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Motivation

@ scaling of Coulomb contributions
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o three-body forces

H(A) = Hopo(A) + Ho1(A) + HY (A)

Vanasse, Egolf, Kerin, SK, Springer, PRC 89 064003 (2014)
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Two-body sector

Introduce dibaryon fields. . .

Bedaque et al. (1998)
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Two-body sector

Introduce dibaryon fields. . .

Bedaque et al. (1998)

... and resum bubble-insertions to all orders!
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Two-body sector

Introduce dibaryon fields. . .

Bedaque et al. (1998)

... and resum bubble-insertions to all orders!
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Propagator renormalization

Full dibaryon propagators
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@ absorb linear divergence: ac(lo) = — —y

@ 1/A effects are neglected (equivalent: PDS, 2A/7m — pg)
@ without dibaryons: resummation of >< ~ Cy=—4r/(Mpyo)
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Range corrections

Dibaryon kinetic-energy terms

2
== ~ iALO(p) x (—icg) <100— 4]1\)4N> x 18G9 (p)

— effective-range corrections

@ resummed. ..

Ag(p) ~ !
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Effective theory of 3H and 3He - p.5



Range corrections

Dibaryon kinetic-energy terms

2
== ~ iALO(p) x (—icg) (100— 4]1\)4N> x 18G9 (p)

— effective-range corrections

@ resummed. ..

Ag(p) ~ !

—’Yd-i-\/%Q—MNP()—E—%(%Q—MNpo—ﬁ)

@ ...and re-expanded
Aa(E —¢*/(2Mn); ) = DY (E;q) + Dy (B q) + -

_ —1 o gy e (3¢°/4— MNE —~3) L
f'yd+\/3q2/4fMNE7is 2 7'yd+\/3q2/4fMNEfis
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Three-body sector

Deuteron

@ spin 1/2 /‘) @ spin 1 J )
@ isospin 1/2 @ isospin 0

<~ two S-wave channels:
S spin doublet — 3H,3He

toy=3(~$0d)o 5 (~bod+)

Effective theory of 3H and 3He - p. 6



Three-body sector
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<~ two S-wave channels:
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Three-body sector

Deuteron

@ spin 1/2 () @ spin 1 ‘ )
@ isospin 1/2 \ @ isospin 0 J

<~ two S-wave channels:
S spin doublet — 3H,3He

toy=3(~$0d)o 5 (~bod+)

—quartet channel—

< solve integral equations to get phase shifts and binding energies
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Three-body sector

Deuteron

@ spin 1/2 P @ spin 1 Ve
@ isospin 1/2 \ ) @ isospin 0 J \)

<~ two S-wave channels:
S spin doublet — 3H,3He

toy=3(~$0d)o 5 (~bod+)

—quartet channel— —doublet channel—

' ~ s %:I+ﬂ+>@
J%_i %_ }(:i+%+>€

< solve integral equations to get phase shifts and binding energies
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The triton
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The triton
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The triton
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The triton

T
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p-T(k,p) (a.n.)
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The triton
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The triton
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The triton

amplitude has no well-defined limit!

p-T(k,p) (a.n.)

Bedaque et al., NPA 676 357 (2000)
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The triton

A = 10000 MeV/
=+ A= 20000 MeV -
0.1F g
= - — = A= 30000 MV ,
% - ;351 + % + m = — = A =40000 McV o]
E0.05F — A =50000 MeV e
= IS ’
< o :
= 1t + =
So .
2, -0.05

amplitude has no well-defined limit! o Lo J

10 100 ldOO 10000
Bedaque et al., NPA 676 357 (2000) p (MeV)

. @ independent of spin and isospin
\\ — SU(4)-symmetry

= 0\‘ ] @ RG limit cycle <> Efimov effect

@ makes amplitude cutoff-independent
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The triton

A = 10000 MeV
j —+ A =20000 MeV
0.1 B
= - == A=130000 MeV
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amplitude has no well-defined limit! w

10 100 ldOO 10000
Bedaque et al., NPA 676 357 (2000) p (MeV)

. @ independent of spin and isospin
\\ — SU(4)-symmetry

E\% ] @ RG limit cycle ++ Efimov effect

@ makes amplitude cutoff-independent

10k 4
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Universality

\ large

scattering
length

Braaten, Hammer
Phys. Rept. 428 259 (2006)
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Universality

large
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length

halo EFT

Braaten, Hammer

. Phys. Rept. 428 259 (2006)

nucleus by Cam-Ann, Wikimedia Commons

van Kolck, NPA 645, 273 (1999)
Bertulani et al., NPA 712, 37 (2002)

Zhang et al., 1507.07239 [nucl-th]
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Universality

cold atoms

@ tunable scattering length!

o Efimov effect!

\ large _— ll

scattering
halo EFT length K
Braaten, Hammer AAA AAA
‘ Phys. Rept. 428 259 (2006) AD

nucleus by Cam-Ann, Wikimedia Commons

van Kolck, NPA 645, 273 (1999)
Bertulani et al., NPA 712, 37 (2002)

Zhang et al., 1507.07239 [nucl-th]
Effective theory of 3H and 3He - p. 8



Coulomb contributions

S R T . i .
Coulomb photons: ~ (ie) e (ie) — (ie) PEEBY) (ie)

O(«) diagrams
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Coulomb contributions

i

S R T . .
Coulomb photons: ~ (ie) e (ie) — (ie) PEEBY) (ie)

O(«) diagrams

only generated by dibaryon kinetic term!
< higher-order correction ~ py

Effective theory of 3H and 3He - p. 9



Coulomb subtraction

i
q2_|_)\2

Coulomb photons: 3 ~ (ie) qlz (ie) — (ie) (ie)

e long (infinite) range — very strong at small momentum transfer

1| ~ adiy/k Coulomb nonperturbative for n ~ 1
important for p-d scattering length!

— SK, Hammer, PRC 90 034005 (2014)

1
C2 kcot dais (k) + aph(n) = ——— + -+
ap_d

(modified ERE)

0 25 50 75 100 125
k (MeV)
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Coulomb subtraction

i

q?+A? (ie)

Coulomb photons: 3 ~ (ie) % (ie) — (ie)

q

e long (infinite) range — very strong at small momentum transfer

1| ~ adiy/k Coulomb nonperturbative for n ~ 1
0.8 important for p-d scattering length!
0.6 — SK, Hammer, PRC 90 034005 (2014)
0.4 9 1
N Cyy k cot 0aigr (k) + aph(n) = T + e
0 (modified ERE) !
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Coulomb effects in the proton—proton channel

Coulomb-dressed propagator
DO D ®

@ — ococooo | oo@oo —+ oo@o@oo + .-
Bugplp) ~ ——— g + 1= 0Mn/ (2B M )

Kong, Ravndal (1999)
— Coulomb-modified effective range expansion Bethe (1949)
cf. Ando, Birse (2010)

Effective theory of 3H and 3He - p. 11



Coulomb effects in the proton—proton channel

Coulomb-dressed propagator
DO D ®

@ — ococooo | oo@oo —+ oo@o@oo + .-
1 C I
Atpp(p) ~ —1/app —aMyH(n) ' O OLJWN/(QI 5 = i = 16)

Kong, Ravndal (1999)
— Coulomb-modified effective range expansion Bethe (1949)
cf. Ando, Birse (2010)

—i

2A 2A
Ut,pp — ? =+ OZMN (10g M — CE) — OéMNH(T])

At,pp(Pm I)) =

=1/ac

note: two divergences absorbed into a single parameter!
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He-3 binding energy

bound-state <> pole! % ~ y% + regular terms

< calculate *He binding energy!




He-3 beyond leading order

10
[ — 10
9.61
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exp. Ep(*H)

Ep (MeV)
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He-3 beyond leading order

10 .
o NLO corrections
9V67— —— NLO part. resum .
92: — = NLO fully. pert o effective ranges
% 88 )
= [ esp. Eof*H) ~ Pd ~ Tot
TQ 8.4k

@ dibaryon-photon coupling

7.2F ) z ~ apd
10 1000 10000

A (MeV)
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He-3 beyond leading order

10 .
o NLO corrections
9V67— —— NLO part. resum .
92: — = NLO fully. pert (] eﬂ:ectlve ranges
T 8.8 )
% t ~ Pd ~ Tot
< 84F . .
S @ dibaryon-photon coupling

8f (
7.6
. ~ Qpq
Il
10 1000 10000

720
A (MeV)

@ NLO result is not cutoff stable < incomplete renormalization!
o refitting the three-body force to Ep(*He) gives stable p-d phase shifts!

SK, Ph.D. thesis (2013)
SK et al., JPG 42 045101 (2015)

o form of new p-d specific counterterm can be derived analytically!
~+ three body-force H(A) = Hoo(A) + Ho1(A) + Héﬁ)(A)

Vanasse, Egolf, Kerin, SK, Springer, PRC 89 064003 (2014)
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Nonperturbative vs. perturbative and helium

.
) o get 3He pole directly

Effective theory of 3H and 3He -

) o iterate O(«) diagrams. ..

p.
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Nonperturbative vs. perturbative and helium

%IfI% (7 X0) ))
(T }&11 J
XEK

o iterate O(«) diagrams. ..
K e get 3He pole directly
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Nonperturbative vs. perturbative and helium

%:I+f+I+%<I+f+I> 2
ol H
- i K+ S
@* o iterate O(«) diagrams. ..

K) e get 3He pole directly
X ()
+ X
(T )
- M T SCU L

@ use trinucleon wavefunctions
o fully perturbative in ! X:i+%+>g
AE = ($|Vely)

v @B DD CO

SK, GrieBhammer, Hammer, J. Phys. G 42 045101 (2015)
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Coulomb corrections for nuclei

))) How much Coulomb should we really iterate?

Coulomb regimes

trinucleon binding momentum ~ 80 MeV . ..

1\ n~aMy/k
0.8F
0.6
0.4F
0.2F

0 OSSR S S N S S SR S NS 1 I 1
0 25 50 75 100 125
k (MeV)
< should Coulomb not be a small perturbative correction?
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Perturbative vs. nonperturbative helium

AFE : d — Jj < compare to non-perturbative result!
SK, GrieBhammer, Hammer, J. Phys. G 42 045101 (2015) @

[ nonpert. calc. \ N S
6.8 4~ Ando+Birse VT
[ —— from WF (pure Coulomb)

1000 10000
A (MeV)

Effective theory of 3H and 3He - p. 16



Perturbative vs. nonperturbative helium

AFE : B — Jj < compare to non-perturbative result!

SK, GrieBhammer, Hammer, J. Phys. G 42 045101 (2015)

8
oy
(X

[ —— nonpert. calc.

6.8 L A Ando+Birse 1
r —— from WF (pure Coulomb)
[ —— from WF (all contrib.)
6.4 C ‘ C
1000 10000
A (MeV)
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Perturbative vs. nonperturbative helium

AE :

SK, GrieBhammer, Hammer, J. Phys. G 42 045101 (2015)

nonpert. calc.

Ando + Birse

from WF (pure Coulomb)
from WF (all contrib.)

1000 10000
A (MeV)

\8 — Jj < compare to non-perturbative result!

8
oy
(X

5 Still missing here!
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Coulomb bubble divergence

@ the additional diagram is logarithmically divergent. ..

@ ...but this divergence comes from the photon-bubble
subdiagram!
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Coulomb bubble divergence

@ the additional diagram is logarithmically divergent. ..

@ ...but this divergence comes from the photon-bubble
subdiagram!

Strategy

SK, GrieBhammer, Hammer, van Kolck, 1508.05085 [nucl-th]

@ isolate divergence: —@—

@ take the leading-order ' Sj in the unitarity limit!
aig, = —23.7~ 00 ~ 1/aig, = 0

© include divergent diagram together with finite aig,

—@— + e = finite

Effective theory of 3H and 3He - p. 17



Coulomb bubble divergence

@ the additional diagram is logarithmically divergent. ..

@ ...but this divergence comes from the photon-bubble
subdiagram!

< determine counterterm from p—p scattering!

—i

At,pp(p(h p) =
Gty — % +aMy (log 2A B CE) —aMyH(n) cf. Kong, Ravndal (1999)
’ T aMy

=1/ac
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Coulomb bubble divergence

@ the additional diagram is logarithmically divergent. ..

. but this divergence comes from the photon-bubble
subdiagram!

< determine counterterm from p—p scattering!

—i

App(po, P) =
gy — % + oMy (log 2A B CE) 7a]WNH(n) cf. Kong, Ravndal (1999)
’ ™ aMy

=1/ac

Important to isolate divergence for consistent renormalization!

Dressed bubble integral @ O + @

Jo(k)
— Gc(k2/MN; 0, 0)
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Coulomb bubble divergence

@ the additional diagram is logarithmically divergent. ..

@ ...but this divergence comes from the photon-bubble
subdiagram!

< determine counterterm from p—p scattering!

—i

At pp(p0,D) =
t:PP(pO p) 2A 2A cf. Kong, Ravndal (1999)
Otpp — — +aMy (log—— — Cp ) —aMyH(n) :
T aMy

=1/ac

Important to isolate divergence for consistent renormalization!

Dressed bubble integral

7
9
S

Jo(k)

Y ) DA D
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Coulomb bubble divergence

@ the additional diagram is logarithmically divergent. ..

@ ...but this divergence comes from the photon-bubble
subdiagram!

< determine counterterm from p—p scattering!

—i

At pp(p0,D) =
t:PP(pO p) 2A 2A cf. Kong, Ravndal (1999)
Otpp — — +aMy (log—— — Cp ) —aMyH(n) :
T aMy

=1/ac

Important to isolate divergence for consistent renormalization!

Dressed bubble integral

7
9
S

Jo(k)

Y ) DA D
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New perturbative approach

Take the leading-order singlet channel in the unitarity limit!

ar = —23.4~ o0 ! ) .
o, 0 A% —
op =0y +0y ot + yiIo(po, P) VB — Mypo — i

Ut(o) —2A/7=0
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New perturbative approach

Take the leading-order singlet channel in the unitarity limit!

ap = —23.4 ~ o0 ! NLO corrections

(0) (1)

or =0, +o0y @ scattering length: at(l) ~ —1/a

@ _ Mnro:
) —

o effective range: ¢ 5

at(o) —2A /7 =0

(1) (1) z

~ —io
t(,pp)

2
A (po, p) = 1A (po, p) x | —io(" —ic!” (po — 2} | x AL (po, p)
AM~
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New perturbative approach

Take the leading-order singlet channel in the unitarity limit!

ap = —23.4 ~ o0 ! NLO corrections

o = Jgo) + at(l) o scattering length: o\ ~ —1/a,

M
o effective range: cgl) = %

at(o) —2A /7 =0

(1) . (1) z

~ —io ~ —ic
t(,pp) t

2
A (po, p) = 1A (po, p) x | —io(" —ic!” (po — 2} | x AL (po, p)
AM~

@ new 'Sy LO is isospin-symmetric and parameter-free

@ allows matching between perturbative and non-perturbative Coulomb regimes

Effective theory of 3H and 3He - p. 18



New perturbative scheme

Leading order

e standard NN spin-triplet (pionless) amplitude (parameter ;)
@ unitary NN spin-singlet amplitude (parameter-free)
@ contact three-body force (parameter A.)

Next-to-leading order

o effective range in the NN spin-triplet channel (parameter pg)

@ isospin-symmetric range in the NN spin-singlet channel
(parameter 1)

@ scattering-length correction to unitarity in the NN spin-singlet
np and nn channels (parameter a;),

@ scattering-length correction to unitarity in the NN pp channel
(parameter a,)

@ one-photon exchange (parameter o« = 1/137)

Effective theory of 3H and 3He - p. 19



Phillips line

11}

10}

[ exp. Ep(*H)

8 . — LO af’hys‘ = —23.7 fm
LO a; = 00

Ep(*H) (MeV)
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Phillips line

7\‘\\\\\\\\\\\\\\‘\\\\L\\‘\\\\\\\\\\\\\\\\\\\\\‘7
11F e fonal 82FT T T T T
10F 8.1F ]
= -
= 9  80f i
—LemmOm T L....006 065 07
= : :
CQES 8 [ —— LO ™ = —23.7 fm
m - LO a; = 00
7 --= LO a = o0 + NLO o)™
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Phillips line

LN L L L L L L L B

1} o a8 2FT T T T

8.1F

10}

© 8.0f

9;

Ep(*H) (MeV)

[ exp. Ep(*H)
8 . — LO a}’hys‘ = —23.7 fm
LO a; = 00
7 - LOa = oo + NLO o™

L — 1o a™ + NLO 7,

— = LO a; = o0 + NLO ufh‘ysj [

6;\\ wwwwwww [ ‘\\4\'\5\\‘ wwwwwww [ [ HT:
04 0 o408 12 16 2
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Doublet-channel phase shift

O Ziowr—wrm
C LO a; = 0 ]
r ==+ LO g, = 00 + NLO af™ 1
'5; — LO a/™* + NLO 7, ]
r — + LO a; = o + NLO n,fhvsl, 7]
__-10f .
=0 C ]
q-) : —16 LLLRRLRRLY LLRRRRLL ELLRRRRLES LLLRRRRLLY LALLLLLRLY :
= -15F EN ] E
S - -18F E ]
20 ] =
20 g ]
25 ¢ = E
F =22 bbb b i 1
L 40 42 44 46 48 50 1
S0 e D

0 10 20 30 40 50

k (MeV)
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Two-body sector

Consider two regimes in the p—p sector:
Q@ @ ~ aMpy — Coulomb non-perturbative! @ = @ * @ o

Q@ oMy < 1/ap, < Q < Ay — Coulomb perturbative!

@ determine counterterm in non-pert. regime (match to modified ERE)
@ important to use consistent regularization scheme!

Effective theory of 3H and 3He - p. 22



Two-body sector

Consider two regimes in the p—p sector:
Q@ @ ~ aMpy — Coulomb non-perturbative! @ = @ * @ o

Q@ oMy < 1/ap, < Q < Ay — Coulomb perturbative!

@ determine counterterm in non-pert. regime (match to modified ERE)
@ important to use consistent regularization scheme!

Coulomb regularization

single photon two and more

. . 1 My .
—C¢+ logm} , 0Jo(k) ~ — {11)(177) 4 5 +Cal| + ﬂlk

2A
8Io(k) ~ |log 1

H(n)
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Coulomb bubble divergence

@ the additional diagram is logarithmically divergent. ..

. but this divergence comes from the photon-bubble
subdiagram!

< determine counterterm from p—p scattering!

—i

App(po, P) =
gy — % + oMy (log 2A B CE) 7a]WNH(n) cf. Kong, Ravndal (1999)
’ ™ aMy

=1/ac

Important to isolate divergence for consistent renormalization!

Dressed bubble integral @ O + @

Jo(k)
— Gc(k2/MN; 0, 0)
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Two-body sector

Consider two regimes in the p—p sector:
Q@ @ ~ aMpy — Coulomb non-perturbative! @ = @ * @ o

Q@ oMy < 1/ap, < Q < Ay — Coulomb perturbative!

@ determine counterterm in non-pert. regime (match to modified ERE)
@ important to use consistent regularization scheme!

Coulomb regularization

single photon two and more

. . 1 My .
—C¢+ logm} , 0Jo(k) ~ — {11)(177) 4 5 +Cal| + ﬂlk

2A
8Io(k) ~ |log 1

H(n)
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Two-body sector

Consider two regimes in the p—p sector:
Q@ @ ~ aMpy — Coulomb non-perturbative! @ = @ * @ o

Q@ oMy < 1/ap, < Q < Ay — Coulomb perturbative!

@ determine counterterm in non-pert. regime (match to modified ERE)
@ important to use consistent regularization scheme!

Coulomb regularization

single photon two and more

2A . . 1 My .
0Io(k) ~ {log oy Ce+ logm} , 0Jo(k) ~ — {11)(177) + 5 +CA} + ﬂlk

H(n)

~> perturbative prediction for p—p phase shift:

1 M
kcot 6t pp(k) = ——— + aMyCa + "k2 4 aMylog <M> + .-
ap—p 2 2k
Effective theory of 3H and 3He - p. 24



Perturbative *He result

New expansion ensures renormalization in the three-body sector! |

6.8F —

N
~
-

exp. Ep(*H)

pert. (incomplete)

|
1000
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Perturbative *He result

New expansion ensures renormalization in the three-body sector! |

8.4F

Ep (MeV)

6.8 —— nonpert. cale.
[ pert. (incomplete)
pert. (full, unit. LO)

6.4

71000
A (MeV)
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Perturbative *He result

New expansion ensures renormalization in the three-body sector! |

8.4F
>
S
6
Q
S
[ pert. (incomplete)
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@ Coulomb indeed perturbative in 3He v

@ consistent renormalization crucial to achieve this!
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New perturbative scheme

Leading order

e standard NN spin-triplet (pionless) amplitude (parameter ;)
@ unitary NN spin-singlet amplitude (parameter-free)
@ contact three-body force (parameter A.)

Next-to-leading order

o effective range in the NN spin-triplet channel (parameter pg)

@ isospin-symmetric range in the NN spin-singlet channel
(parameter 1)

@ scattering-length correction to unitarity in the NN spin-singlet
np and nn channels (parameter a;),

@ scattering-length correction to unitarity in the NN pp channel
(parameter a,)

@ one-photon exchange (parameter o« = 1/137)
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Divergence dissection
Vanasse, Egolf, Kerin, SK, Springer, PRC 89 064003 (2014)

Look at structure of p-d three-body force:

HY (M) = 1Y (A) + O (A)

O = _M{[l(rw —r)A[1 - ]]

16 12

+ various terms ~ log A, all o (7 — 7¢) or o< (Yp—p — 1) ¢/ sIN? (- +)

2
pla) — _\/w{various terms ~ log A @ @

" 48
that do not vanish in the isospin limit + ‘I/(A)}/sin2 ()

@ pieces associated with r,, # r; and apg, ar;
@ these have been relagated to a higher order in the new scheme!
@ but an otherwise remaining log-divergence is absent!
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Lessons learned and open questions

© unnecessary iteration can cause spurious divergences
@ isospin-breaking counterterms seem to be unavoidable

© one-photon exchange generates logarithmic divergences:

@ ~ log A, just like @ !
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Questions

@ is any of this related to the dibaryon formalism?

@ does it matter that we took the two-body cutoff to infinity
first? (more generally: regulator artifacts?)

@ how much Coulomb has to be iterated in low-energy p-d
scattering? (yet another counting above d-breakup threshold?)
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