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3

discrepancies of experiment 
and theory ~ 2�

Figure 1. Standard model predictions of aµ by several groups
compared to the measurement from BNL (taken from [5]).

momentum) is

ω⃗a = ω⃗S − ω⃗C

= − q
m

[
aµB⃗ −

(
aµ −

1
γ2 − 1

) β⃗ × E⃗
c

]
(1)

The experimentally measured numbers are the muon
spin frequency ωa and the magnetic field, which is mea-
sured with proton NMR, calibrated to the Larmor preces-
sion frequency, ωp, of a free proton. The anomaly is re-
lated to these two frequencies by

aµ =
ω̃a/ω̃p

λ − ω̃a/ω̃p
=

R
λ − R

, (2)

where λ = µµ/µp = 3.183345137(85) (determined exper-
imentally from the hyperfine structure of muonium), and
R = ω̃a/ωp . The tilde over ωa means it has been cor-
rected for the spread in the beam momentum (the so-called
electric-field correction) and for the vertical betatron os-
cillations which mean that β⃗ · B⃗ ! (the so-called pitch cor-
rections): these are the only corrections made to the mea-
surement. The magnetic field in Eq. (1) is an average that
can be expressed as an integral of the product of the muon
distribution times the magnetic field distribution over the
storage region. Since the moments of the muon distribu-
tion couple to the respective multipoles of the magnetic
field, either one needs an exceedingly uniform magnetic
field, or exceptionally good information on the muon or-
bits in the storage ring, to determine < B >µ−dist to sub-
ppm precision. This was possible in E821 where the un-
certainty on the magnetic field averaged over the muon
distribution was 170 ppb (parts per billion). The coeffi-
cient of the β⃗ × E⃗ term in Eq. (1) vanishes at the “magic"
momentum of 3.094 GeV/c where γ = 29.3. Thus aµ can
be determined by a precision measurement of ωa and B.

At this magic momentum, the electric field is used only
for muon storage and the magnetic field alone determines
the precession frequency. The finite spread in beam mo-
mentum and vertical betatron oscillations introduce small
(sub ppm) corrections to the precession frequency. These
are the only corrections made to the measurement.

The experiment consists of repeated fills of the stor-
age ring, each one introducing an ensemble of muons into
a magnetic storage ring, and then measuring the two fre-
quencies ωa and ωp. The muon lifetime is 64.4 µs, and the
data collection period is typically 700 µs. The g-2 preces-
sion period is 4.37 µs, and the cyclotron period ωC is 149
ns.
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Figure 2. Distribution of electron counts versus time for 3.6
billion muon decays from the E821 experiment. The data are
wrapped around modulo 100 µs [10].

Because of parity violation in the weak decay of the
muon, a correlation exists between the muon spin and the
direction of the high-energy decay electrons. Thus as the
spin turns relative to the momentum, the number of high-
energy decay electrons is modulated by the frequency ωa,
as shown in Fig. 2. The E821 storage ring was constructed
as a “super-ferric” magnet, meaning that the iron deter-
mined the shape of the magnetic field. Thus B0 needed to
be well below saturation and was chosen to be 1.45 T. The
resulting ring had a central orbit radius of 7.112 m, and
24 detector stations were placed symmetrically around the
inner radius of the storage ring. The detectors were made
of Pb/SciFi electromagnetic calorimeters which measured
the decay electron energy and time of arrival. The de-
tector geometry and number were optimized to detect the
high energy decay electrons, which carry the largest asym-
metry, and thus information on the muon spin direction
at the time of decay. In this design many of the lower-
energy electrons miss the detectors, reducing background
and pileup.

3 The Fermilab experiment
The E989 experiment at Fermilab plans to measure aµ to
an uncertainty of 16×1011 (0.14 ppm), derived from a 0.10
ppm statistical error and roughly equal 0.07 ppm system-
atic uncertainties on ωa and ωp.
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A. Anastasi (2017), DOI 10.1051/epjconf/201714201002. 
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1. Transition Formfactor

SU(3) flavor 
anomaly
ADLER, BELL, 
JACKIW, 1969

�µ⇡0

⇤µ⌫(Q,Q0) = e2
F (Q2, Q02)

4⇡2f⇡
"µ⌫↵�Q0↵Q�

The Tensor decomposition is given by

From the anomaly we know

F (0, 0) = 1

�(⇡0 ! ��) = 7.77eV

Experimental value 

�
exp

(⇡0 ! ��) = 7.8eV

++

⇤µ⌫ = h�µ�⌫ |⇡0iTransition form factor (TFF)

Want to know TFF for all kinematic regions
 in        and        (photon momenta)Q2 Q02



Esther Weil JLU GiessenElectromagnetic decay of the neutral pion 

/27

Thu, 01.06.17

space-like region:                         
singly-virtual limit for large     ,          
which is measured in experiment.

symmetric limit                  for the 
rare decay    

time-like region:                         
contains physical singularities, feels 
enhancement of the vector-meson 
poles.

Q2 > 0 , Q02 > 0

Q2 < 0 , Q02 < 0

Q2 = Q02

(⇡0 ! e+e�)
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What can we access using the 
Dyson-Schwinger formalism?
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2.Dyson-Schwinger Formalism

We need these building blocks

Quark propagator

Pion amplitude

Quark-photon vertex

The Dyson-Schwinger approach



Esther Weil JLU GiessenElectromagnetic decay of the neutral pion 

/27

Thu, 01.06.17

8

Dyson-Schwinger equation (DSE)
for the quark propagator:

(a) Perturbative meaning Are these included?

(b) non-perturbative origin 

effective action 
'(x) ! '(x) + "(x)

The invariance of the action under

DSE
��['̃]

�'̃(x)
=

�

�'

S


'̃(x) +

Z

y

�00['̃]�1
xy

i�

�'̃(y)

�

�['̃] = ln(Z[J ]) +

Z

x

'̃(x)J(x)

2.Dyson-Schwinger Formalism

S(p)�1 S0(p)
�1 ⌃(q)

Dµ⌫(k)

�⌫(q, k)

k
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(c)

quark propagator : DSE

meson amplitude : hom. BSE

vertex : inhom. BSE

T
x1

x2

x3

x4

x1

x2 x4

� �

x3

1

P 2 �M2
�

�1

=
�1

+
S(p)�1 S0(p)

�1

Dµ⌫(k)

�⌫(q, k)

⌃(q)

k

= �� P

K

qp

q+

q�
+=

�µ(p, P ) �µ
K

P

9

Bethe-Salpeter(BSE) equation 
for a bound-states (meson):

inhomogeneous BSE for 
quark-photon vertex (QPV):

2.Dyson-Schwinger Formalism

• 12 tensor structures 

• 4 tensor structures

(a) (b)

(c)

quark propagator : DSE

meson amplitude : hom. BSE

vertex : inhom. BSE

T
x1

x2

x3

x4

x1

x2 x4

� �

x3

1

P 2 �M2
�

�1

=
�1

+
S(p)�1 S0(p)

�1

Dµ⌫(k)

�⌫(q, k)

⌃(q)

k

= �� P

K

qp

q+

q�
+=

�µ(p, P ) �µ
K

P

(a) (b)

(c)

quark propagator : DSE

meson amplitude : hom. BSE

vertex : inhom. BSE

T
x1

x2

x3

x4

x1

x2 x4

� �

x3

1

P 2 �M2
�

�1

=
�1

+
S(p)�1 S0(p)

�1

Dµ⌫(k)

�⌫(q, k)

⌃(q)

k

= �� P

K

qp

q+

q�
+=

�µ(p, P ) �µ
K

P K
P

K

• Vector meson poles are included directly in the QPV through solving the BSE 

quark propagator 
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infinite set of coupled 
integral equations

Rainbow-ladder truncation

Truncate, but how?

Quark self-energy          and the quark-anti-quark 
kernel      are related through an identity (AVWTI)

⌃(q)
K

to ensure chiral symmetry, we need 
to choose accordingly 

2.Dyson-Schwinger Formalism

S(p)�1 S0(p)
�1 ⌃(q)

Dµ⌫(k)

�⌫(q, k)

k

⌃(q)

Dµ⌫(k)

�⌫(q, k)

k

(c)

(b)

⇡

�

�

= + + +. . .

(a)

K=

RL

=@⌃

@S
⌃(q)

RL

Dµ⌫(k)

�⌫(q, k)

model : MT

= K =
@⌃

@S
=

/ ↵e↵(k)

⌃ =
@�

@S
=
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S(p)�1 S0(p)
�1 ⌃(q)

Dµ⌫(k)

�⌫(q, k)

k

Combine gluon with quark-gluon vertex:

effective coupling
Maris, Roberts,Tandy, PRC 56 (1997), PRC 60 (1999)

⇤ ⌘

↵(k2) = ↵IR(k
2/⇤2, ⌘) + ↵UV(k

2)

↵(k2)

 scale     is adjusted to observables, like      . 

 masses mu=md, ms from m  , mK

         from perturbation theory

 parameter    : band of results 

f⇡

⇡

⇤

⌘

↵UV

350 MeV

3 MeV

Bottom
Charm
Strange
Up/down
Chiral limit

Quark mass 
function [GeV]:
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⇡0

⇤µ⌫(Q,Q0) = e2
F (Q2, Q02)

4⇡2f⇡
"µ⌫↵�Q0↵Q�

We need these building blocks

Quark propagator

Pion amplitude

Quark-Photon vertex

2.Dyson-Schwinger Formalism

Ready to calculate form factor
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What can be done using the 
Dyson-Schwinger formalism?

and what are our limitations?
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symmetric limit for all 

asymmetric till 

Caveats: kinematic regions 
are limited by the poles of 
the different blocks

What can be done using the 
Dyson-Schwinger formalism?

and what are our limitations?

                  
Dispersion relation  

Lattice 

estimate of the continuum limit

 singly-virtual up to

M. Hoferichter et al.(2014), arXiv:1410.4691[hep-ph]

Q2 ⇠ 2GeV2

A. Geradin et al. (2016), arXiv:1508.07178 [hep-lat]
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15 3. Singly-virtual form factor

Scaling

ÂF (Q2, QÕ2) = ÷+ F (Q2, QÕ2)
4fi2f2

fi

j(Ê)⌘+ ! 1

j(0) =
2

3
asymmetric casesymmetric case

Brodsky-Lepage (BL) scaling limit tells us

is reproduced

j(1) = 1

⌘+ =
Q2 +Q02

2

! =
Q2 �Q02

2



Esther Weil JLU GiessenElectromagnetic decay of the neutral pion 

/27

Thu, 01.06.17

vv

15 3. Singly-virtual form factor

Scaling

ÂF (Q2, QÕ2) = ÷+ F (Q2, QÕ2)
4fi2f2

fi

j(Ê)⌘+ ! 1

j(0) =
2

3
asymmetric casesymmetric case

Brodsky-Lepage (BL) scaling limit tells us

Does the limit hold?

• Experimental data indicated scale 
violation 

• non-perturbative interaction 
missing? 

is reproduced

j(1) = 1

Â F
(Q

2 ,Q
Õ2

)
⌘+ =

Q2 +Q02

2

! =
Q2 �Q02

2

singly virtual form factor: F (0, Q2)
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Work around our limitations

For                        singularities from the 
quark propagator appear in the integrand 
making a direct calculation difficult.              

Q2 & 4GeV2
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16 3. Singly-virtual form factor

Work around our limitations

For                        singularities from the 
quark propagator appear in the integrand 
making a direct calculation difficult.              

Q2 & 4GeV2

• Calculation of the off-shell 
TFF and extrapolation 
to on-shell point. 

߱

ܳҍܳ’ҍ ݐ
ߪ

Ζߟ

Εߟ

onshell
pion

sym

as
ym

⌘+ =
Q2 +Q02

2
! =

Q2 �Q02

2
⌘� = Q ·Q0 t = �2/4

Extrapolation Fit:

= polynominal + pole
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Results ⌘+ =
Q2 +Q02

2

BL scaling limit is violated!

• TFF is sensitive to non-perturbative effects at every momentum range 
and generates natural correction to the BL limit. 

3. Singly-virtual form factor
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Rare Decay ⇡0 ! e+e�

Discrepancy between theory and experiment of 2�

A(t) ⇠

with  t0 = �m2
⇡/4

The branching ratio is given by

and the scalar amplitude 

�(⇡0)

BR
exp

(⇡0

e+e�) ⇡ 6.87(36)⇥ 10�8
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19 Rare Decay

Rare Decay ⇡0 ! e+e�

Discrepancy between theory and experiment of 2�

A(t) ⇠

with  t0 = �m2
⇡/4

The branching ratio is given by

and the scalar amplitude 

poles
�(⇡0)

BR
exp

(⇡0

e+e�) ⇡ 6.87(36)⇥ 10�8
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Rare Decay

poles

(b) Direct calculation 

(a) Dispersion relation (DR)

L.Bergström al.(2014), Phys Let. B126, 8117(19839)
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integration path in the complex plane  

(b) Direct calculation 

1. Using path deformation
 to calculate          directly.A(t)

• photon and lepton poles produce 
cuts in the complex      -plane:

• Euclidean integration form 0 to 1

t = (�1 + i)m2
⇡/4

Rare 
Decay
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21 Rare Decay

integration path in the complex plane  
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(b) Direct calculation 

1. Using path deformation
 to calculate          directly.A(t)

ݐ

ࡏߪ
ްߪ

Re ߪ

Im ߪ

(1)

(2)
(3)

(4)

0.010.00-0.01

-0.01

 0.00

 0.01

0.02 0.03

• photon and lepton poles produce 
cuts in the complex      -plane:

• Euclidean integration form 0 to 1

t = (�1 + i)m2
⇡/4

Rare 
Decay
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21 Rare Decay

integration path in the complex plane  
Photon poles                   
(opens at            )

Lepton pole 
(open at               )

(b) Direct calculation 

1. Using path deformation
 to calculate          directly.A(t)

• photon and lepton poles produce 
cuts in the complex      -plane:

technical challenge: cuts are almost 
congruent, due to the small electron mass

• Euclidean integration form 0 to 1

t = (�1 + i)m2
⇡/4

Rare 
Decay
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Results in the whole complex planeA(t)

• direct and dispersive calculation agree
• discrepancy: theory and experiment

Compare to former calculations:
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Summary

• Overview of the progress in calculation of the 
pions transition form factor using the DSE 
formalism. 

• New and interesting scaling results for singly-
virtual form factor. 

• Contour deformation to solve 1-loop diagram in 
Euclidean space. 
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Rare Decay
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Dispersion relations 
vs. direct calculation  

singly virtual
at large momenta

⇡0��⇤

⇡0�⇤�⇤

one photon on-shell
one off-shell 

Results 

- Thank you for your attention -
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and Reference therein 

http://arxiv.org/abs/arXiv:1704.06046
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Back-up
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we define for fixed ⌘+

26 3. Singly-virtual form factor

R(r) =
F (⌘+, ⌘�,!)

F (⌘+, ⌘�, 0)
r =

p
2!/⌘+

߱

Ζߟ

Εߟ

2/π
2m

ρ
2m

onshell
pion

pole ߩ

asymsym

⌘2� + !2 = ⌘2+r
2 =

symmetric result

⌘+ =
Q2 +Q02

2
! =

Q2 �Q02

2
⌘� = Q ·Q0 t = �2/4

ݎ 1.0 1.50.50.0
0.0

0.5

1.0

asym

)r(/R1

only polynomial

with vector-meson pole constraints

R(r) = polynominal + poleFit:

Extrapolation was checked 
against the direct calculation 
for Q2 . 4GeV2

More about the Extrapolation of the TFF
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3

2

1

0

[ҍܸ݁ܩ] Εߟ
10-2 100 102 104 106 108 1010

DSE (asym)
DSE (sym)

Belle
BaBar
CLEO
CELLO

DSE (asym)
DSE (sym)

Belle
BaBar
CLEO
CELLO

0

2.0

1.5

1.0

0.5

0.0
5 10 15 20

[ҍܸ݁ܩ] Εߟ

)2′, Q2Q(F̃

3

2

1

0

[ҍܸ݁ܩ] Εߟ
10-2 100 102 104 106 108 1010

DSE (asym)
DSE (sym)

Belle
BaBar
CLEO
CELLO

DSE (asym)
DSE (sym)

Belle
BaBar
CLEO
CELLO

0

2.0

1.5

1.0

0.5

0.0
5 10 15 20

[ҍܸ݁ܩ] Εߟ

)2′, Q2Q(F̃

Results ⌘+ =
Q2 +Q02

2

BL scaling limit is violated! VM pole is important 

• Fit = polynominal,  recovers the BL limit.
• Fit = polynominal + poles exceeds the BL limit. 
• TFF is sensitive to the vector-meson pole at every momentum range and 

generates natural correction to the BL limit. 

3. Singly-virtual form factor
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28

ݎ 1.0 1.50.50.0
0.0

0.5

1.0

asym

)r(/R1
only polynomial

with vector-meson pole constraints

Fit: = polynominal + pole

=  error band

R(r) =
F (⌘+, ⌘�,!)

F (⌘+, ⌘�, 0)

symmetric result

More about the Extrapolation of the TFF
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effective coupling

form factor

Wiggels in the singly-virtual
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30 Fit for form factor

⌘+ =
Q2 +Q02

2
! =

Q2 �Q02

2

:

uncertainty through variation of MT 
interaction + fit uncertainty. 

Compared to VMD & LMD+V
• agrees for symmetric and low 

asymmetric      .
• varies for large      .

A(v) Bi(v)
= ratio of polynominals with 12 fit parameters

• bare vertices

• Ball-Chiu vertex 

on-shell point 

on-shell point :

, 

A Fit for the TFF
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31 Rare Decay

Rare Decay

poles

(a) Dispersion relation (DR)

1. cutting the photon lines

2. once-subtracted dispersion relation

Re A(t) = A(0) + f(t)

3. Mellin-Barnes representation to
calculate          using                   :A(0) F (Q2, Q2)

A(0) ⇡ �5

4
+

3

2

Z 1

0
dx ln(4x)

d

dx

F (Q2
, Q

2)

Im ALO(t) =
⇡ ln �(t)

2�(t)
F (0, 0)

Q

2 = 4m2
xwithL.Bergström al.(2014), Phys Let. B126, 8117(19839)
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32 Dalitz Decays

Dalitz Decays ⇡0 ! 2e+2e�⇡0 ! �e+e�

In this region
F (Q2, Q02) ⇡ 1

•                     evaluated 
at time-like photon 
momenta 

F (Q2, Q02)

�m2
⇡ < Q2 < �4m2

e

• In our full calculation 

 

• Only bare QP vertices

 

• With Ball-Chiu

F (0, 0) = 0.29

F (0, 0) = 0.996

F (0, 0) = 0.86
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33 Dalitz Decays

⇡0�e+e�

⇡02e+2e�

Collaboration �⇡0!e+e�� [10
�11 GeV]

PDG 9.06(18)
Terschlüsen et al. 9.26
Hoferichter et al. 9.065

Our result 9.11(4)

Collaboration �⇡0!2e+2e� [10�13GeV]

PDG 2.58(12)
Terschlüsen et al. 2.68
Escribano et al. 2.62

Our result 2.63(1)

Dalitz Decays

Result in agreement with experiment
as expected since integrated region is not sensitive  
to the form factor structure 
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34

Bethe-Salpeter(BSE) equation 
for a bound-states (meson):

inhomogeneous BSE for 
quark-photon vertex :

(a) (b)

(c)

quark propagator : DSE

meson amplitude : hom. BSE

vertex : inhom. BSE

T
x1

x2

x3

x4

x1

x2 x4

� �

x3

1

P 2 �M2
�

�1

=
�1

+
S(p)�1 S0(p)

�1

Dµ⌫(k)

�⌫(q, k)

⌃(q)

k

= �� P

K

qp

q+

q�
+=

�µ(p, P ) �µ
K

P

G

four point function 

P 2 ! �m2
�

K+ += K K

2.Dyson-Schwinger Formalism

• decomposed  in into 12 
tensor structures 

• 4 basis components

� �̄
1

P 2 +m2
�

+ . . .

BSE

(a) (b)

(c)

quark propagator : DSE

meson amplitude : hom. BSE

vertex : inhom. BSE

T
x1

x2

x3

x4

x1

x2 x4

� �

x3

1

P 2 �M2
�

�1

=
�1

+
S(p)�1 S0(p)

�1

Dµ⌫(k)

�⌫(q, k)

⌃(q)

k

= �� P

K

qp

q+

q�
+=

�µ(p, P ) �µ
K

P

(a) (b)

(c)

quark propagator : DSE

meson amplitude : hom. BSE

vertex : inhom. BSE

T
x1

x2

x3

x4

x1

x2 x4

� �

x3

1

P 2 �M2
�

�1

=
�1

+
S(p)�1 S0(p)

�1

Dµ⌫(k)

�⌫(q, k)

⌃(q)

k

= �� P

K

qp

q+

q�
+=

�µ(p, P ) �µ
K

P K
P


