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Transition form factor A" = (v#~"|7%) (TFF)

\

The Tensor decomposition is given by

2 F(Q27 Q/Z)
1],

A(Q.Q) = ¢ ivad QP

L = y7) =777V

SU(3) flavor From the anomaly we know
l
anomaly F(0,0) = 1
ADLER, BELL,

0
Jackiw, 1969 for m, = 0 and on-shell photons Lexp(m™ = yy) = 7.8eV

Y 4 < '
) 4
7

Experimental value

Want to know TFF for all kinematic regions
in Q2 and Q'* (photon momenta)
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Transition form factor A" — <7u7v‘7r0>

T+ 2 YT

wetmmmstET

kinematic domains: N Q% + Q" QR* — Q"

space-like region: Q* >0, Q? >0
singly-virtual limit for large Q7
which is measured in experiment.
symmetric limit Q% = Q’* for the

rare decay (7" — ete™)

time-like region: Q2 <0, Q"% <0

contains physical singularities, feels

enhancement of the vector-meson

poles.

What can we access using the
Dyson-Schwinger formalism!?
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Transition form factor A" — <7“VV\7TO>

kinematic domains: Q*+ Q" Q° - Q"
N+ = 9 W = 9
Tm
Q" Q? space-like region: Q° >0, Q% >0
\

singly-virtual limit for large Q7
which is measured in experiment.

S symmetric limit Q% = Q’* for the
S rare decay (1’ — eTe™)

time-like region: Q2 <0, Q"% <0

contains physical singularities, feels
enhancement of the vector-meson

poles.

What can we access using the
Dyson-Schwinger formalism!?

6 /27 | . Transition Formfactor



Electromagnetic decay of the neutral pion Thu,01.06.17 Esther Weil JLU Giessen

Transition form factor A" — <7“VV\7TO>

kinematic domains: N Q% + Q" QR* — Q"

T+ 9 W = 9

wetmmmetlTT

space-like region: Q* >0, Q? >0
singly-virtual limit for large Q7
which is measured in experiment.
symmetric limit Q% = Q’* for the

rare decay (7" — ete™)

time-like region: Q2 <0, Q"% <0

contains physical singularities, feels
enhancement of the vector-meson

poles.

What can we access using the
Dyson-Schwinger formalism!?
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The Dyson-Schwinger approach

A"(Q,Q) = ¢’ F(gjg,]g&) el QP
. o
I
' Q

We need these building blocks )

Quark propagator
Pion amplitude

Quark-photon vertex

7 /27 2.Dyson-Schwinger Formalism
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Dyson-Schwinger equation (DSE) I

for the quark propagator: /%ff?l)uv(k)
—)—‘—)—_1 — > —1 _I_ FV(Q? k)
S(p)~ So(p) ™! %(q)
(a) Perturbative meaning Are these included?

el . WA AN e

(b) non-perturbative origin

effective action /} The invariance of the action under
(gl =WV + [ g@)i@) P g e

x )

DSE 555 = o5 o)+ [ Tl i

8 /27 2.Dyson-Schwinger Formalism
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Bethe-Salpeter(BSE) equation
for a bound-states (meson):

~ { e
p\ — K| (¢ | T

—/ 9}
k&,ﬁ;—quark propagator

inhomogeneous BSE for

e 4 tensor structures

quark-photon vertex (QPV): * 12 tensor structures
P {
YY) p— >\f\!\f\1 —|— IC>V\N\I
F,u (p7 P) /Y,u ~

* Vector meson poles are included directly in the QPV through solving the BSE

9 /27 2.Dyson-Schwinger Formalism
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Truncate, but how?

infinite set of cupled
integral equations

Quark self-energy >(q) and the quark-anti-quark
kernel /C are related through an identity (AYWTI)

Rainbow-ladder truncation  to ensure chiral symmetry, we need
to choose accordingly

—~
y D, (k ~03000n. e k
v oI’ B w( ) g;f#* kﬂv(j( @ ff( ) 3 Iy -
— aS — o I',(q, k) S % ]C — aS —
%(q) ~_
©/
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'5

o
-~

Combine gluon with quark-gluon vertex:

Maris, Roberts, Tandy, PRC 56 (1997), PRC 60 (1999)

effective coupling 10!

&(kZ) = aqr(k°/A%, 1) + OéUV(k2) 10 \

350 MeV

A=0.74 n=1854+0.2 10~

Quark mass

scale A is adjusted to observables, like /. 102
function [GeV]:

3 MeV

masses my=md, ms from m_ mg

== Charm
== Strange
== Up/down
== Chiral limit

@UV from perturbation theory

parameter 7) : band of results 10~
1072 10~' 10° 10" 10* 10°

11/27 2.Dyson-Schwinger Formalism
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2 F(Qza Q/Q)

praf NG
42 f . - @ ¢

A(Q,Q") =e

We need these building blocks

Quark propagator
Pion amplitude / Ready to calculate form factor

Quark-Photon vertex

12/27 2.Dyson-Schwinger Formalism
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— 0 o Results
yd .

» Singly virtual
4 at large momenta
| —one photon on-shell
one off-shell
\ Rare Decay

- mete Dispersion relations I

| vs. direct calculation L —
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What can be done using the
Dyson-Schwinger formalism!

and what are our limitations?
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What can be done using the
Dyson-Schwinger formalism!

and what are our limitations!?
=2,  Caveats: kinematic regions
< are limited by the poles of

the different blocks

symmetric limit for all ()

asymmetric till Q* ~ 4GeV?~

Dispersion relation
M. Hoferichter et al.(2014), arXiv:1410.4691[hep-ph]

Lattice

estimate of the continuum limit
A. Geradin et al. (2016), arXiv:1508.07178 [hep-lat]

ol singly-virtual up to ~ 2GeV?

14 /27 2.Dyson-Schwinger Formalism
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Scaling Brodsky-Lepage (BL) scaling limit tells us 7. = Q2+2Q/2
2 IRISSRsm———
()2 2 77—|—F(Q27Q/) N4 — 00 . T2
F(Q%,Q"7) = =y L2 (W) @
is reproduced
. Y 2 o .
symmetric case  j(0) = 3 asymmetric case j(00) =1

15 /27 3. Singly-virtual form factor
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-

_+ﬁ: (— violation

* non-perturbative interaction
missing?

2 12
Scaling Brodsky-Lepage (BL) scaling limit tells us 7. = £ ;Q
2 /2 e .
7 2 /2 77—|—F(Q 7@ ) N+ — 00 . Q2 — Q"
At ="l ooy )
m2
s SR
is reproduced 5
symmetric case j(0) = 3 asymmetric case j(00) = 1
|
 singly virtual form factor: F(0, Q2)
e f ! Does the limit hold?
01@ cE + —: | * Experimental data indicated scale
NQ) 10 — —_ %T_
=

05 1 -

00 ] i PR W (T S SR TR SHN NN T T T S S S S S| ]
0 5 10 15 20
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Work around our limitations

For Q2 > 4GeV? singularities from the
quark propagator appear in the integrand
making a direct calculation difficult.

16 /27 3. Singly-virtual form factor
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Work around our limitations

For Q2 > 4GeV? singularities from the
quark propagator appear in the integrand
making a direct calculation difficult.

A N+
B Q2‘|‘Q/2 B Q2_Q/2
N+ = 9 W = 9
n-=Q-Q  t=A%/4

* Calculation of the off-shell
TFF and extrapolation
to on-shell point.

/ l Extrapolation Fit:
w

F(Q*, Q") = polynominal + pole

onshell <

pion

16 /27 3. Singly-virtual form factor
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Results =
2.0 e 5 (L R B S BN B B R e R B B R 3 BERILALLL B B Rl N L L L Rl AL IRl R E R
e Belle ﬁ(Q2;Q/2) | e Belle I;I E:E E:;::;I)
15 B 7 CLEO . v CLEO

1.0

0.5

[ ] DSE (asym)
- — - DSE (sym)
0.0 L L L L | ) ) ) ) | ) ) ) ) | )
0 5 10 15 20
n. [GeV?] N, [GeV?]

* TFF is sensitive to non-perturbative effects at every momentum range
and generates natural correction to the BL limit.

BL scaling limit is violated!

17 /27 3. Singly-virtual form factor
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\ Rare Decay
C A = . . . ,
Te e Dispersion relations L
| < vs. direct calculation —
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BReoyp (0, ) ~ 6.87(36) x 10

Rare Decay 7' — eTe™ et e
Plscrepancy between theory and experiment of 20 '
-
571 @ Experiment (KTeV)
58 |
6.7 ]
o6 A(t) ~
8.5 |
64 | |
o3 | e Mlasu]an et al.
seK et al.

6.2 I N 6+
| ¢

s A M A

The branching ratio is given by

2 2
MeQem m?2 .
BR =2 < ) \/1 + ; |A(to)|? with to = —m?2 /4

T 1 0

and the scalar amplitude

. 15 (Z-A)2 - 32A% F(Q%,Q7)
_2w2t/d2 (p+¥)?2+m2  QQ7

Alt)

19 /27 Rare Decay
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Rare Decay ¥ — cte- BRexp (70— ) ~ 6.87(36) x 10~
Piscrepan;y bgtwegn thgory and experiment of 2¢0 I )
57 @ Experiment (KTeV) €
58
6.6 Y
5.5 } : A(t)
6'4' Masujan et al

_ asujan et al.
ii | : Husek et al. * ’ =
6.1 |

5

The branching ratio is given by

2 2
MeQem m?2 .
BR =2 < ) \/1 + ; |A(to)|? with to = —m?2 /4

T 1 0

and the scalar amplitude
/ — X2A% F(Q%Q7)
p+ Z +) Q’2 )

19 /27 Rare Decay
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Rare Decay A(¢) =

! /d4z (Z-A) —22A% F(Q*Q7)

22t (p+ 2)? + m? Q2 Q/Q
-
(a) Dispersion relation (DR)
e’ (b) Direct calculation

L.Bergstrom al.(2014), Phys Let. B126, 8117(19839)

20 /27 Rare Decay
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R 22A2 2 12
are Alt) — 27r2 dzZQ/dQ/dd) FQ°,Q7)

Decay (p+ 2 +mZ Q2 Q”
Im ¥*
- | T | (b) Direct calculation
( . .
. 1. Using path deformation
to calculate A(%) directly.
L e E ~
* Euclidean integration form 0 to o©
. * photon and lepton poles produce
oorr | | 1 L= (-1 +Z>mjf/4 ' cuts in the complex 2 -plane:
-0.01 0.00 Q.01 0.02 0.03
Re ¥°
------ integration path in the complex plane

21 /27 Rare Decay
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R 22A2 2 N2
are A() 27T2 d222/d0/d¢ (Q 7Q )

Decay (p+ 2 +mZ Q2 Q”
Im ¥*
- - (b) Direct calculation
L R : :
. 1. Using path deformation
/ \ to calculate A(%) directly.
000 | e ~
N, ,/ * Euclidean integration form 0 to 00
1 o  photon and lepton poles produce
oo | | o t=(1time/d cuts in the complex X°-plane:
-0.01 0.00 0.01 0.02 0.03
2
Re > Photon poles
------ integration path in the complex plane (opens at Y% = t)

21 /27 Rare Decay
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Rare > _x2A? (Qz,Q’2)
Decay Ale) = 27T2 > /de/d¢ p+2 +mZ  Q*Q7

Im Y*

0.01

, ' ' ' (b) Direct calculation

. . 1. Using path deformation
\ to calculate A(%) directly.

PSSP ————

0.00 -

' ’ * Euclidean integration form 0 to o©

* photon and lepton poles produce
001} t=(—1+14)m2/4

| | 1 A ~/* 1 cuts in the complex ¥“-plane:
-0.01 0.00 Q.01 0.02 0.03

Re Y2

Photon poles
------ integration path in the complex plane (opens at X% = t)

21 /27 Rare Decay



Electromagnetic decay of the neutral pion

Thu, Ol 06 |7 Esther Weil JLU Giessen

Rare
Decay

Im Y*

0.01

0.00 -

| |

t —

PSSP ————

(=1 +4)m?2/4

0.00 Q.01

Re Y2

0.02 0.03

integration path in the complex plane

2 A2 2 N2

p+2 2 QZQ’Q

(b) Direct calculation

1. Using path deformation
to calculate A(%) directly.

* Euclidean integration form 0 to o©

* photon and lepton poles produce
cuts in the complex X°-plane:

Photon poles
(opens at X% = ¢)

Lepton pole
(open at Y% = —t)

21 /27

Rare Decay
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Rare > _x2A? (QQ,Q’z)
Decay Ale) = 2772 > /de/d¢ p+2 +mZ  Q*Q7

Im Y*

(b) Direct calculation

0.01

- - = -
- = ® -

N\ P { 1. Using path deformation
/ N @ to calculate A(%) directly.

0.00

Y | ¢ Euclidean integration form 0 to 00
---" 5
/ 2 * photon and lepton poles produce
ooy | = CIHIm 4 1 euts in the complex Y2 -plane:
-0.01 0.00 0.01 0.02 0.03
2
Re 2 Photon poles
------ integration path in the complex plane (opens at X% = t)

Lepton pole
(open at Y% = —t)

21 /27 Rare Decay
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Electromagnetic decay of the neutral pion

Rare > _x2A? (Qz,Q’2)
Decay Al) = 27r2 i / de/ @ p+2 +mZ  Q?Q*
Im %°

0.01

oof—f—f———
001 f | t = (—1+14)m? /4
-0.01 | 0.00 Q.01 l 0.02 ‘ 0.0:
Re ¥°
------ integration path in the complex plane

technical challenge: cuts are almost
congruent, due to the small electron mass

(b) Direct calculation

1. Using path deformation
to calculate A(%) directly.

* Euclidean integration form 0 to o©

* photon and lepton poles produce
cuts in the complex X°-plane:

Photon poles
(opens at X% = ¢)

Lepton pole
(open at Y2 = —¢)

21 /27

Rare Decay
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P+
Results A(f) in the whole complex plane > e
ReA(t) [ .
e A
- e’
p_
e 000 Compare to former calculations:
RC:Q;’,””.-- """"""" e Collaboration B(nmY — ete ) [1079]
ImA() ‘(::_’"}/4 Experiment 6.87(36)
T T Dorokhov et al. (DR) 6.23(9)
Husek et al. (DR) 6.14(8)
Masjuan et al. (DR) 6.23(5)
Our result (DR) . 6.21(3)
Our result (direct) - 6.22(3)

) Trnit)

* direct and dispersive calculation agree v
* discrepancy: theory and experiment v
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sSummary

e Overview of the progress in calculation of the
pions transition form factor using the DSE
formalism.

¢ New and interesting scaling results for singly-
virtual form factor.

e Contour deformation to solve |-loop diagram in
Euclidean space.

23 /27 Summary
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- Thank you for your attention -

our papers
G. Eichmann et al. (2017), arXiv:1704.05774 [hep-ph].
E. Weil et al. (2017), arXiv:1704.06046 [hep-ph].

and Reference therein
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Back-up
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More about the Extrapolation of the TFF
_ 622 4 CQ/Q y 622 o 62/2

we define for fixed 7+ N+ 5 = 5
}%(T) — ZT(7I+777—-7QJ) . ::'V/§QJ/7]+ i -1-52_-5? —Q.-ZL-"
l7(77%-777—-7())
_% I 7734‘002:77_2&2:@
symmetric result f f
; > W
N+ i m,
%_ :
m2/2 | | " onshell
@, ' :
sym asym pion
V : p pole
0 .

Extrapolation was checked

against the direct calculation
with vector-meson pole constraints for Q2 g 4G6V2

26 /27 3. Singly-virtual form factor
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Results — 5
2.0 7 r +r +r 1 r r r rr 1 v v r rtv 1 T T T 1 3 BRLILALLL R B L L AL L L e L Ee L R L
e Belle ﬁ(Q27Q/2) 1 | e Belle |;| S:E (asym)
v CLEO - v CLEO (sym)

15 .

1.0

0.5

[ ] DSE (asym)
- — - DSE (sym)
0.0 L L L L | L L L L | L L L L | L L L L
0 5 10 15 20
n. [GeV?] N, [GeV?]

* Fit = polynominal, recovers the BL limit.
* Fit = polynominal + poles exceeds the BL limit.

* TFF is sensitive to the vector-meson pole at every momentum range and
generates natural correction to the BL limit.

BL scaling limit is violated! VM pole is important

27 127 3. Singly-virtual form factor
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More about the Extrapolation of the TFF

R(r) = |

= error band

F(77+>77—7W)
F(77+a77—70)

m R\/ symmetric result

28 /27
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Pion BSE

effective coupling

9 | | | | | | IB( 2)/f |
q A
8 | X& F1 X |
F2
F3
7 r F4 _
6 I _
5 i
& oF
L 3
3F _
e Belle
2+ i
v CLEO
1 L
0 | |
_1 | | | |
10*  10° 102 10*  10°

'S

k* [GeV?)

[ ] DSE (asym)
- — - DSE (sym)
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A Fit for the TFF

F(Q* Q")
Aw) +v(1 = 2%) Bi(v) (1 + Ba(v)2?)

70— AT

F(Q% Q%) =
A(U) Bi(v)

= ratio of polynominals with 12 fit parameters

)

uncertainty through variation of MT
interaction + fit uncertainty.

on-shell point :

(1 +v)? —v?22?

e bare vertices Fhare(0,0) = 0.29 : S 2
27 27 A = 3 2 2 .
. —_ : : i SRSt raerae, | -4
e Ball-Chiu vertex Fsc(0,0) = 0.86 WO e X s 10
s B ‘%‘Q‘;ﬂ‘ R N 2 "“«i?i'if“é,;f— -6
2| g X =
10 e _ SRR L
4 égg?‘;jwr T s, Qé - 1078
10 ] = y : T S P AT TR AT PR gt 25 ‘_‘y\x'
Compared toVMD & LMD+V . G o -
107 - R S e i
: - G R T
* agrees for symmetric and low 18— R, X <5
. | - R R AN
asymmetric QQ. \\j X L 0
10 3 S
. = A v
e varies for large . 10 0 VA
+ 10
10° ra
30 /27 Fit for form factor
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Rare Decay A(¢) =

1 [ 4o (Z-A)2 —X2A% F(Q?,Q7)
272t / T rm QrQT

(a) Dispersion relation (DR)

1. cutting the photon lines %( -----
LO m In~y(¢)
ot Im A“C(t) = 0 F(0,0)
2 . once-subtracte dlsper5|on relation
Re A(t) = A(0) + g0

5. Mellin-Barnes representation to

calculate A(0) using (Q2 Q%) :

AO) ~ -4 /O iz in(dz) = F(Q Q)

2
L.Bergstrom al.(2014), Phys Let. B126, 8117(19839) with Q = 4m X
31/27 Rare Decay
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0 — _
Dalitz Decays T —yele T — 2eT2e
e~ (p1) e (p1)
. F(Q* Q") evaluated 1
at time-like photon Q . i)
momenta e (p2) -
—m2 < Q% < —4m? 5T ! e (ps)
e’ (pa)
In this region @@y . In(our)full calculation
2 A2\ L 1.06 F(0,0) = 0.996
F(QaQ )Nl L 104 7
* Only bare QP vertices
F(0,0) =0.29
* With Ball-Chiu
F(0,0) =0.86

32 /27 Dalitz Decays
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Dalitz Decays @

Collaboration Lo yete—n (1071 GeV]

PDG 9.06(18)
Terschlusen et al. 9.26
Hoferichter et al. 9.065

Our result 9.11(4)

Result in agreement with experiment

as expected since integrated region is not sensitive
to the form factor structure

Collaboration I 0_9et9e— [10713GeV]

PDG 2.58(12)
Terschlusen et al. 2.68
Escribano et al. 2.62
Our result 2.63(1)

33 /27 Dalitz Decays
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Bethe-Salpeter(BSE) equation
for a bound-states (meson):

—> —> ——
< <« ——

four point function _ x
P? — —mj
> 4 -
inhomogeneous BSE for * 4 basis components

quark-photon vertex :
L
— >\,\,\,\, + D\N\‘ * decomposed ininto 12
T.(p, P) Y tensor structures
K

34 /27 2.Dyson-Schwinger Formalism




