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Outline

‣ theoreDcal	descripDon	of	effecDve	two-body	systems	
• proton	halos	
• Fluorine-17	
• Boron-8	

‣ universality	in	the	presence	of	a	finite	effecDve	range	
‣ maybe:	uncertainty	esDmates	proton-proton	fusion
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Effective Field Theory for Low-Energy Nuclear 
Physics

‣ use	effec.ve	field	theory	(EFT)	expansion	to	account	for	
details	of	interacDon
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‣ use	minimal	set	of	degrees	of	freedom	
• depends	on	resoluDon	scale	

‣ exploit	separaDon	of	scales:	  
expand	in	small	momentum	k	scale	
over	large	scale	Λ	
• infinite	#	of	coupling	parameters	



Nuclear Halos

‣ dripline	phenomena	include	
emergence	of	new	degrees	of	freedom
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‣ Halo: 
Dghtly	bound	core 
+	weakly	bound	
spectator	nucleons

‣ 1-neutron	halos	considered	in	EFT	by	
Bedaque,	van	Kolck,	Hammer,	Phillips,	...  

‣ What	about	
Proton	Halos?



Separation of Scales in Fluorine-17

➡Excited	State	of	Fluorine-17	is	S-wave	Proton	Halo
5

‣ 2	stable	weakly-bound	
states

Sp = 600.27 keV
Sn = 16800 keV

‣ Oxygen-16	Dghtly	bound  
lowest	lying	excitaDon	at	
~6	MeV	
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Construct Halo EFT for excited state in 17F  
(Ryberg, Hammer, Forssen & LP arXiv 2015)

‣ We	take	Coulomb	into	account	non-perturbaDvely
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‣ simple	Lagrangian	that	includes	only	excited	state	dynamics	
‣ core	and	proton	treated	as	pointlike	parDcles



Coulomb Interaction

‣ We	include	the	Coulomb	interacDon	by	using	the	QM	
Green’s	funcDon
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 p(r) =
1X

l=0

(2l + 1)il exp (i�l)
Fl(⌘, ⇢)

⇢
Pl(ˆp · ˆr)

hr|GC(E)|ri =
Z

d3p

(2⇡)3
 p(r) ⇤

p(r
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E � p2/(2mR) + i"

‣ Coulomb	wave	funcDons	are	parDal	wave	decomposed

‣ Feynman	rules	have	to	be	adjusted	to	take	this	feat	into	
account



Input Parameters

‣ Use	binding	energy	and		asymptoDc	normalizaDon	
coefficient	(ANC)	A	for	renormalizaDon
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wl(r) = AWi⌘,l+1/2(2�r)

‣ this	way,	fix	Z-factor	and	pole	posiDon	of	halo	propagator	
‣ someDmes:	observables	don’t	change	from	one	order	to	
another

Z / ⇡

m2
R[�(1 + kC/�)]2

A2



Outline Introduction Halo e�ective field theory S-wave proton halos in EFT The 8B proton halo in EFT Outlook Summary

Charge form factor

Preliminary: E�ective range correction

• The NLO contribution is an e⇥ective range correction.

• Enters as a tree-level diagram

i�0NLO = i⇥e(Zcore + 1) .

• Charge radius to NLO:

⇥rLO+NLO
C ⇤2 = ⇥rLOC ⇤2

�
1� 3kCr0 +O(�2/k2

C)
⇥�1

• We need experimental or calculated scattering parameters.

E. Ryberg

Charge Radius of excited state of 17F

‣ Feynman	diagrams	lead	to	simple	expressions
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‣ Result	for	charge	radius	(relaDve	to	core)	using	
ANC	and	Sp

Outline Introduction Halo e�ective field theory S-wave proton halos in EFT The 8B proton halo in EFT Outlook Summary

Charge form factor

The LO loop diagrams
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• LO diagrams, with a virtual photon leg.

i�0LO(Q) = ieZcore

⌅
d3r(0|GC(�B)|r) exp (ifQ · r)(r|GC(�B)|0)

+
⇧
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⌃

• Only the S-wave part of (0|GC |r) contributes.
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E. Ryberg
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+

rC,NLO = (2.20± 0.04 (EFT)± 0.11 (ANC)) fm



Determine ANCs from EFT

‣ fit	ANC	(Z-factor)	to  
experimental	data	

‣ obtain	ANCs	with	error	  
esDmate	for	different	
orders
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S-factor value is stable. From these fits we extract a treshold S-factor

S =

⇢ �
9.9± 0.1 (fit)± 1.0 (norm.)

�
keV b , N3LO�

10.4± 0.1 (fit)± 1.0 (norm.)
�
keV b , N5LO

(71)

with the 1% error due to the EFT fit (mainly statistical error) and the 10%
error from the uncertainty in the absolute normalization of the experimental
data. These results give the ANC [CF: updated numbers needed.]

A =

⇢ �
76.9± 4.3 (fit)± 7.7 (norm.)

�
fm�1/2 , N3LO�

78.9± 4.8 (fit)± 7.9 (norm.)
�
fm�1/2 , N5LO

, (72)

which is consistent with the ANCs of Huang et al and Gagliardi et al .
The charge radius of the 17F⇤ can now be obtained by using an extracted

ANC. Using the 16O-proton ANC extracted from the N5LO radiative proton
capture fit, the resulting NLO charge radius is given by [CF: updated numbers
needed.]

rC,NLO = 2.2 fm . (73)

At N2LO the contributions from the proton and 16O charge radii enter. The
result is [CF: updated numbers needed.]

rC,N2LO =

r
r2C,NLO +

1

Zc

r2p +
Zc

Zc + 1
r216O

=3.4 fm , (74)

using rp = 0.88 fm and r16O = 2.71 fm. [ER: What values should we really
use here?]

Since the Coulomb momentum is much larger than the binding momen-
tum, it is not clear that the operator d†r2A0d is suppressed to higher order.
Therefore one might suspect that the EFT error is substantial for the charge
radius.

7. Conclusions

We have calculated the charge radius and radiative capture cross section
for proton halo nuclei interacting through a large S-wave scattering length.
Specifically, we have included higher-order e↵ective-range corrections and
shown consequent good agreement with experimental data. In particular,
our description of proton-capture on 16O agrees very well with the data and
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compares well with Huang et al. and Gagliardi et al.



Scale Separation in Boron-8  
(Ryberg, Forssen, Hammer & LP EPJA 2015)

‣ Boron-8	p-wave	proton	
halo  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‣ relevant	for	nuclear	astrophysics	➞	solar	neutrinos  
 

Sp = 137.5 keV

Sn = 13020 keV



Setting up the EFT 

‣ Two	Spin	Channels	(S=1	&	S=2)
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‣ p	is	proton	field,	 
c	is	spin	3/2	ground	state	core	field,	 
c~	spin-1/2	excited	state	core	field		

‣ g=g12+g22		always	appear	as	sum;	only	as	one	parameter



Renormalization conditions

‣ We	use	asymptoDc	normalizaDon	coefficients	and	binding/
excitaDon	energies
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‣ also	allows	us	to	extract	also	the	effecDve	range



Charge Radius

‣ charge	radius	will	get	measured	(Noertersheuser,	Mueller,	
...)
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‣ Feynman	diagrams	for	Charge	radius	relaDve	to	Beryllium-7

+

Figure 6: The �0
loop diagram.

At q = 0 we use the expression (37), which gives

i�0
loop(0) = �i

g2eZc

3

⇧
d3k1d3k2d3k3

(2⇤)9
k3 · k1⌅k3|GC(�B)|k2⇧
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d3p
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� B � p2

2mR

⌅2 . (39)

where we have used the k-space version of equation (3), the orthonormality of the Coulomb

wavefunctions and equation (C7). It is now clear that

�0
loop(0) = e(Zc + 1)⇥⇥(�B) , (40)

comparing to (6).

Now, the form factor is given by

FC(q) =
Z

e(Zc + 1)

�
�0
tree + �0

loop(q)
⇥

(41)

and first we evaluate it for q = 0 . We have
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Z
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�
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⇥

=
1

� + ⇥⇥(�B)
(� + ⇥⇥(�B))

= 1 (42)

using equation (??). This is the correct normalization.

The charge radius rC is defined by

FC(q) = 1� r2C
6
q2 + . . . (43)
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Figure 5: The �0
tree diagram.

corrected version of the ANC-formula in [? ]

⇥
A2

1 + A2
2 =

��(2 + kC/�)

3

⌅
2⇥

�r1 +
2kC
mR

d
dEh1(⇥)

������
E=�B

, (31)

for P-waves and the calculated ANCs for Boron-8 in both the S = 1 (A1 = �0.315 fm�1/2)

and S = 2 (A2 = �0.662 fm�1/2) channel [? ], we find the e⇥ective range

r1 = �6.205 MeV . (32)

[ER: We can also use the ANCs calcualted by Sofia (they are similar).]

III. THE ELECTRIC FORM FACTOR

We are now in the position to obtain results for the charge form factor. The charge radius

is obtained from the electric form factor is given by the expression

⇥p2|J0
C|p1⇤ = (Zc + 1)eFC(q) (33)

with the external photon momentum

q = p2 � p1 . (34)

The irreducible diagrams that we need to evaluate are two loop-diagrams �0
loop where the

photon couples to either the core or the proton and the tree-diagram �0
tree with the photon

coupling to the halo field.

A. Evaluation of �0
tree

This diagram which is shown in Fig. 5 is just the Feynman rule for a photon coupling to

the dibaryon and given by

i�0
tree = i⇤e(Zc + 1) (35)

8

‣ parameters	fixed	from	Sp	and	ab	iniDo	ANCs

r2C =

8
<

:

(2.56± 0.08 fm)

2
(Nollett ANCs)

(2.50 fm)

2
(Navrátil ANCs)

(2.41± 0.18 fm)

2
(Tabacaru ANCs)

‣ Beryllium	radius	added	in	quadrature	(comp	w/	Pastore	->	
(2.6	fm)2



Capture reaction

‣ We	can	also	evaluate	capture	diagrams
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(a) (b)

Figure 6: (a) Radiative capture diagram with an intermediate halo propagator. (b) Radiative

capture diagram with a photon coupling to the P-wave vertex.

+

Figure 7: Loop-diagrams for radiative capture. The photon couples either to the proton or the

core.

b. Capture diagram with the photon coupling to the P-wave vertex This diagram is

given in Fig. 6(b) and is simply
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The  p(0) factor implies that this amplitude is purely from an incoming S-wave.

c. Capture loop diagrams The loop diagrams contributing to the capture process are

shown in Fig. 7 and are written in momentum space as
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Figure 7: Loop-diagrams for radiative capture. The photon couples either to the proton or the
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S(0) =

8
<

:

(20.0± 1.4) eV b (Nollett ANCs)

18.9 eV b (Navrátil ANCs)

(17.3± 3.0) eV b (Tabacaru ANCs)

‣ and	obtain	the	threshold	S-factor



S-factor (compare Zhang, Nollett & Phillips 2014 )
‣ good	agreement	w/	experiment
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Figure 8: The S-factor of 7Be(p, �)8B as a function of the c.m. energy. The data are from Refs. [36–

43]. The solid line is the LO result of this work using input ANCs of Nollett et al..

squared as showed in Eq. (30). Thus, at threshold the only corrections are due to higher-

order operators that involve the photon field and these enter with additional powers of the

photon energy !. Momentum and energy conservation implies that ! ⇡ B+ p

2

2mR
, where the

binding energy scales as k2

lo

. We therefore estimate the error to be of order (k
lo

/k

hi

)2 ⇡ 8%.

These higher-order corrections will, however, influence the shape of the S-factor at larger

energies, i.e. in the region where comparison with data is possible. This results in an

additional uncertainty when attempting extrapolation to threshold energies. Note that this

extrapolation uncertainty is much more serious in potential-model descriptions for which

the error is not even quantified. Therefore, we present an alternative approach to constrain

the threshold S-factor from experimental data: namely to identify its correlation with the

previously discussed charge radius of 8B.

V. CORRELATING THE CHARGE RADIUS AND THE THRESHOLD S-

FACTOR

At this stage we are able to demonstrate the relationship between the 7Be(p, �)8B S-factor

at threshold and the 8B charge radius. Instead of using ground-state ANCs from microscopic

calculations or transfer experiments as input, we now let A2

1

+A

2

2

be a free parameter. This

parameter is then used to explore correlations between the charge radius of 8B and the

20

‣ universal	correlaDon	btw	radius	and	S-factor

Figure 9: Correlating the threshold S-factor and the charge radius of 8B. The solid line demon-

strates the EFT correlation, while the three data points with error bars correspond to results

obtained with di↵erent input ANCs, either from microscopic ab initio calculations, or from a

transfer experiment.

threshold S-factor. However, we still fit the excited state ANC to the result of Zhang et al.

A⇤ = 0.3485(51). The resulting correlation plot is shown in Fig. 9. The solid line shows

the LO one-parameter correlation predicted by halo EFT. The triangle, square and circle

show our results for the S-factor with the input ANCs from Nollett, Navrátil and Tabacaru,

respectively. They appear in di↵erent positions on the correlation line since changing the

ANC leads to a di↵erent e↵ective range and thus a di↵erent charge radius. In turn, the

correlation can be used to constrain the ANC from charge radius measurements.

VI. SUMMARY

In this paper, we have calculated the charge radius and the S-factor for radiative proton

capture on 7Be at LO in halo EFT. The parameters required to fix the proton-core interaction

were obtained from experiment, or from ab initio calculations. Our prediction for the S-factor

at threshold is in agreement with the most recent recommended value for this observable [1]

and the EFT calculation by Zhang, Nollett and Phillips [26]. By performing calculations

with and without the excited state of 7Be, and thereby changing the amount of microscopic

physics included in the EFT, we have tested the stability of our calculation. Furthermore,

21



A slightly different topic: NLO universality

17

• STM equation contains the Efimov effect

= + + +

w/o 3-body force: Skorniakov & Ter-Martirosian ‘56

• in QFT find that predictions require 3-body force 
(Bedaque, Hammer, and van Kolck 1999) 

• Efimov: New type of universality: discrete scale 
invariance, scattering length and one three-body input 
determine everything else



Universal relations at leading order

• knowledge of one feature gives info on all others:
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➡binding energies in the unitary limit

ET,n �! ��2n2
⇤/m

➡recombination features, e.g. recombination maxima

a�,n �! ✓��
n�1

⇤



Including the effective range

‣ use	perturbaDon	theory	to	
include	effecDve	range	

‣ find	that	new	counterterm	
is	required	when	variable	
sca)ering	length	is	
considered	

‣ regulator	dependence	of	
new	3-body	force	can	be	
derived	explicitly

19

Hammer&Mehen 2001, Bedaque et al. 2002, Ji&Phillips&LP 2011



Universal relations at next-to-leading order (Ji, 
Braaten, Phillips & LP PRA 2015)

‣ recombinaDon	features	can	be	expressed	as
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ai,n = �n✓i
�1
⇤ + (Ji � n�)rs

‣ Ji	is	non-universal,	however	(Ji-Jj)	is	universal	

‣ relaDon	above	can	be	modified	to	give	raDo	of	2	features	as	
funcDon	of	2	other	feature



Running Efimov Parameter

‣ form	of	NLO	3-body	force	suggest	running	3-body	
parameter

21

̄⇤(Q, a) = (Q/⇤)
��rs/a⇤

‣ leads	to	RenormalizaDon-Group	improved	universal	
relaDons

ai,n = �n✓i(�
n|✓i|)��rs⇤/(�

n✓i)�1
⇤ + J̃irs

‣ can	be	wri)en	as	equaDon	for	raDos	depending	on	2	
known	raDos



Benchmarking the relations

• Compare the universal relations to calculations that employ 
finite range interaction 

• Deltuva: Momentum space calculations with short-range 
separable interaction 

• Schmidt, Rath & Zwerger: Two-channel model that with 2 
parameters and a form factor that gives
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Deltuva PRA 2012
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n 0 1 2 3 4

Deltuva	
2012 0.7822 0.9665 0.9976 0.9999 1.0000

NLO 0.7822 0.9665 0.9975 0.9998 1.0000

RG-NLO 0.7822 0.9665 0.9975 0.9998 1.0000

(a�,n+1/a�,n)/�



Schmidt, Rath & Zwerger
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(a�,n+1/a�,n)/� (a⇤,n+1/a⇤,n)/�

n 0 1 2

Schmidt	et	
al. 0.753 0.962 0.998

NLO 0.753 0.962 0.997

RG-NLO 0.753 0.962 0.997

0 1 2

0.175 1.764 1.029

-8.1 1.150 1.032

0.0002 1.206 1.034

Schmidt	et	
al. 1.008 0.998 0.9998

NLO 1.008 0.998 0.9998

RG-NLO 1.008 0.998 0.9998

0.757 0.983 1.001

-0.431 0.986 1.002

0.240 0.986 1.002



Summary

‣ Proton	Halos	are	more	fine-tuned	
• weakly	bound	systems	in	the	presence	of	the	repulsive	Coulomb	interacDon	

‣ obtain	input	informaDon	from	ab	ini&o	calculaDons	
‣ RG	improvement	corresponds	to	some	itera&on	of	the	
range	

‣ new	RG	improved	universal	relaDons	at	NLO
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