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Introduction

Dalitz plot analysis is an excellent way to study the dy-
namics of three-body charm decays. These decays are
expected to proceed predominantly through intermediate
quasi-two-body modes [1] and experimentally this is the
observed pattern. Dalitz plot analyses can provide new in-
formation on the resonances that contribute to the observed
three-body final states. In addition, since the intermediate
quasi-two-body modes are dominated by light quark meson
resonances, new information on light meson spectroscopy
can be obtained. ThereforeD meson is as a unique ”lab-
oratory” to study light quark spectroscopy. It has a well
defined spin-parityJP = 0−, constraining the angular mo-
mentum of the decay products in multibody final states
which can be analyzed with the Dalitz plot technique [2].

Investigations of the low mass scalar mesons can be pur-
sued in three-body decays of pseudoscalarD mesons giv-
ing their large coupling to such states. The nature of such
low mass scalar states is still under discussion [3], since
scalar mesons are difficult to resolve experimentally be-
cause of their large decay width. There are claims for
the existence of broad states close to threshold such as
κ(800) [4] andσ(600) [5]. On the theory side the scalar
meson candidates are too numerous to fit in a singleJPC =
0++ qq̄ nonet and therefore alternative interpretations are
proposed. For instance,a0(980) or f0(980) may be 4-
quark states due to their proximity to thēKK threshold [6].
Table 1 summarize the list of candidates scalar resonances
below 2 GeV/c2. These hypotheses can be tested through

Table 1: Scalar mesons below 2 GeV/c2.

I = 1/2 I = 1 I = 0
k(800) σ(600)

a0(980) f0(980)
f0(1370)

K∗
0 (1430) a0(1490) f0(1500)

f0(1700)
K∗

0 (1950)

an accurate measurement of branching fractions and cou-
plings to different final states. In addition, comparison be-
tween the production of these states in decays of differently
flavored charmed mesonsD0(cū),D+(cd̄) andD+

s (cs̄) [7]
can yield new information on their possible quark compo-
sition. Another benefit of studying charm decays is that,
in some cases, partial wave analyses are able to isolate the
scalar contribution almost background free.

Results ofD0 Dalitz analyses can be an input for extract-

ing theCP -violating phaseγ = arg (−VudV
∗
ub/VcdV

∗
cb) of

the quark mixing matrix by exploiting interference struc-
ture in the Dalitz plot from the decayB± → D0K± [8].
Modeling of theKπ andππ S-wave inD decays is there-
fore an important element in such measurement, since the
systematic uncertainty onγ due to the Dalitz model is dom-
inated by such components [9].

Some states need to be described by a coupled channel
formalism. Broad overlapping resonances cannot be de-
scribed by standard Breit-Wigner’s. It is therefore neces-
sary to have appropriate description of the resonances in-
volved in the charmed meson decay. On the other hand, the
decay itself can be used, in some cases, to extract new clean
information on the lineshape and parameters of these reso-
nances. Four different approaches have been developed.

• Isobar model;

• K-matrix formalism;

• Model Independent Partial Wave Analysis;

• Direct Partial Wave Analysis.

Dalitz analysis formalism

The amplitudes describingD meson weak-decays into
three-body final states are dominated by intermediate res-
onances that lead to highly non-uniform intensity distribu-
tions in the available phase space.

NeglectingCP violation inD meson decays, we define
theD decay amplitudeA in aD → ABC Dalitz plot, as:

A[D → ABC] ≡ f(m2
BC ,m

2
AC). (1)

The complex quantum mechanical amplitudef is a
coherent sum of all relevant quasi-two-bodyD →
(r → AB)C resonances (”isobar model” [10]),f =
∑

r are
iφrAr(s). Heres = m2

AB, andAr is the resonance
amplitude. Each amplitudeAr is represented by the prod-
uct of a complex Breit-WignerBW (m) and a real angular
term:

Ar = BW (m) × T (Ω). (2)

The Breit-Wigner functions include the Blatt-Weisskopf
form factors [11]. The angular termsT (Ω) are described in
Ref. [12]. The coefficientsar andφr are usually obtained
from a likelihood fit. The probability density function for
the signal events is|f |2. Sub-modes branching fractions
(”fit fractions”) are defined as

fr =
|ar|2

∫

|Ar|2dm2
ACdm

2
BC

∑

j,r cjc
∗
r

∫

AjA∗
rdm

2
ACdm

2
BC

. (3)



The fractionsfr do not necessarily add up to 1 because of
interference effects among the amplitudes.

Study of D0
→ K̄0π+π−

TheD0 → K̄0π+π− final state has been extensively
studied in the framework of the measurement ofγ by
BABAR [9] and Belle [13] experiments. The data sample
used in theBABAR analysis corresponds to an integrated lu-
minosity of 351 fb−1 recorded at the SLAC PEP-II storage
rings, operating at center of mass energies near theΥ(4S)
resonance.

Two different models have been used in this analysis.
The first model (also referred to as Breit-Wigner or iso-
bar model) [14] expressesAr as a sum of two-body decay-
matrix elements and a non-resonant contribution. In the
second model (hereafter referred to as theππ S-wave K-
matrix model) the treatment of theππ S-wave states in
D0 → K0

S
π−π+ uses a K-matrix formalism [15, 16] to

account for the non-trivial dynamics due to the presence of
broad and overlapping resonances. The two models have
been obtained using a high statistics flavor taggedD0 sam-
ple (D∗+ → D0π+

s ) selected frome+e− → cc̄ events.
In the Breit-Wigner model a set of several two-body

amplitudes is used, including five Cabibbo-allowed am-
plitudes: K∗(892)+π−, K∗(1410)+π−, K∗

0 (1430)+π−,
K∗

2 (1430)+π− andK∗(1680)+π−, their doubly Cabibbo-
suppressed partners, and eight channels with aK0

S and a
ππ resonance:ρ, ω, f0(980), f2(1270), f0(1370), ρ(1450)
and two “ad-hoc” scalar resonances:σ1 andσ2 . The Breit–
Wigner masses and widths of the scalarsσ1 and σ2 are
left unconstrained, while the parameters of the other res-
onances are taken from PDG [12]. The parameters of the
σ resonances obtained in the fit are as follows:Mσ1

=
528±5 MeV/c2, Γσ1

= 512±9 MeV/c2,Mσ2
= 1033±4

MeV/c2 andΓσ2
= 99 ± 6 MeV/c2 (the errors are statis-

tical only). The amplitudes are measured with respect to
D0 → K0

S
ρ(770)0 which gives the second largest contri-

bution. TheKπ andππ P-waves dominate the decay, but
significant contributions from the corresponding S-waves
are also observed (above 6 and 4 standard deviations, re-
spectively).

The alternative model is based on a fit to scattering data
(K-matrix [17]) used to parametrize theππ S-wave com-
ponent.

In the BABAR analysis performed with the K-matrix
model, the sum of fit fractions is(103.6 ± 5.2)%, and the
goodness of fit is estimated through a two-dimensionalχ2

test performed binning the Dalitz plot into square regions of
size0.015 GeV2/c4, yielding a reducedχ2 of 1.11 (includ-
ing statistical errors only) for19274 degrees of freedom.
The resulting fractions are shown in Table 2. The variation
of the contribution to theχ2 as a function of the Dalitz plot
position is approximately uniform. Figure 1(a,b,c) shows
the Dalitz fit projections overlaid with the data distribu-
tions. The Dalitz plot distributions are well reproduced,
with some small discrepancies in low and high mass re-

)4/c2 (GeV2
-m

1 2 3

4
/c2

E
ve

n
ts

 / 
0.

01
4 

G
eV

0

10000

20000

30000

)4/c2 (GeV2
-m

1 2 3

4
/c2

E
ve

n
ts

 / 
0.

01
4 

G
eV

0

10000

20000

30000 a)

)4/c2 (GeV2
+m

1 2 3

4
/c2

E
ve

n
ts

 / 
0.

01
4 

G
eV

0

2000

4000

6000

)4/c2 (GeV2
+m

1 2 3

4
/c2

E
ve

n
ts

 / 
0.

01
4 

G
eV

0

2000

4000

6000
b)

)4/c2 (GeV2
0m

0 0.5 1 1.5 2

4
/c2

E
ve

n
ts

 / 
0.

01
 G

eV

0

2000

4000

6000

)4/c2 (GeV2
0m

0 0.5 1 1.5 2

4
/c2

E
ve

n
ts

 / 
0.

01
 G

eV

0

2000

4000

6000 c)

Figure 1:BABAR. TheD̄0 → K0
S
π−π+ Dalitz distribution

and projections on (a)m2
+ = m2

K0
S

π+ , (b)m2
− = m2

K0
S

π−
,

and (c)m2
π+π−

. The curves are the K-matrix model fit pro-
jections.

gions of them2
0 projection, and in theρ(770)0 − ω(782)

interference region.
The isobar model, on the other hand, gives a sum of fit

fractions of122.5%, and a reducedχ2 of 1.20 (with statis-
tical errors only), which strongly disfavors the isobar ap-
proach in comparison to the K-matrix formalism.

Study of D+
→ π+π−π+ and the σ(600)

A study of chargedD decay to three charged pions
has been carried out with the CLEO detector [18]. This
mode has been studied previously by E687 [19], E691 [20],
E791 [5], and FOCUS [21].

E791 uses the isobar technique, where each resonant
contribution to the Dalitz plot is modeled as a Breit-Wigner
amplitude with a complex phase. This works well for nar-
row, well separated resonances, but when the resonances
are wide and start to overlap, solutions become ambiguous,
and unitarity is violated. In contrast, FOCUS uses the K-
matrix approach. The two techniques give a good descrip-
tion of the observed Dalitz plots and agree about the overall
contributions of the resonances. Both experiments see that
about half of the fit fraction for this decay is explained by
a lowπ+π− mass S wave.

The CLEO analysis utilizes 281 pb−1 of data collected
on theψ(3770) resonance at

√
s ≃3773 MeV at the Cor-

nell Electron Storage Ring, corresponding to a production
of about0.78×106D+D− pairs.D+ mesons are produced
close to the threshold, and are thus almost at rest. Events
from the decayD+ → K0

Sπ
+, which has a large rate and

contributes to the same final state, are isolated with the



Table 2:BABAR. Amplitudes and fit fractions as obtained from the fit of theD0 → K0
S
π+π− Dalitz plot distribution using

the K-matrix formalism. Errors for amplitudes are statistical only, while for fit fractions include statistical and systematic
uncertainties, largely dominated by the latter. Upper limits on fit fractions are quoted at 95% confidence level.

Component ar φr (deg) Fraction (%)
K∗(892)− 1.740± 0.010 139.0 ± 0.3 55.7 ± 2.8
K∗

0 (1430)− 8.2 ± 0.7 153 ± 8 10.2 ± 1.5
K∗

2 (1430)− 1.410± 0.022 138.4 ± 1.0 2.2 ± 1.6
K∗(1680)− 1.46 ± 0.10 −174 ± 4 0.7 ± 1.9
K∗(892)+ 0.158± 0.003 − 42.7 ± 1.2 0.46 ± 0.23
K∗

0 (1430)+ 0.32 ± 0.06 143 ± 11 < 0.05
K∗

2 (1430)+ 0.091± 0.016 85 ± 11 < 0.12
ρ(770)0 1 0 21.0 ± 1.6
ω(782) 0.0527± 0.0007 126.5 ± 0.9 0.9 ± 1.0
f2(1270) 0.606± 0.026 157.4 ± 2.2 0.6 ± 0.7
ππ S-wave 11.9 ± 2.6

π+π− invariant mass even without clearly detached ver-
texes as in the fixed target experiments. They obtain, for
the Dalitz plot analysis, 4086 events∼2600 of which are
signal events.

An isobar model is used to parametrize the signal de-
cay where the description of theσ from Ref. [22] and
the Flatté parameterization for the threshold effects on the
f0(980) [23] (with parameters taken from the recent BES II
measurement [24]) are included. Alternative models are
also tried and give comparably good fit results [25] [26].

CLEO-c was able to reproduce the fit results E791 [5].
The amplitude normalization and sign conventions are dif-
ferent from E791, in particular the inclusion of aσπ contri-
bution gives a fit probability of≃ 20%. Possible contribu-
tions form all knownπ+π− resonances listed in Ref. [12]
were tried, including high mass resonances giving asymp-
totic “tails” at the edge of the kinematically allowed region.
For theσ a complex pole amplitude, was eventually tried
rather than the spin-0 Breit-Wigner.

Table 3 shows the list of surviving contributions with
their fitted amplitudes and phases, and calculated fit frac-
tions after a procedure of addition and removal of reso-
nances to improve the consistency between the model and
data. The sum of all fit fractions is 90.1%, and the fit prob-
ability is ≃28% for 90 degrees of freedom. The projec-
tion of the Dalitz plot and selected fit components onto the
m2(π+π−) axis is shown in Fig. 2. For the poorly estab-
lished resonances as theσ pole, their parameters are al-
lowed to float and the variations of the other fit parameters
contribute to the systematic errors. The fitted values for
theσ pole areRe(mσ) (MeV/c2) = 466±18 andIm(mσ)
(MeV/c2) = –223±28.

Study of D+
→ K−π+π+ and the Kπ

S-wave

The most detailed experimental information on theKπ
S-wave comes from studies ofD+ → K−π+π+ decays.

Figure 2: Projection of the Dalitz plot onto them2(π+π−)
axis (two combinations perD+ candidate) for CLEO-c
data (points) and isobar model fit (histograms) showing the
various components.

These Cabibbo favored decays are known to contain a large
S-wave component.

A study of∼ 15, 000 such decays by the E791 collabo-
ration [4] provides an illustration. The E791 Dalitz plot is
shown in Fig. 3 where significantS-P interference is evi-
dent from the asymmetry of theK∗(890) bands.

Isobar Model Fits. In the earliest analyses of these
decays, a model with interfering resonances like the
K∗(890), the L = 0 K∗

0 (1430) and a constant non-
resonant “NR” 3-body amplitude could account for the
voids and asymmetries observed in the Dalitz plot. With
their larger sample, the E791 isobar model analysis showed
that additional structure in theS-wave was required to
achieve an acceptable fit, and the addition of aκ(800)
Breit-Wigner isobar, which interfered destructively with
theNR term, worked well.

The “isobar model” description of theL = 0, 1 and2



Table 3: CLEO-c. Results of the isobar model analysis of theD+ → π−π+π+ Dalitz plot. For each contribution the
relative amplitude, phase, and fit fraction is given. The errors are statistical and systematic, respectively.

Mode Amplitude (a.u.) Phase (◦) Fit fraction (%)
ρ(770)π+ 1(fixed) 0(fixed) 20.0±2.3±0.9
f0(980)π+ 1.4±0.2±0.2 12±10±5 4.1±0.9±0.3
f2(1270)π+ 2.1±0.2±0.1 –123±6±3 18.2±2.6±0.7
f0(1370)π+ 1.3±0.4±0.2 –21±15±14 2.6±1.8±0.6
f0(1500)π+ 1.1±0.3±0.2 –44±13±16 3.4±1.0±0.8
σ pole 3.7±0.3±0.2 –3±4±2 41.8±1.4±2.5

Figure 3: E791. Dalitz plot forD+ → K−π+π+ decays.
The figure and show distributions of squared invariant mass
for oneK−π+ combination plotted against the other (sym-
metrized).

wave amplitudesFL in theK−π+ systems for this fit can
be summarized as:

F0(s) = α00 + α10BWK∗

0
(1430)(s)

+α20BWκ(800)(s) (4)

F1(s) = α11BWK∗

1
(890)(s)

+α21BWK∗

0
(1688)(s) (5)

F2(s) = α21BWK∗

2
(140) (6)

where theBW (s) are relativistic Breit-Wigner functions
with s-dependent widths, and theαiL are complex coeffi-
cients determined in the fit. The overall phase was defined
by settingα11 = 1.0, andα00 was theNR term.

Two further isobar model analyses of this decay mode
were recently made, one by FOCUS [27] and the other by
CLEO-c [28]. Each used samples∼ 3.5 times larger. The
conclusions, and estimates of the resonant fractions of both
were in good general agreement with E791.

Parameters forκ andK∗
0 (1430) S-wave Breit Wigner

isobars are compared for the three experiments in Table 4.
TheK∗

0 (1430) parameters in this model disagree signifi-
cantly with those obtained by the LASS [29] experiment or
with the World average [12]. There is general agreement

that this description of theS-wave, described by Eq. (4),
with two broad, Breit Wigner resonances, one of which is
also near threshold, is theoretically problematic and could
account for this discrepancy. It would be virtually certain
that this amplitude would have ans-dependent phase that
would differ from the Watson theorem expectation.

Model-Independent Measurement. A test of the
Watson theorem requires a measurement of the phase of
F (s) at several values ofs in a model-independent way.
The first attempt to do this for theS-wave forK−π+ pro-
duced in this decay mode was made by the E791 collabo-
ration [30].

They replaced the analytical function describing theS-
wave in Eq. (4) by a set of 38 complex values at discrete
values fors, using a spline interpolation for other values.
TheP - andD-waves were parametrized, as before, by the
form in Eqs. (5) and (6) and the coefficientsαiL were al-
lowed to float. A fit was then made to determine the best
values (magnitude and phase) for each of the 38S-wave
points. The result, shown in Fig. 4, is compared with the
LASS model for theI = 1/2 K−π+ system. Agreement
is good in theK∗

0 (1430) region (above∼1100 MeV/c2) af-
ter a shift in phase of75◦ and an arbitrary scale factor are
applied to the LASS amplitude. A very significant discrep-
ancy is, however, seen for lower values of invariant mass.

However there are two problems. First, thoughI = 1/2
K−π+ production probably dominates,I = 3/2 produc-
tion in these decays cannot be excluded. Second, the isobar
model form in Eqs. (5) and (6) for theP - andD-waves,
upon which this result depends, is questionable. TheP -
wave contains more than one Breit-Wigner, and both waves
are assumed to be dominated by resonant behavior. More
importantly, neither wave is likely to follow the Watson the-
orem, so a test of theS-wave alone cannot be conclusive.

The CLEO collaboration [28] has attempted to over-
come the latter difficulty. Using their high purity sam-
ple of ∼ 60, 000 events, they proceeded in the same way
as E791, interpolating theS-wave between discrete val-
ues of s, while parameterizing theP - andD-waves as
above. Their results were very similar. They then fixed
theS-wave and, using a similar procedure, fit theP−wave
parametrized in the same way. Then they repeated this for



Table 4: Breit Wigner Parameters for theK−π+ S-wave Isobar States. All quantities are in MeV/c2.

E791 Focus CLEO c PDG

κ M◦ 797 ± 19 ± 42 883 ± 13 805 ± 11 672 ± 40
Γ◦ 410 ± 43 ± 85 355 ± 13 453 ± 21 550 ± 34

K∗
◦ M◦ 1459 ± 7 ± 12 1461± 4 1461± 3 1414± 6

Γ◦ 175 ± 12 ± 12 177 ± 8 169 ± 5 290 ± 21
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Figure 4: (a) Magnitude and (b) phase of the decay am-
plitudeF0(s) at 38 discrete values ofs (squared invariant
mass of theK−π+ systems fromD0 → K−π+π+ decays
taken from Ref. [30]. The LASS model shifted by−75◦

and scaled to the region wheres > 1.2 (GeV/c2)2 is shown
as the blue, continuous curve.

theD-wave. In each step, only one wave was allowed to
float with the others fixed. The analysis makes also use of
the I=2 contribution.

This procedure can converge only by simultaneously
floating all waves at once, and this was not done. Also, the
phases have to be defined in some part of the phase space
(as little as possible) in order for this to work.

Study of D+
s

→ π+π−π+ and the f0(980)

This analysis was performed byBABAR [31] and fo-
cuses on the study of the three-bodyD+

s meson decays
to π+π−π+ and performs, for the first time, a Model-
Independent Partial Wave Analysis (MIPWA). Previous
Dalitz plot analyses of this decay mode were based on
much smaller data samples [32, 33].

The combinatorial background is reduced by requiring
theD+

s to originate from the decay

D∗

s(2112)+ → D+
s γ (7)

and by using geometrical+kinematical variables combined
in a likelihood ratio test. The cut on the likelihood ratio
has been chosen in order to obtain the largest statistics with
background small enough to perform a Dalitz plot analysis.
The signal region contains 13179 events with a purity of
80%. The resulting Dalitz plot, symmetrized along the two
axes, is shown in Fig. 5(b). They observe a clearf0(980)

signal, evidenced by the two narrow crossing bands. There
is also a broad accumulation of events in the 1.9GeV2/c4

region.
An unbinned maximum likelihood fit is performed on

the distribution of events in the Dalitz plot to determine the
relative amplitudes and phases of intermediate resonant and
nonresonant states. The phase of each amplitude (i.e. the
phase of the correspondingci) is measured with respect to
thef2(1270)π+ amplitude.

For theπ+π− S-wave amplitude they use the Model-
Independent Partial Wave Analysis: instead of including
the S-wave amplitude as a superposition of relativistic
Breit-Wigner functions, they divide theπ+π− mass spec-
trum into 29 slices and they parametrize theS-wave by
an interpolation between the 30 endpoints in the complex
plane:

AS−wave(mππ) = Interp(ck(mππ)eiφk(mππ))k=1,..,30. (8)

The amplitude and phase of each endpoint are free param-
eters. Interpolation is implemented by a Relaxed Cubic
Spline. The phase is not constrained in a specific range
in order to allow the spline to be a continuous function.

The resultingS-wave π+π− amplitude and phase is
shown in Fig. 5(a),(b). The fitted fractions are given in
Table 5.

Table 5:BABAR. Results from theD+
s → π+π−π+ Dalitz

plot analysis. The table reports the fit fractions. Errors are
statistical and systematic respectively.

Decay Mode Decay fraction(%)
f2(1270)π+ 10.1±1.5±1.0
ρ(770)π+ 1.8±0.5±1.0
ρ(1450)π+ 2.3±0.8±1.7
S-wave 83.0±0.9±1.9
Total 97.2±3.7±3.8

χ2/NDF 437
422−64 = 1.2

The results from the Dalitz plot analysis can be summa-
rized as follows:

• The decay is dominated by theD+
s →

(π+π−)S−waveπ
+ contribution.
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Figure 5:BABAR. D+
s → π+π−π+ Dalitz plot. Right. (a)S-wave amplitude extracted from the best fit, (b) corresponding

S-wave phase. Errors are statistical only.

• TheS-wave shows, in both amplitude and phase, the
expected behavior for thef0(980) resonance.

• The S-wave shows further activity, in both ampli-
tude and phase, in the regions of thef0(1370) and
f0(1500) resonances.

• TheS-wave is small in theσ/f0(600) region, indicat-
ing that this resonance has a small coupling toss̄.

• There is an important contribution fromD+
s →

f2(1270)π+ whose size is in agreement with that re-
ported by FOCUS, but a factor two smaller than that
reported by E791. This is the largest contribution in
charm decays from a spin-2 resonance.

Study of D+
s

→ K+K−π+

This BABAR analysis makes use of an integrated lumi-
nosity of 240 fb−1. Events are selected in a sample of
events having at least three reconstructed charged tracks
with two well identified kaons and one pion. The decay
chainD∗

s(2112)+ → D+
s γ helps in discriminating signal

from combinatorial background. Additional requirements
based on kinematic and geometric information are com-
bined to further suppress the background. The final sample
contains 100850 events with a purity of 95%. An unbinned
maximum likelihood fit of the Dalitz plot (Fig.6) is per-
formed to extract the relative amplitudes and phases of the
intermediate resonances as shown in Table 6. The decay is
dominated by theφ(1020)π+ andf0(980)π+. Thef0(980)
is parametrized with a coupled channel Breit-Wigner [24]
and its contribution is large but it is subject to a large sys-
tematic error due to the poor knowledge of its parameters
and possiblea0(980) contributions that are difficult to dis-
entangle in theKK̄ projection.

Analysis of the angular moment distribution confirms
such picture with a big S-wave–P-wave interference in the
KK̄ channel in the region of theφ(1020). On the other
hand very small activity is present in theK∗(892) region
suggesting a smallKπ S-wave, and therefore no evidence
of aκ(800).

Figure 6:BABAR. Dalitz plot analysis ofD+
s → π+K+K−
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A similar analysis has been recently performed by
CLEO [34] using 14400 events.

Study of D0
→ K̄0K−K+ and the a0(980)

resonance

The data sample used in theBABAR D0 → K̄0K−K+

analysis consists of 91.5 fb−1 [35]. Selecting events within
±2σ of the fittedD0 mass value, a signal fraction of 97.3%
is obtained for the 12540 events selected. The Dalitz plot
for theseD0 → K0K+K− candidates is shown in Fig. 7.

In theK+K− threshold region, a strongφ(1020) signal
is observed, together with a rather broad structure. A large
asymmetry with respect to theK0K+ axis can also be seen
in the vicinity of theφ(1020) signal, which is most prob-
ably the result of interference betweenS andP -wave am-
plitude contributions to theK+K− system. Thef0(980)
anda0(980) S-wave resonances are, in fact, just below the
K+K− threshold, and might be expected to contribute in
the vicinity of φ(1020). An accumulation of events due



Mode Amplitude (a.u.) Phase (◦) Fit fraction (%)
K∗(892)K+ 1(fixed) 0(fixed) 48.7 ± 0.2 ± 1.6
φ(1020)π+ 1.081 ± 0.006 ± 0.049 2.56 ± 0.02 ± 0.38 37.9 ± 0.2 ± 1.8
f0(980)π+ 4.6 ± 0.1 ± 1.6 −1.04 ± 0.04 ± 0.48 35 ± 1 ± 14

K∗
0 (1430)0K+ 1.07 ± 0.06 ± 0.73 −1.37 ± 0.05 ± 0.81 2.0 ± 0.2 ± 3.3
f0(1710)π+ 0.83 ± 0.02 ± 0.18 −2.11 ± 0.05 ± 0.42 2.0 ± 0.1 ± 1.0
f0(1370)π+ 1.74 ± 0.09 ± 1.05 −2.6 ± 0.1 ± 1.1 6.3 ± 0.6 ± 4.8
K∗

2 (1430)0K+ 0.43 ± 0.05 ± 0.34 −2.5 ± 0.1 ± 0.3 0.17 ± 0.05 ± 0.30
f2(1270)π+ 0.40 ± 0.04 ± 0.35 0.3 ± 0.2 ± 0.5 0.18 ± 0.03 ± 0.40

Sum 132± 1 ± 16

Table 6: BABAR. Results of the isobar model analysis of theD+
s → K+K−π+ Dalitz plot. For each contribution the

relative amplitude, phase, and fit fraction is given. The errors are statistical and systematic, respectively.

Table 7:BABAR. Results from the Dalitz plot analysis ofD0 → K0K+K−.

Final state Amplitude Phase (radians) Fraction (%)
K0a0(980)0 1. 0. 66.4± 1.6± 7.0
K0φ(1020) 0.437± 0.006± 0.060 1.91± 0.02± 0.10 45.9± 0.7± 0.7
K−a0(980)+ 0.460± 0.017± 0.056 3.59± 0.05± 0.20 13.4± 1.1± 3.7
K0f0(1400) 0.435± 0.033± 0.162 -2.63± 0.10± 0 .71 3.8± 0.7± 2.3
K0f0(980) 0.4± 0.2± 0.8
K+a0(980)− 0.8± 0.3± 0.8
Sum 130.7± 2.2± 8.4

Figure 7:BABAR. Dalitz plot ofD0 → K0K+K−.

to a chargeda0(980)+ can be observed on the lower right
edge of the Dalitz plot. This contribution, however, does
not overlap with theφ(1020) region and this allows the
K+K− scalar and vector components to be separated us-
ing a partial wave analysis in the low massK+K− region.

The helicity angle,θK , is then defined as the angle be-
tween theK+ for D0 (or K− for D0) in theK+K− rest
frame and theK+K− direction in theD0 (or K0) rest

frame. TheK+K− mass distribution has been modified
by weighting eachD0 candidate by the spherical harmonic
Y 0

L (cos θK) (L=0-4) divided by its (Dalitz-plot-dependent)
fitted efficiency. It is found that all the

〈

Y 0
L

〉

moments are
small or consistent with zero, except for

〈

Y 0
0

〉

,
〈

Y 0
1

〉

and
〈

Y 0
2

〉

.
In order to interpret these distributions a simple partial

wave analysis has been performed, involving onlyS- and
P -wave amplitudes. This results in the following set of
equations [36]:

√
4π

〈

Y 0
0

〉

= S2 + P 2 (9)
√

4π
〈

Y 0
1

〉

= 2 | S || P | cosφSP (10)
√

4π
〈

Y 0
2

〉

=
2√
5
P 2, (11)

whereS andP are proportional to the size of theS- and
P -wave contributions andφSP is their relative phase. Un-
der these assumptions, the

〈

Y 0
2

〉

moment is proportional
to P 2 so that it is natural that theφ(1020) appears free of
background, as is observed.

The above system of equations can be solved directly for
S2,P 2 andcosφSP and corrected for phase space distribu-
tion. The phase space corrected spectra are shown in Fig. 8.

The distributions have been fitted using a model with
φ(1020) for the P-wave , a scalar contribution in the
K+K− mass projection entirely due to thea0(980)0,
K0K+ mass distribution is entirely due toa0(980)+ and
thecosφSP described with BW models.



The a0(980) scalar resonance has a mass very close to
the K̄K threshold and decays mostly toηπ. It has been
described by a coupled channel Breit Wigner. The fit pro-
duces a reasonable representation of the data for all of the
projections. Theχ2 computed on the Dalitz plot gives a
value ofχ2/NDF=983/774. The sum of the fractions is
130.7 ± 2.2 ± 8.4%. The regions of higherχ2 are dis-
tributed rather uniformly on the Dalitz plot.

The final fit results showing fractions, amplitudes and
phases are summarized in Table 7. ForK0f0(980) and
K+a0(980)− (DCS), being consistent with zero, only the
fractions have been tabulated. For the Dalitz plot analy-
sis thef0(980) contribution is found to be consistent with
zero,

Figure 8: BABAR. Results from theK+K− Partial Wave
Analysis. (a)P -wave strength, (b)S-wave strength. (c)
m(K0K+) distribution, (d)cosφSP in theφ(1020) region.
(e)φSP in the threshold region after having subtracted the
fittedφ(1020) phase motion shown in (d).

Study of D0
→ K+K−π0

BaBar analyzed 385 fb−1 of e+e− collision data and
reconstructed the decaysD∗+ → D0π+ with D0 →
K−K+π0 [37]. Requirements on the center-of-mass mo-
mentum of theD0 candidate yields in the signal region
11278± 110 signal events with a purity of about 98.1%.

The results from the Dalitz plot analysis are summarized
in Table 8. ForD0 decays toK±π0 S-wave states,
three amplitude models have been considered. One model
uses the LASS amplitude forK−π+ → K−π+ elastic
scattering [29], A second model uses the E791 results for
theK−π+ S-wave amplitude from an energy-independent
partial wave analysis in the decayD+ → K−π+π+ [30].
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Figure 9:BABAR. Dalitz plot forD0 → K−K+π0.

The third model uses a coherent sum of a uniform non-
resonant term, and Breit-Wigner terms for theκ(800) and
K∗

0 (1430) resonances.

TheD0decay to aK−K+ S-wave state is described by
a coupled-channel Breit-Wigner amplitude for thef0(980)
anda0(980) resonances, with their respective couplings to
ππ,KK̄ andηπ,KK̄ final states [23],

Several models are used incorporating various combina-
tions of intermediate states. In each fit, theK∗(892)+ is
included and the complex amplitude coefficients of other
states relative to it is measured.

The LASSKπ S-wave amplitude gives the best agree-
ment with data and it is uses it in the nominal fits. The
Kπ S-wave modeled by the combination ofκ(800) (with
parameters taken from Ref. [4]), a non-resonant term and
K∗

0 (1430) has a smaller fit probability (χ2 probability<
5%). The best fit with this model (χ2 probability 13%)
yields a chargedκ of mass (870± 30) MeV/c2, and width
(150± 20) MeV/c2, significantly different from those re-
ported in Ref. [4] for the neutral state. This does not sup-
port the hypothesis that production of a charged, scalarκ
is being observed. The E791 amplitude [30] describes the
data well, except near threshold (χ2 probability 23%).

The mass dependentK−K+ S- and P-wave complex
amplitudes can also be obtained directly from our data in
a model-independent way in a limited mass range around
1 GeV/c2. In a region of the Dalitz plot whereS- and
P-waves in a single channel dominate, their amplitudes
are given by the Legendre polynomial moments which
have been used to evaluate|S| and|P |, shown in Fig. 10,
for the K−K+ channel in the mass rangemK−K+ <
1.15 GeV/c2. The measured values of|S| agree well
with those obtained in the analysis of the decayD0 →
K−K+K̄0 [35]. They also agree well with either the
f0(980) or thea0(980) lineshape. The measured values
of |P | are consistent with a Breit-Wigner lineshape for
φ(1020).



Table 8: BABAR. The results obtained from theD0 → K−K+π0 Dalitz plot fit. Thea0(980) contribution, when it is
included in place of thef0(980), is given in square brackets. TheKπ S-wave states are denoted byK±π0(S).

State Amplitude,ar Phase,φr (◦) Fraction,fr (%)

K∗(892)+ 1.0 (fixed) 0.0 (fixed) 45.2±0.8±0.6
K∗(1410)+ 2.29±0.37±0.20 86.7±12.0±9.6 3.7±1.1±1.1
K+π0(S) 1.76±0.36±0.18 -179.8±21.3±12.3 16.3±3.4±2.1
φ(1020) 0.69±0.01±0.02 -20.7±13.6±9.3 19.3±0.6±0.4
f0(980) 0.51±0.07±0.04 -177.5±13.7±8.6 6.7±1.4±1.2
[

a0(980)0
]

[0.48±0.08±0.04] [-154.0±14.1±8.6] [6.0±1.8±1.2]
f ′
2(1525) 1.11±0.38±0.28 -18.7±19.3±13.6 0.08±0.04±0.05
K∗(892)− 0.601±0.011±0.011 -37.0±1.9±2.2 16.0±0.8±0.6
K∗(1410)− 2.63±0.51±0.47 -172.0±6.6±6.2 4.8±1.8±1.2
K−π0(S) 0.70±0.27±0.24 133.2±22.5±25.2 2.7±1.4±0.8
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Figure 10:BABAR. The phase-space-correctedK−K+ S-
andP-wave amplitudes,|S| and |P | respectively, in arbi-
trary units, as functions of the invariant mass compared
with results from other analyses.

Table 9: Results from searches for CP violation in Dalitz
plot analyses from different experiments.

Decay mode ACP (%)
D0 → K−π+π0 −3.1 ± 8.6
D0 → K+π−π0 +9+22

−25

D0 → K0
Sπ

+π− −0.9 ± 2.1+1.0
−4.3

+1.3
−3.7

D0 → π+π−π0 +1+9
−7 ± 9

D+ → K+K−π+ −0.4 ± 2.0+0.2
−0.5

Dalitz plot analysis and search for CP
violation.

In the limit ofCP conservation, charge conjugate decays
will have the same Dalitz plot distribution.CP violation
expected in Cabibbo-Suppressed charm decays. The inte-
gratedCP violation across the Dalitz plot is determined
from:

ACP =

∫ |M|2 −
∣

∣M
∣

∣

2

|M|2 +
∣

∣M
∣

∣

2 dm
2
ab dm

2
bc

/
∫

dm2
ab dm

2
bc ,

whereM andM are theD0 andD
0

Dalitz plot ampli-
tudes. Table 9 shows results from different experiments.
No evidence ofCP violation has been observed. The
D0 → π+π−π0 Dalitz plot fromBABAR (≈ 45 000 events)
is shown in fig. 11 and is dominated by intermediateρ reso-
nances. A direct comparison of the efficiency-corrected
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Figure 11: BABAR. The 2-dimensional(s+ =
m2(π+π0), s− = (m2(π−π0)) distribution of D0 →
π+π−π0.

and background-subtracted DPs forD0andD0events is the
simplest way to look forCPV . BABAR has performed this
analysis [38] usingD0 → K+K−π0 andD0 → π+π−π0

decays. Figure 12 shows the normalized residuals∆ in DP
area elements, where

∆ =
(

n
D0 −R · nD0

)

/
√

σ2
n

D0
+R2 · σ2

n
D0
, (12)

andn denotes the number of events in a DP element and
σ its uncertainty. The factorR, equal to0.983 ± 0.006 for
π−π+π0 and1.020 ± 0.016 for K−K+π0, is the ratio of
the number of efficiency-correctedD0toD0events. This is
introduced to allow for any asymmetry in the production
cross section due to higher order QED corrections or in the
branching fractions forD0andD0decay to the same final
state.

They calculateχ2/ν = (
∑ν

i=1 ∆2
i )/ν, whereν is

the number of DP elements: 1429 forπ−π+π0 and 726
for K−K+π0. In an ensemble of simulated experiments
with noCPV , we find the distribution ofχ2/ν values to
have a mean of 1.012± 0.001 (1.021± 0.002) and an
r.m.s. of 0.018 (0.036) forπ−π+π0 (K−K+π0). The
measured value in the data is 1.020 forπ−π+π0 and 1.056
for K−K+π0, so they obtain a one-sided Gaussian confi-
dence level (CL) for consistency with noCPV of 32.8%
for π−π+π0 and16.6% for K−K+π0.



)   4/c2) (GeV0π-π(2m
0 1 2 3

) 
 

4
/c2

) 
(G

eV
0 π

+ π(2
m

1

2

3

-4

-3

-2

-1

0

1

2

3

4

(a)

)   4/c2) (GeV0π-(K2m
1 2

) 
 

4
/c2

) 
(G

eV
0 π

+
(K2

m

0

1

2

-4

-3

-2

-1

0

1

2

3

4

(b)

Figure 12:BABAR. Normalized residuals in Dalitz plot el-
ements, defined in Eq. 12, for (a)D → π−π+π0 and (b)
D → K−K+π0.

Conclusions.

Charm meson multi-body decays are crucial to deter-
mine light strong interaction bound states. The nature of
such mesons is still unclear, but more information is emerg-
ing from high statistics Dalitz analysis ofD decays. In
the future multi-channels analyses may be the way to go
to identify underline structure of the light mesons. For in-
stance a measurement of the couplings of the S-wave in
variousDs decays can help in interpreting thef0(980)
as two di-quark bound states [39]. Isobar model analy-
ses have several limitations: a) violation of unitarity for
broad overlapping resonances and b) the production of pos-
sible fake states. K-matrix approaches, on the other hand,
rely entirely on results from past experiments. High statis-
tics Model Independent Partial Wave Analyses and direct
Partial Wave Analyses in charm decays provide very use-
ful tools to perform new measurements of amplitudes and
phases in very clean conditions.
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