is, 2 → 2

scattering cannot be bypassed and it will be the dominant
process in our calculation.

To compute ζ , it is easier to eliminate the (1 + g1) term in
Eq. (20) using Eq. (21):

δTii = −gπ

∫
d3p

(2π )3Ep

{
δfp

[
4g2 + g3

β2

]

+ fp

[
4δg2 + δg3

β2

]}
. (25)

Note that g2 and g3 terms at O(T 4/(4πfπ )4) arise from three-
loop diagrams and from two-loop diagrams with insertions
of higher-order counterterms and each loop integral has
one power of fp in the integrand. Thus, we will make
an approximation here to assume the (4δg2 + δg3) term is
proportional to the δfp term with a proportional constant
(l − 1), where l means the power of fp (or the number of
loops) in Tii . Because l is between 2 and 3, we take the mean
value l = 2.5 and associate the uncertainty of l to the error
estimation of ζ . Thus,

ζ = −gπ lc

3β

∫
d3p

(2π )3

1
Ep

np(1 + np)A(p). (26)

Note that A(p) ∝ g−1
π ( 1

3 − v2
s )f 4

π from Eq. (18). Thus, for
massless pions,

ζ = hl (ε − 3P)
(

1
3

− v2
s

)
f 4

π

T 5
, (27)

where T 5 is given by dimensional analysis and h is a
dimensionless constant. To find the numerical solution for h,
we neglect the higher-order g1−3 terms in Eq. (21) and use the

T/TC

s

FIG. 1. (Color online) ζ/s shown as a function of T/Tc. The
solid line below Tc is the massless pion gas result [Tc & 200 MeV
and l = 2.5, explained below Eq. (20), are used]. The error on this
curve is estimated to be 30–40%. The points are the lattice results
for gluon plasma [33]. The solid and dashed lines above Tc give the
central values and the error band from the QGP sum rule result of
Ref. [32].

ansatz A(p) =
∑m

n=1 cnp
n. We find

h & 65. (28)

Using the χPT result of Ref. [37] for ε and P , we obtain

ζ & 0.15
(

l

2.5

) (
ln

(p

T
− 1

4

) (
ln

(p

T
− 3

8

)
T 7

f 4
π

, (29)

where (p & 275 MeV. As expected, the bulk viscosity
vanishes as fπ → ∞ or when the coupling between pions
vanishes.

The leading-order contribution for pion entropy density s
is just the result for a free pion gas:

s = 2π2gπ

45
T 3. (30)

The dimensionless combination ζ/s is shown in Fig. 1.
The solid line below Tc is the leading-order massless pion gas
result {we have used l = 2.5, explained below Eq. (20), and
the lattice result, Tc & 200 MeV, for 2 + 1 flavors of improved
staggered fermion as an estimation [39]}. The error on this
curve is estimated to be 30–40% from l and higher-order
corrections. But the monotonic increasing behavior should
be robust. The solid points are the lattice results for gluon
plasma [33]. The QGP curves above Tc (the solid line gives
the central values and the dashed lines give the estimated
errors) are based on an exact sum rule, a lattice result for
the equation of state, and a spectral function ansatz with
massive quarks [32]. Because the light quark mass dependence
in the QGP curve is expected to be small, Fig. 1 shows that,
in the chiral limit, QCD ζ/s reaches its maximum while η/s
reaches its minimum around Tc as mentioned above. The same
ζ/s behavior is also seen in molecular-dynamics simulations
of Lennard-Jones model fluids [45].

A recent massive pion gas calculation shows that ζ has two
peaks [41]; one is near 10 MeV and the other is near Tc. They
are corresponding to breaking of the conformal symmetry by
the pion mass and the anomaly, respectively. The behavior
near the higher temperature peak is similar to what we have
found here for the massless pion case. It is also similar to the
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