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Adiabati
 Invarian
e Framework
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The frozen dynami
s as an evolution time s
ale
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is the adiabati
 parameter. The Hamilton-Ja
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The A
tion variable is an adiabati
 invariant
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and of the proportionality t = �=
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Example: nonlinear os
illator Hamiltonian " ' 10
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Limits of the adiabati
 theory

1) Lo
al 
hara
ter of the A
tion-angle variables due to the presen
e of separatrix


urves (resonant regions)


(E; �) ' 1= ln jE � E

s

j

2) Passage through resonan
es: the frequen
y 
(I; �) assume resonant values in

the phase spa
e.

3) Loss of the adiabati
ity 
ondition "� 1.

4) Non-integrable 
hara
ter of the frozen dynami
s: existen
e of 
haoti
 layers.



Trapping into resonan
e

We 
onsider expli
itly the Hamiltonian
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We de�ne the quantities: the resonan
e a
tion 
urves I
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If we have no 
rossing parameter, the adiabati
 invarian
e holds
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The existen
e of 
rossing parameter allows the trapping into resonan
e of an orbit
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The des
ription of trapping phenomenon is due to A.Neishtadt (1986) (see also

J.L. Tennyson, J.R. Gary, D.F. Es
ande (1986)).



Time-energy map

By introdu
ing a Poin
ar�e se
tion � = 0 in the phase spa
e, one de�nes the

symple
ti
 map
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Remark: the map is singular at the separatrix and we have a di�erent a
tions

I

1;2;3

in the di�erent regions.

The time-energy map des
ribes the 
hange of the adiabati
 invariant during sep-

aratrix 
rossing.



Let �
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the area en
losed by the separatri
es, we de�ne
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The trapping into resonan
e of an orbit starting in the region S

2

is a random event

depending on the sto
hasti
 variables
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Trapping EÆ
ien
y

The trapping into resonan
e is des
ribed as

I) 2! 1 with probability
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These results hold for all values of �
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ept a set of measure O(
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Æ) and an error

in the a
tion value O(Æ ln Æ).
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Adiabati
 trapping at di�erent values of the resonan
e amplitude �.
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Adiabati
 trapping at di�erent values of the resonan
e amplitude �.



The trapping is a random event depending on initial 
ondition but the pro
ess 
an

be reverted
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Modulating the resonan
e amplitude � we 
an de-trap parti
les at large emittan
e
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Trapping limit

To study the limit of trapping in resonan
e we 
onsider the Hamiltonian
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Near the resonan
e the dynami
s 
an be approximated by
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We translate the a
tion �J using the generating fun
tion

G(
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If the following inequality holds
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that the adiabati
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Resonant 
rossing

What happens to the adiabati
 invariant during a resonan
e 
rossing?

The a
tion evolution reads (leading terms)
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rossing we approximate the rotation frequen
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tion variation
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Con
lusions and Perspe
tives

I) Adiabati
 Theory gives quite robust results provided that the adiabati
ity 
on-

dition Æ=


2
typ

holds.

II) The results 
an be applied to many dimensional quasi integrable systems (re-

sonan
e regions are separated).

III) Analyti
al estimates of the trapping threshold, trapping eÆ
ien
y and trans-

port eÆ
ien
y are possible.

IV) Develop diagnosti
 tools to measure beam dynami
s perturbations.

V) Slow adiabati
 extra
tion using 
oupled resonan
e between horizontal and ver-

ti
al tunes.

VI) Study the Adiabati
 Theory in the framework of Vlasov problem to understand

spa
e 
harge e�e
ts.


