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Precision spectroscopy of 
molecular hydrogen ions (MHI) 

Possible types of transitions: 
• E1 electric dipole 
• E2 electric quadrupole 
• Forbidden E1 
• 2-photon electric 
• ... 



Precision spectroscopy of MHI 

  

Theoretical calculation 
of E1, E2, forbidden E1 
and 2-photon spectra 
of H2

+and HD+, incl. 
Zeeman, AC-DC Stark 
and light shift, etc.  

Determining the electron-to-
proton(deuteron) mass ratio; 
other fundamental constants  

Designing molecular clocks 

QED effects of 
high order taken 
into account. 

Transitions with 
lowest response 
to external fields 
selected. 

New physics: 5th force, 
time variability of me/mp… 



Spectroscopy of heteronuclear ions 

Transitions in HD+: 
• E1 (electric dipole) 
• 2-photon electric 
• E2 electric quadrupole 
Already evaluated (Korobov, Karr, earlier…):  
• QED/relativistic corrections at ppt level,  
• HFS at ppm level 
• Systematic effects (Zeeman, AC/DC Stark, BBR) 



HFS of E2 spectra in HD+ 

  



Precision spectroscopy of HD+   

Selection of HF lines for molecular clocks 



Precision spectroscopy of H2
+ 

Possible transitions: 
• E1 (electric dipole) 
   →  Forbidden E1 
• 2-photon electric 
• E2 electric quadrupole 
• ... 
• ... 



Forbidden E1-transitions in H2
+ 

In molecules with identical nuclei 
   p.(-1)L+I+m = 1 
L: orbital momentum 
I: total nuclear spin 
p: exchange of nuclei parity. p=1,m=0 in LO appr. 
Dipole transitions: forbidden in non-relativistic 

approximation, but allowed due to parity 
breaking terms in the spin Hamiltonian.  



Forbidden E1-transitions in H2
+ 

First-order corrections to the wave-function of 
the final state 

    
 
are coupled by the electric dipole moment to the 

unperturbed w. f. of the initial state!   
Transition intensity suppressed by 2 

Calculation of forbidden E1 spectra: in progress 
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Two-photon transitions in H2+ 

• Stectrum calculated in earlier works by   
J.-Ph. Karr, V.I.Korobov, etc. 
 

• Evaluated the main systematic effects 
(Zeeman, Stark, BBR,…) 

 
• Considered the cases of linear and circular 

laser light polarization 
 



Precision spectroscopy of H2
+ 

Our current interest: 
• ... 
• E2 electric quadrupole 
 - Transition frequencies 
 - Transition Intensity 
A paper in preparation  
 (with P.Danev, V.Korobov, S.Schiller) 



H2
+ energy levels 
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Accuracy of the non-relativistic values: 

Non-relativistic picture 



Leading order QED & HFS 
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Breit contributions in 1st order of P.T.: 

Breit interaction, 1st order 
Sp1+Sp2=I, I+Se=F, F+L=J 

F=1/2 

F=3/2 

J=3/2 

J=1/2 

J=1/2 

J=5/2 
J=3/2 



Higher order QED & HFS 

  

v=1 
L=1 
I=1 

Various QED and relativistic contributions 

Breit interaction, 2nd order, 
higher order QED terms  
and relativistic corrections 
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J=5/2 
J=3/2 

  



Hyperfine structure for odd L 
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Hyperfine structure for even L 
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External fields effects 
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For typical external  fields: 
     B~1G,  E=200 V/m 

Zeeman 

dc Stark 



E2-transition probability (Nrel) 

   
 
 
 
Nontrivial calculation: the matrix element! 
Preceding calculations: Moss et al., Pilon & 
Baye,  Karr, Korobov et al. 

 



Comparison with earlier works 

L 

v 

Pilon: v≤3,L≤54 Karr: v≤3,L≤4  

Present: v≤10,L≤6 

Numerical agreement in overlapping cases 



Hyperfine structure of E2 spectra 
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E2-transition probability with HFS 

  



1. Constant factor 

  
constant 

Difference of the Coulomb energies 



2. Nonrelativistic factor 

  
constant 

Matrix elements with the non-relativistic wave 
functions 



3. Hyperfine factor 

  
constant 

Hyperfine structure 

Sum rule: if HF interactions are switched off,  
nonrelativistic ntensities are reproduces! 



4. Laser polarization factor 

  
constant 

Hyperfine structure 

polarization 

Sum rules:  
If the levels are degenerate with respect to Jz, 

The hyperfine structure is reproduced, and 
Laser polarization effects disappear 



Simple example: hfs of E2-lines 
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Hyperfine structure of E2-lines 
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HF + Zeeman splitting 
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E2 transition rate (intensities) 

 dPif /dt= 
   (π/2h) δ(Ev’L’-EvL)    (e.c.) 

    × ωv’L’,vL
2 v’L’||Q||vL2   (nrel) 

    × FI’S’J’,ISJ      (hfs) 

    × J’J’z|JJz,2q2 |Tq|2, q=J’z-Jz (pol) 

 

   where T=(A⊗k)(2) 



Parameterization of T 
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A=|A|(cos θ, sin θ eiϕ, 0) 



Dependence of |Tq| on 4 angles 

 Euler: , ; polarization parameters: ,  



No 4th angle in linear polarization 

  



• Only the difference 
   -  
 appears in the case of 
 linearly polarization of 

the laser 
•  appears for circular 

or elliptic polarization 
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No 4th angle in linear polarization 



Varying , =0,=/4, =0 
   Bk, no dependence on  for Bk 






Varying , =0,=/4, = /4 

  






Varying ,  = /2, =/4, = /4 
       No dependence on  for Bk 






Varying , random , ; =/6 
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