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means of standard FRS tracking detectors, which com-
prised two time-projection chambers (TPC) at the inter-
mediate focal plane (S2), another two at the final focal
plane (S4), two ionization chambers at S4 and thin plastic
scintillators at both S2 and S4 for measuring the time-
of-flight (TOF). Ion identification was carried out on an
event-by-event basis, by using the energy loss measured
in the ionization chambers for charge determination and
the measured TOF for determining the mass-over-charge
(A/Z) ratio. Changes in the magnetic rigidity of the
ions after the S2-degrader were used to identify and cor-
rect for charge states induced in the wedge [41]. A thin
Nb foil was used between the two ionization chambers
in order to induce electron stripping from possible H- or
He-like charge states. By implementing ion-trajectory
corrections enabled by the TPC-measurements, in com-
bination with the TOF- and energy-loss information it
was possible to determine the nuclear charge Z and the
A/Z ratio. The final identification diagram is shown in
Fig.1 for all the events accumulated in the experiment.
An aluminium degrader with adjustable thickness was
used at S4 in order to slow down ions and implant them
into a stack of double-sided silicon strip detectors called
SIMBA [42].

FIG. 1. Ion identification diagram showing nuclear charge Z
as a function of the mass-over-charge ratio A/Z as measured
with the FRS tracking detectors (see text for details).

Neutrons were detected using BELEN, which consisted
of an array of 30 3He-tubes embedded in a polyethylene
matrix that served as moderator and shielding from sur-
rounding background neutrons. Geant4 [48] and MC-
NPX [49] Monte Carlo simulations allowed us to deter-
mine the BELEN e�ciency as a function of the neutron
energy, which is nearly constant at a value of 40(2)% from
thermal neutrons up to 1 MeV, and decreases to 35% at
5 MeV. The simulations were validated with dedicated
measurements performed with a 252Cf-source. Data from
BELEN were acquired using a digital data acquisition
system [50], which was combined with the GSI local ac-
quisition Multi-Branch System (MBS) [51]. The latter

was used to acquire data from all tracking detectors and
SIMBA. The MBS data acquisition was triggered by a
scintillator detector at S4 upstream of the detector ar-
ray and by high energy implant and low energy �-decay
events in SIMBA. The digital data acquisition for BE-
LEN was self-triggered. Always when there was an elec-
trical signal from any of the 3He-tubes, its pulse-height
and time-stamp were acquired. Both data acquisition
systems generated time stamped data using a common
clock. In this way, ion-implant versus �-decay time-
correlations and ion-�-neutron time-correlations could be
built with a sampling-resolution of 10 ns over an arbitrar-
ily long time-window and in both forward (increasing)
and backward (decreasing) time directions. By means
of implant-� and implant-�-neutron time-correlations in
the forward (true and uncorrelated events) and backward
(only uncorrelated events) directions, it was possible to
carry out a binned maximum-likelihood analysis [52] and
thus determine �-decay half-lives and �-delayed neutron
branching ratios for the implanted nuclei. A correlation
area of 3⇥3 mm2 centred around the implantation was
used.
The results obtained for the half-lives and neutron

branching ratios are reported in Table I and displayed
in Fig. 2 and Fig. 3, respectively.

Isotope t1/2 (s) Pn (%) Isotope t1/2 (s) Pn (%)
204Au 34(15) 214Tl 11(2) 27(11)
205Au 35(17) 215Tl 10(4) 4.6(4.6)
206Au 56(17) 216Tl 6(3) < 11.5
208Hg 132(50) 215Pb 98(30)
209Hg 6(1) 216Pb 99(12)
210Hg 64(12) 2.2(2.2) 217Pb 20(5)
211Hg 26(8) 6.3(6.3) 218Pb 15(7)
211Tl 76(18) 2.2(2.2) 218Bi 38(22)
212Tl 31(8) 1.8(1.8) 219Bi 3.8(1.6)
213Tl 24(4) 7.6(3.4) 220Bi 9(3)

TABLE I. Implanted isotopes and measured half-lives and
neutron branching ratios.

In order to have a complete picture on both sides of
the neutron shell closure in Fig. 2 we have included pre-
viously published results from another recent work [43–
45, 53], as well as half-life values reported for 208,209Hg
in Ref. [46]. The new results comprise twenty half-life
measurements in the N&126 region, nine of them re-
ported for the first time. With the exception of 212Tl
and 219Bi an excellent agreement is found with the re-
cently published work of Morales et al. [43–45, 53]. Pre-
viously published half-lives for 208,209Hg [46] are much
longer than the values reported here. A recent exper-
iment at CERN-ISOLDE [54] also concluded that the
half-life of 208Hg is less than few minutes, and much
shorter than the published value. Thus, we use the
recent half-life results to test the reliability of global
theoretical models on both sides of N = 126. The
FRDM+QRPA [22] model was until recently the only
theory available over the full network of nuclei involved
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r process universality. It is anticipated that universality may not extend to the elements Sn, Sb, I, and Cs,
making the detection of these elements in metal-poor stars of the utmost importance to determine the exact
conditions of individual r-process events.
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Introduction.—The origin of the heavy elements from
iron to uranium is one of the main open questions in
science. The slow neutron-capture (s) process of nucleo-
synthesis [1,2], occurring primarily in helium-burning
zones of stars, produces about half of the heavy element
abundance in the universe. The remaining half requires a
more violent process known as the rapid neutron-capture
(r) process [3–6]. During the r process, in environments of
extreme temperatures and neutron densities, a reaction
network of neutron captures and β decays synthesizes very
neutron-rich isotopes in a fraction of a second. These
isotopes, upon exhaustion of the supply of free neutrons,
decay into the stable or semistable isotopes observed in
the solar system. However, none of the proposed stellar
models, including explosion of supernovae [7–12] and
merging neutron stars [13–16], can fully explain abundance
observations. The mechanism of the r process is also
uncertain. At temperatures of one billion degrees or more,
photons can excite unstable nuclei which then emit
neutrons, thus, counteracting neutron captures in an
ðn; γÞ ⇄ ðγ; nÞ equilibrium that determines the r process.
These conditions may be found in the neutrino-driven wind
following the collapse of a supernova core and the accreting
torus formed around the black hole remnant of merging
neutron stars. Alternatively, recent r-process models have
shown that the r process is also possible at lower temper-
atures or higher neutron densities where the contribution
from ðγ; nÞ reactions is minor. These conditions are
expected in supersonically expanding neutrino-driven out-
flow in low-mass supernovae progenitors (e.g., 8 − 12M⊙)
or prompt ejecta from neutron star mergers [17]. The final
abundance distribution may also be dominated by post-
processing effects such as fission of heavy nuclei (A≳ 280)
possibly produced in merging neutron stars [18].
New clues about the r process have come from the

discovery of detailed elemental distributions in some
metal-poor stars in the halo of our galaxy [19,20]. A main
conclusion of these observations is that the abundance
pattern of the elements between barium (Ba, proton number
Z ¼ 56) and hafnium (Hf, Z ¼ 78) is universal. Recent
observations by the Space Telescope Imaging Spectrograph
on board of the Hubble Space Telescope [21,22] indicate
that tellurium (Te, Z ¼ 52) is also robustly produced along
with the rare earth elements.
Nuclear physics properties such as β-decay half-lives

and masses are key for predicting abundance patterns and
extract signatures of the r process from a detailed com-
parison to astronomical observations [23]. This is espe-
cially true when ðn; γÞ ⇄ ðγ; nÞ equilibrium is established.

Otherwise, ðn; γÞ cross sections or fission properties may
very well be responsible for main features of the abundance
observations. In this Letter, we report on the half-life
measurement of 110 unstable nuclei with proton number
Z ≤ 50 and neutron number N ≈ 82. These nuclei are key
in any r-process mechanism [23] because their enhanced
binding bends the r-process path closer to stability slowing
down the reaction flow—the flow has to wait at the slowly
decaying species. The half-lives of thesewaiting-point nuclei
determine the time scale of the r process and shape the
prominent r-process abundance peak of isotopes with
A ≈ 130. The precise theoretical prediction of these half-
lives is challenging because the structure evolution ofN ≈ 82
nuclei is still unknown despite the recent experimental efforts
[24–30]. The data we present in this Letter also serve as
important constraints to probe and improve nuclearmodels in
this region.
Experimental procedure.—The nuclei of interest were

produced by fission of a 238U beam induced through
collisions with a beryllium target. The U beam had an
energy of 345A MeV and an average intensity of about
6 × 1010 ions=s. After selection and identification, exotic
nuclei were implanted at a rate of 50 ions=s in the stack of
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FIG. 1 (color online). Particle identification spectrum [33]. Ions
are identified with respect to proton number Z and the mass-to-
charge ratio A=Q. Charge state contamination is significant but
well separated in A=Q for the nuclei of interest. Nuclei with
newly measured half-lives are on the right side of the red solid
line. The heaviest masses for which half-lives can be measured
are tagged for reference by red circles. The half-lives reported in
this Letter are for the elements from Rb to Sn.
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Decay spectroscopy of very neutron-rich nuclei around
A ¼ 110 was performed at the recently commissioned
RIBF facility at RIKEN. A secondary beam, composed
of a cocktail of neutron-rich nuclei, was produced by in-
flight fission of a 345-MeV=nucleon 238U beam in a
550-mg=cm2 Be target. The primary beam was produced
by the RIKEN cyclotron accelerator complex with a typi-
cal intensity "0:3 p nA at the production target position.
Fragments were separated by the first stage of the BigRIPS
separator [10] using a 1600-mg=cm2 Al achromatic energy
degrader. Contaminants that were not fully stripped were
removed from the secondary beam using a 570-mg=cm2 Al
degrader placed at the second stage. Nuclei in the second-
ary beam were identified on an event-by-event basis mea-
suring their A=Q and Z (see Fig. 1); these two quantities
were deduced by combining the projectile time-of-flight
and magnetic rigidity from BigRIPS, and from an energy-
loss measurement in an ionization chamber at the end of
the zero-degree spectrometer (ZDS), respectively.

The nuclei transported through the ZDS were implanted
in a nine-layer double-sided silicon-strip detector (DSSSD)
system [11,12] with a combined thickness of 9# 1 mm,
which was positioned downstream from a stack of Al
degraders of total thickness 6 mm. Each DSSSD was
segmented into 16 strips, horizontally on the front side
and vertically on the back, each with a width of 3 mm.
All strips of the middle 7 were readout for reconstruction
of projectile trajectories and timing of low-energy ! par-
ticles using high-gain readout electronics with an energy
range spanning to 2 MeV. The implantation position and

timing of the identified nuclei were reconstructed, event-
by-event, using their momenta and the energy deposited in
each strip of the second DSSSD. Because of the relatively
large energy deposition of individual nuclei in the second
DSSSD, a low-gain readout system with a dynamical
energy range above 4 GeV was used in parallel to the
one with high gain.
The positions of an implanted nucleus and its associated

! decay were deduced by calculating the average strip
position on each side of the relevant DSSSD, weighted
by the amplitude of the energy signal. The ion implantation
rate throughout the 8 h of beam time was about 8 particles
per second. A decay curve was constructed for each nu-
clide by measuring the correlation between heavy-ion
implantations and subsequent ! particles detected within
3.3 mm of each other, and in the same DSSSD layer. The
maximum-likelihood analysis technique was used to ex-
tract !-decay half-lives (T1=2) from the decay spectra; bin
widths of 10 ms were adopted in all cases [9]. All necessary
components were taken into consideration during the fit-
ting procedures: the !-detection efficiency, background
rate, daughter and granddaughter half-lives, including the
nuclides populated by !-delayed neutron emission, and
!-delayed emission branches (Pn). Experimentally un-
known Pn values for some of the very exotic isotopes
were taken from Ref. [1] with uncertainties of 0% to
100% for caution. The detection efficiency was found to
range from 40% to 80%, depending on whether the ions
were implanted near the surface or the center of a silicon
layer. The typical rate of !-like background events was
less than "0:5 counts=s. Systematic errors on Pn and
experimental half-lives were estimated and combined
with statistical uncertainties. Figures 2(a)–2(d) show
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FIG. 1 (color online). Particle-identification plot from 8 h of
accumulated beam time. The lowest-mass isotope from each
isotopic chain was tagged for reference purposes. Isotopes
with previously known half-lives lie to the left of the black solid
line. The shaded area represents the r-process waiting points
predicted by the ETFSI-Q mass model, within the classical
r-process model [19].
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FIG. 2. Fitted decay curves for (a) 111Nb, (b) 108Zr, (c) 106Y,
and (d) 103Sr. The data are presented with variable bin widths
ranging from 10 to 5000 ms, with normalized counts per 10 ms.
The dashed lines correspond to contributions from the parent
(the shaded region), daughter, and granddaughter with mix of the
! and !n branches, and background components.
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Fig. 4. Comparison with theoretical predictions. In the upper row the half-lives are
given as function of mass number A for Tl (left) and Bi (right) isotopes. Open circles
refer to previously known data while filled ones to the current analysis. The lower
panels show the comparison in terms of ratio between experimental and theoreti-
cal values. The predictions shown by squares are obtained using the FRDM +QRPA
approach while the ones shown with triangles by the DF3+ cQRPA one. (See text
for discussion.)
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Figure 19: Recent measurements on neutron-rich nuclei and estimated capabilities at the future FRIB (black line: 10�4

particles per second [199]). Triangles denote recently measured �-decay half-lives @ RIKEN [102], stars represent recently
measured masses with the CPT at CARIBU [96], and circles are the nominal production rates measured for these nuclei
with ISAC at TRIUMF [218]. Background shading denotes the extent of the latest AME2012 evaluation of masses (light
gray), influential r-process nuclei from [177] with F � 0.1 (pink), and stable nuclei (black).

more intense beams on radioactive targets which are limited in production and very short lived. This aspect forbids
the direct measurements of capture rates and leads to the use of completely theoretical estimates for the capture rates
in r-process simulations. There are however a number of promising indirect approaches to measuring neutron capture
cross sections for nuclei that are under development. One method is the surrogate reaction technique developed in the
1970’s by Ref. [214]. This very general technique involves determining cross sections for nuclear reactions that proceed
through a compound nucleus via a surrogate reaction which also populates the same compound nucleus but is much
easier to measure [215, 216, 217]. Since the compound nucleus does not have ‘memory’ of the formation process, details
of the desired reaction channel may be extracted using a number of methods including inelastic scattering, neutron
transfer or pick-up reactions. In the case of neutron capture, (d, p) reactions have been used as a surrogate [114, 115].
A second promising approach to measuring neutron capture cross sections involves the so called �-Oslo method [116].
In this approach high-lying levels in the nucleus of interest are populated via � decay. A total absorption spectrometer
is used to measure �-rays and thereby determine the level density as well as the �-ray strength function experimentally.
These measurements can then be combined with theoretical calculations of an optical model potential to derive the
neutron capture cross section. The power of this method is that the same experimental technique can also be used for
measurements of �-decay properties.
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In some nuclei the decay is quite 
simple and is dominated by a single 
allowed transition from the parent 
ground state.  

132
 51Sb

0(4+)
85.55(3+)

162.80
254.5
389.2

426.07(2+,3+)
483.1

529.10(2+,3+)

1078.31(2,3)+

1325.151+

2268.261+ 0.
74

  1
84

2.
22

  

0.
13

  1
73

9.
10

  

9.
7 

 1
23

9.
63

  

44
.8

  8
99

.0
4 

 

0.
31

0 
 7

95
.7

  

42
.3

  2
46

.8
7 

 M
1,

E2
  

2.
51

  1
07

8.
3 

 

36
.9

  9
92

.6
6 

 

2.
71

  6
52

.3
1 

 

2.
31

  5
49

.2
3 

 

2.
12

  5
29

.0
9 

 

0.
22

6 
 4

43
.5

  

0.
09

8 
 9

3.
9 

 
49

  3
40

.5
3 

 M
1,

E2
  

0.
11

8 
 1

34
.7

  

0.
08

4 
 9

1.
7 

 
0.

07
  1

62
.8

  
48

.2
  8

5.
58

  M
1 

 

 2.79 m 
 14.8 ns 

 102 ns 

 <2 ns 

 <2 ns 

 <0.8 ns 

132
 50Sn≈

<0.17% >8.91

99% 4.2

0.87% 5.2

0+ 0
39.7 s

Qβ−=3300

4453



132
 52Te

00+

973.902+

1670.694+
1774.106+

2052.97(5)–
2107.50(3,4)
2280.61(3–)
2409.73
2487.31(3,4)

2763.58(4,5)
2867.21(4+)

2884.0

3210.69(4,5)
3349.19

3561.8(4+) 1.
5 

 2
58

8.
3 

 
0.

99
  1

89
0.

9 
 

3.
5 

 1
78

8.
0 

 
0.

59
  1

45
4.

0 
 

3.
0 

 1
15

2.
2 

 
1.

29
  1

57
5.

0 
 

0.
69

  1
38

.5
  

0.
99

  1
54

0.
4 

 

2.
0 

 1
43

6.
3 

 
0.

99
  9

30
.0

  
2.

0 
 4

47
.3

  
2.

0 
 1

21
3.

3 
 

0.
89

  1
89

3.
7 

 

3.
0 

 1
19

6.
5 

 
5.

0 
 1

09
3.

2 
 

5.
0 

 8
14

.1
  

14
.9

  9
89

.6
  

3.
0 

 3
53

.8
  

2.
0 

 1
51

3.
5 

 
10

.9
  8

16
.6

  
9.

9 
 6

35
.6

  
0.

99
  2

28
0.

4 
 

0.
99

  1
30

6.
5 

 

2.
0 

 6
09

.9
  

5.
9 

 1
13

3.
5 

 
3.

0 
 4

36
.8

  
7.

9 
 3

82
.3

  E
1 

 

13
.9

  1
03

.4
  E

2 
 

86
  6

96
.8

  (
E2

)  

99
  9

73
.9

  (
E2

)  

 3.204 d 

 145 ns 

132
 51Sb≈

21% 6.6

3.0% 7.3
8.3% 6.8
3.0% 7.1
4.0% 6.9
12.9% 6.4

15.8% 6.1
13.8% 6.1
2.0% 6.9

5.2% 6.2
2.0% 6.5

9.5% 5.6

(4+) 0
2.79 m

Qβ−=5290

4454



Q. Zhi et al., Phys. Rev. C 87, 025803 (2015) 
T. Suzuki et al., Phys. Rev. C 85, 015802 (2012) 

SHELL-MODEL HALF-LIVES INCLUDING FIRST-FORBIDDEN . . . PHYSICAL REVIEW C 87, 025803 (2013)

FIG. 7. (Color online) Neutron emission probability for N = 50
isotones from FRDM + QRPA [14], DF3 + QRPA [20,55], the
present shell model, and the experiment [52].

[54]. Hence, we use the shell-model Qβ values in the following
calculation of the half-lives and β-delayed neutron emission
probabilities for the N = 50 waiting-point nuclei.

As shown in Table II and Fig. 4, the shell-model half-lives
agree quite well with the data, although they overestimate
the ones of 82Ge and 79Cu by about 50%. Nevertheless, the
agreement is significantly better than that obtained based
on the global FRDM and ETFSI models. The HFB results
[16], which are restricted to the decay of even-even nuclei,
are very similar to the shell-model results, except for the
half-life of the double-magic nucleus 78Ni. Here, only the
shell-model reproduces the measured value [7], while all other
models predict a significantly longer half-life. This underlines
the fact that many-body configuration mixing is needed to
reproduce the cross-gap correlations in double-magic nuclei.
Similar results have been found in studies of the isotope shifts
in calcium [56] and the M1 strength distributions in argon
isotopes [57].

The contribution of first-forbidden transitions to the N =
50 half-lives is shown in Fig. 5. For the decay of the nuclei with
Z ! 28 the probability is very small (less than 5%). However,
first-forbidden transitions contribute about 25% to the 77Co

FIG. 8. (Color online) Comparison of Qβ values of the N =
82 isotones between theoretical results from the FRDM [14],
HFB [16], the present shell-model approaches, and experimental
data [52].

TABLE III. Comparison of the present shell-model half-lives and
the ones of Ref. [19] with experimental data [50,58]. All half-lives
are in milliseconds.

Nucleus Half-life (ms)

Expt. Present Shell model (Ref. [19])

131In 280 ± 30 247.53 260
130Cd 162 ± 7 164.29 162
129Ag 46+5

−9 69.81 70
128Pd 47.25 46
127Rh 27.98 27.65
126Ru 20.33 19.76
125Tc 9.52 9.44
124Mo 6.21 6.13

decay, while they are smaller but still sizable for the decay of
the nuclei with charge numbers Z = 24–26.

To understand this behavior, we note that first-forbidden
contributions are related to the transition from a g9/2 neutron
orbital to a f7/2 proton orbital for the rank 1 operators and
to a f5/2 proton orbital for rank 2 operators. (There are no
contributions from rank 0 operators in our model space.) In
the simple independent particle model, the f7/2 level gets
completely occupied for 78Ni and consequently this transition
is Pauli-blocked for N = 50 nuclei with Z ! 28. In the shell
model, the blocking is partially removed by configuration
mixing, but the importance of the first-forbidden transitions
stays low. For these nuclei, they are nearly exclusively due to
contributions from the rank 2 operators. For the nuclei with
Z < 28, the proton f7/2 orbital is not fully occupied and first-
forbidden transitions due to the rank 1 operators are possible.
They are noticeably larger those of the rank 2 operators.
Hence, the total first-forbidden strength is significantly larger
for nuclei with Z < 28 than for the nuclei with Z ! 28.
Furthermore, it increases with decreasing charge number due
to the depopulation of the proton f7/2 orbital in the daughter
nucleus. However, Gamow-Teller transitions from the neutron
f5/2 orbital into the proton f7/2 orbital become unblocked.
Hence, reducing the charge number increases both the GT and
first-forbidden transitions due to decreasing Pauli blocking of

FIG. 9. (Color online) Comparison of half-lives of the N = 82
isotones as calculated in the FRDM, HFB, DF3 + QRPA [20], and
the present shell-model approaches with data.
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TABLE I. Calculated half-lives (in units of ms) for the β decays of N = 126 isotones obtained by shell-model calculations with the use of
the quenching factor of gA/gfree

A = 0.7 for 1+, 1−, and 2− transitions. The enhancement factor of ϵ = 2.0 is used for the matrix element MT
0

in 0− transitions. Results for the GT transitions as well as those for both the GT and FF transitions are shown for Z = 64−73. Results for the
case of the approximation, µ1 = λ2 = 1, in the FF transitions are also shown.

Z 64 65 66 67 68 69 70 71 72 73

GT (ms) 5.76 7.69 11.26 17.46 29.31 54.77 102.49 223.26 504.79 1584.4
GT + FF (ms) 4.02 5.31 7.75 10.94 18.11 29.49 44.18 84.81 129.65 278.88
GT + FF (λ2 = 1, µ1 = 1) (ms) 4.01 5.31 7.74 10.94 18.08 29.48 44.07 84.73 129.24 278.35

and for FF transitions

C(w) = 9195 × 105

f0t
(fm2). (10)

Averaged shape factors for 1− transitions are shown in Fig. 2
(lower figures). Here the matrix elements are multiplied by the
electron Compton wavelength so that they have a dimension
of “fm.” The transitions have components from the hadronic
vector current also, that is, the contributions from the electric
dipole (E1) transitions. We see from Fig. 2 that the the total
contributions have similar strength distributions as those of
the spin-dipole part, while the contributions from the spin
independent part are large. The peak position of the transition
strength in nuclei near Z ∼ 70 is located at β-decay energies
of about 6 MeV (4 MeV) for the 1− (GT) transition, which is
found to be similar to the case of the CQRPA calculation in
Ref. [15].

B. Half-lives of the waiting-point nuclei

Decay rates and relevant matrix elements for the GT and
FF transitions are evaluated [19] by including the quenching
of the axial vector coupling constant: gA/gfree

A = 0.7 is taken
in the present study for both the GT and FF transitions except
for the 0− case. In relation to this, a similar order of quenching
is found for the spin g factor, geff

s = 0.64gs , in the study of

spin-dipole M2 transitions in heavy nuclei [30]. We therefore
assume the same quenching in the spin-dipole transitions for
1− and 2− cases as in the GT transitions.

As for the 0− case, gA in MT
0 (σ⃗ · p⃗ term from γ5) is

enhanced due to the meson exchange current effects [25]. The
enhancement factor is taken to be ϵ = gA/gfree

A = 2.0 while it
is taken to be 1.0 in MS

0 (σ⃗ · r⃗ term) following the analysis in
Ref. [25], where ϵ = 2.01 ± 0.05 and 0.97 ± 0.06 are obtained
for MT

0 and MS
0 , respectively, by fitting to the experimental

β-decay data for A = 205−212.
Calculated half-lives for the β decays of the isotones

are shown in Table I and Fig. 3(a). Calculated β-decay Q
values obtained in the shell-model calculations are used.
Calculated half-lives obtained with an approximation of using
µ1 = λ2 = 1 are also shown in Table I. This approximation
changes the half-lives by only within 0.3%. (The effects on the
FF transition rates are within 0.5%.) As the approximation
proves to be quite accurate even for the present large Z
cases, we adopt µ1 = λ2 = 1 hereafter. The validity of this
approximation is also pointed out in Ref. [25] for nonunique FF
transitions.

Calculated half-lives obtained by the GT contributions only
are found to be close to those in Refs. [10,16,31] within ∼10%
except for Z = 71 and 73. In case of Z = 71 and 73, the
half-lives obtained here are shorter by about 1.3−1.5 than those
in Refs. [10,16]. The shell-model interaction used here [17] is
not the same as that in Refs. [10,16]. The half-lives become

FIG. 3. (Color online) (a) Calculated half-lives for the N = 126 isotones. Results of the present shell-model calculations with GT and with
GT + FF transitions are denoted by dashed and solid curves, respectively. The quenching factor of gA/gfree

A = 0.7 is used for both the GT and
FF transitions except for 0− transitions (see text). Half-lives of Ref. [12] denoted as FRDM are shown by a dotted curve. (b) The same as in
Fig. 3(a) for the shell-model calculations with contributions from both the GT and FF transitions. The solid curve and the curve denoted as
FRDM are the same as in (a), while the long-dashed and dotted curves are obtained by using a different quenching factor of gA/gfree

A = 0.34 with
further quenching of gV /gfree

V = 0.67. In case of the dotted curve, the Q values are increased by 1 MeV for the isotones in the FF transitions.
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FIG. 5. (Color online) Percentage of the contributions from first-
forbidden transitions to the half-lives of the N = 50 isotones from
FRDM + QRPA [14], DF3 + QRPA [20,55], and the present shell
model.

obtain 92% and 80% of the total strength for the operators
x and u, respectively, while for the combination x + u we
recover 85% and 95% after 100 iterations. We stress that
these shortcomings have a small effect on the first-forbidden
half-lives that are dominated by the contribution of low-lying
states, which converge in our Lanczos scheme and are strongly
enhanced by the phase space energy dependence.

To quantify the potential uncertainty in our first-forbidden
half-lives, we have performed calculations for 199Ta in the
model space as defined above but allowing only one proton
pair to be broken in our seniority scheme. This truncated space
allows for the calculation of a fully converged first-forbidden
strength distribution in the Qβ window. Figure 2 compares
the partial decay rates to the various states in the daughter

nucleus obtained in the fully converged calculation (with 300
Lanczos iterations) with those where the rank 1 contributions
were derived using the linear combinations ξ ′y − ξ (x + u) and
(x + u) as pivots for the Lanczos scheme with 100 iterations.
As expected, the lowest Lanczos states are converged and
hence the calculated strength is the same for either choice of
pivot combination. The Lanczos scheme with 100 iterations
is not sufficient to converge the states for excitation energies
larger than about 2.5 MeV. They represent unphysical states as
discussed above. Obviously, further iterations lead to a stronger
fragmentation of the strength in a small energy interval around
the unphysical states. The energy interval is small enough
that this redistribution of strength due to different phase-space
weighting has negligible effect on the half-life. However, the
interference contributions also lead to rather mild differences
between the truncated and the converged calculations. We find
a partial half-life due to rank 1 first-forbidden operators of 655
and 716 ms when calculating the rank 1 operators from the
linear combinations ξ ′y − ξ (x + u) and (x + u), respectively,
while the partial half-life in the converged study is 651 ms, in
agreement within 10% of the two approximate calculations.
In the following, we calculate the contributions from the first-
forbidden rank 1 operators using a Lanczos scheme with the
pivot state ξ ′y − ξ (x + u) and 100 iterations.

IV. HALF-LIVES OF THE N = 50 WAITING-POINT
NUCLEI

To calculate half-lives, a good description of the transition
matrix elements and also of the Qβ values is required. As is
demonstrated in Fig. 3, our shell-model calculation reproduces
the Qβ values as given in the Audi-Wapstra compilation well

FIG. 6. (Color online) Partial decay rates including GT and FF transitions for the N = 50 isotones 74Cr (a), 78Ni (b), 77Co (c), and 82Ge (d).
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half-lives that are dominated by the contribution of low-lying
states, which converge in our Lanczos scheme and are strongly
enhanced by the phase space energy dependence.

To quantify the potential uncertainty in our first-forbidden
half-lives, we have performed calculations for 199Ta in the
model space as defined above but allowing only one proton
pair to be broken in our seniority scheme. This truncated space
allows for the calculation of a fully converged first-forbidden
strength distribution in the Qβ window. Figure 2 compares
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nucleus obtained in the fully converged calculation (with 300
Lanczos iterations) with those where the rank 1 contributions
were derived using the linear combinations ξ ′y − ξ (x + u) and
(x + u) as pivots for the Lanczos scheme with 100 iterations.
As expected, the lowest Lanczos states are converged and
hence the calculated strength is the same for either choice of
pivot combination. The Lanczos scheme with 100 iterations
is not sufficient to converge the states for excitation energies
larger than about 2.5 MeV. They represent unphysical states as
discussed above. Obviously, further iterations lead to a stronger
fragmentation of the strength in a small energy interval around
the unphysical states. The energy interval is small enough
that this redistribution of strength due to different phase-space
weighting has negligible effect on the half-life. However, the
interference contributions also lead to rather mild differences
between the truncated and the converged calculations. We find
a partial half-life due to rank 1 first-forbidden operators of 655
and 716 ms when calculating the rank 1 operators from the
linear combinations ξ ′y − ξ (x + u) and (x + u), respectively,
while the partial half-life in the converged study is 651 ms, in
agreement within 10% of the two approximate calculations.
In the following, we calculate the contributions from the first-
forbidden rank 1 operators using a Lanczos scheme with the
pivot state ξ ′y − ξ (x + u) and 100 iterations.

IV. HALF-LIVES OF THE N = 50 WAITING-POINT
NUCLEI

To calculate half-lives, a good description of the transition
matrix elements and also of the Qβ values is required. As is
demonstrated in Fig. 3, our shell-model calculation reproduces
the Qβ values as given in the Audi-Wapstra compilation well
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Transitions are obtained by solving the pn-(R)QRPA 
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agreement for most nuclear-matter parameters, the differ-
ences in both g0 and g08 between the two are significant.
We remarked above that predictions of existing Skyrme

forces for GT distributions usually are not good. This fact is
reflected in Table I by the values of g08 , all of which are
much smaller than the empirical value g08(exp)'1.8 @43#. In
fact, we are not aware of a single Skyrme interaction that
gives g08 close to the empirical value and at the same time
does an acceptable job with global nuclear properties and
single-particle shell structure. State-of-the-art Skyrme forces
tend to yield a g08 of about 0.9, a value too small by a factor
two. An important related point: the value g0850.503 re-
ported for SGII in Ref. @39# does not correspond to the con-
sistent application of any Skyrme force. The authors left out
the last term ~in brackets! in Eq. ~22! when fitting the param-
eters of their force, but included its effects in their calcula-
tion of g08 ~and in their RPA calculations!. To be consistent
with their mean-field interaction, they should have omitted
the term proportional to kF

2 in Eq. ~23!. Doing so gives g08
50.93, the value in Table I. We will elaborate on this remark
in a future paper. For now, what’s important is that even
calculated properly the value of g08 associated with this in-
teraction, which was designed explicitly for GT resonances,
is far too small.
Of course g08 in symmetric nuclear matter at saturation

density does not directly measure the strength of spin- and
isospin-flip interactions in a finite nucleus. All effects due to
the nuclear surface, finite nuclear volume, and excess neu-
trons disappear in nuclear matter. Moreover, the GT distri-
bution depends strongly on the single-particle spectrum as
well as the residual interaction. Nonetheless, the parameter
g08 summarizes the gross features of the distribution. This is

illustrated in Figs. 1 and 2, which display the summed GT
strength calculated for 90Zr and 128Cd. Here we use three
Skyrme forces with different values of Landau-Migdal pa-
rameter: SkO8 (g0850.792), SkP (g0850.062), and SLy5
(g08520.152). In general both the energy of the GT reso-
nance and the strength in it increase with g08 ; they are small-
est for SLy5 and largest for SkO8. Forces with small values
of g08 fail to concentrate enough strength in the resonance,
leaving too much at low energy.
Although none of the interactions have large enough g08

when used self-consistently, some are better than others.
Having opted for now not to increase g08 by using energy
functionals in which H Sk

even and H Sk
odd decoupled, we decided

to use SkO8 @42#, which has one of the larger values in Table
I. The SkO8 energy functional is more general than the origi-
nal Skyrme functionals in the spin orbit channel; the extra
generality manifests itself as a difference in the values of b4
and b48 @35#. Without this extended interaction it seems to be
impossible to obtain a consistent description of spin-orbit
splittings and other global observables unless the last term in
brackets in Eq. ~22! is neglected @44#. The extension rem-
edies the problem quite nicely, and in spite of the low value
of g08 , SkO8 reproduces GT spectra @45# measured in
charge-exchange reactions fairly well. The predicted reso-
nances, though usually a little too low in energy, contain
about the correct fraction of the strength.2

2This observation is important because most published Skyrme-
RPA calculations do not address the problem of the GT strength
distribution. For instance, Ref. @46# proposes that the difference
between the centroid energy of the GT resonance and the energy of
the isobaric analog state be included as a constraint on effective
interactions. Getting the right energy difference seems to be too
weak a criterion; the force SGII, which passes the test in Ref. @46#,
has a value of g0850.93 that is well below the empirical one.

FIG. 1. Summed GT strength up to 20 MeV as a function of
excitation energy for the closed-shell nucleus 90Zr, calculated with
the SkO8, SLy5, and SkP Skyrme forces. We also plot the measured
strength reported in Ref. @59#. The calculated strength, as is custom-
ary, is multiplied by (1/1.26)2; the quenching corresponds to setting
gA to 1.0 in our calculations of b decay.

FIG. 2. Same as Fig. 1, but for the open-shell nucleus 128Cd. No
experimental data exist here.
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FIG. 1. (Color online) Comparison of half-lives between shell-model calculations (SMI [10], SMII [8], and QRPA calculations) with
separable Gamow-Teller forces (GTF) in [12], continuum QRPA in [16,30], and this work for N = 82 and N = 126 isotonic chains.

IV. RESULTS AND DISCUSSION

With the determined parameters, we proceed to the calcula-
tions of isotonic chains on the r-process path in the vicinity of
N = 82 and N = 126. We first show the results with neutron
magic numbers N = 82 and N = 126 where the shell model
results for these isotones are available. In Figs. 1–3, we show
the comparison of our results with shell-model calculations
from Refs. [8,10] (with SMII results [8] updated by correcting
a calculations error) and other QRPA calculations such as
the QRPA with separable GT force from Ref. [12] and the
continuum QRPA from Refs. [16,30]. For the FF part of the
decay, Ref. [12] uses the gross theory instead of microscopic
calculations, while for all the other calculations, the FF parts
are calculated explicitly.

We first compare the most important observables—the
half-lives predicted by different methods in Fig. 1. For N = 82
isotones, there is good agreement among different methods
except those from the separable GT force model of Ref. [12]
for which there are systematic overestimations of half-lives on
the even-even isotones compared with other methods for the
high-Z (low-Qβ) isotones. This is due to their overestimation
of the excitation energies and underestimation of the matrix
elements due to the lack of particle-particle interactions for
the QRPA. This results in odd-even staggering behaviors for
the half-lives in separable GT-force calculations. However,
when Qβ becomes large, this effect is reduced, as we will see
later. Except for Ref. [12], the general discrepancy among
different methods for most nuclei is within a factor of 2.
This shows a good convergence of the predicted half-lives
in microscopic calculations. Compared with the experiments,
our method underestimates the half-lives for 131In and 130Cd,
especially for the former. The reason for this is that the BCS
method does not work well near doubly magic nuclei where the
pairing is weak and the BCS solution sometimes overestimates
the pairing effect, as we mentioned previously. For 130Cd the
reason for the disagreement is due to the energy of the 1+ state
being too low compared to experiment, as seen in Table I.
However, we find better agreement for 129Ag, compared with
other methods. The results with the FRDM model seem to
agree well with the shell-model calculations while those of
the HFB21 model give a smoother behavior over the isotonic

chains. Compared with the shell-model calculation, we find
the trend that when the Qβ value becomes larger, our results
give some overestimation of the half-lives.

For the N = 126 isotones shown in Fig. 1 the discrepancy
among different methods becomes larger. Again, there is
a systematic overestimation for results from the separable
GT-force model of Ref. [12] for even-even nuclei for larger
Z. For the continuum-QRPA method, two sets of results are
shown; the results from [16] systematically underestimate
the half-lives, while the results from Ref. [30] are closer to
other calculations. Recent experimental information on the
half-lives of the isotopes with Z = 75–79 close to the N = 126
r-process waiting-point nuclei [33] are taken into account in
Ref. [30]. The two shell-model calculations give similar results
for the half-lives. The difference between the two shell-model
calculations comes from the different quenching factors and
model space adopted, which produce a nearly small constant
difference within a factor of about 2. In our calculations, there
is a difference of less than a factor of 2 between the two
different mass models. When quenching factors with larger
quenching are used in the model space of Ref. [8], which is
small compared to that in Ref. [10], calculated half-lives come
closer to those of Ref. [10] at Z < 70. The results with the
FRDM model shows a good agreement with the shell-model
calculation while those with the HFB21 model give longer
half-lives. For most of the nuclei here, with the FRDM model,
our results differ from those of the shell model by a factor of
less than 2. Overall, we find good agreement for the half-lives
for the N = 126 isotones among the different methods except
those from Ref. [12] at high Z and Ref. [16] at low Z.

Next we compare the results for the β-delayed neutron
emission probability Pn in Fig. 2. For the N = 82 isotones,
unlike the half-life results, there are now larger differences
among different methods. There is a general trend that the odd-
even nuclei have larger Pn values than their neighboring even-
even nuclei, except for results from Ref. [16]. We predict lower
Pn values than the other calculations, especially for the even-
even nuclei. For 130Cd, our result is smaller than the experi-
mental value of 3.5%. In this case the neutrons come from β
decay to the region of excitation in 130In below the β-decay
Qβ value of 8.9 MeV and above the neutron decay separation
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filled circles indicate the results without the tensor force
and with tensor force fully in the HFþ RPA, respectively.
The experimental data is indicated by the open circle.
The result without the tensor force overestimates the ex-
perimental data systematically. On the other hand, the
calculation with the tensor force shows better agreement
with the experimental data for both forces. As seen, this is
mainly because the GT strengths are attracted to the lower
energy by the tensor force, and consequently the Q value,
which was small in case without the tensor force, increases
meaningfully.

We discussed the role of the tensor force on the ! decay
by including tensor force in HFþ RPA methods. We
found that tensor force makes dramatic improvement in

predicting the !-decay half-lives of the even-even semi-
magic and magic nuclei 132Sn, 68Ni, 34Si, and 78Ni where
the effect of isoscalar paring is negligible. The tensor force
gave a significant contribution to the low-lying GT distri-
bution, in particular, the effect of the tensor terms in the
residual interaction of RPA was more important than the
change of the spin-orbit splitting in the HF. Of course, there
are still some points to be discussed for the precise
prediction of ! decay with the present approach, e.g., the
time-odd part of the effective interaction, the effect of
2p-2h state, etc. The study of tensor effect on the GT
distribution just started toward its development.
Nevertheless, the effect of the tensor force on the low-lying
GT peaks is obvious so that it is necessary to include it for
the accurate and reliable prediction of the!-decay half-life
in the self-consistent RPA and QRPA approaches. We
intend to develop our formalism to open-shell and/or
deformed nuclei for further investigation of the tensor
force effect on ! decay in the future.
We thank H. Sagawa at the University of Aizu for useful

discussions.
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Fig. 5. The total β-decay half-lives for the N = 82 r-process waiting point nuclides calculated within the DF3+ CQRPA.
These results are compared to the data [30,31] and half-lives obtained based on the FRDM [4], HFB model [11] and
within the shell model [8]. The HFB and shell model half-lives consider only allowed Gamow–Teller transitions, while
the DF3 + CQRPA include Gamow–Teller and first-forbidden transitions. The numbers on the right axis correspond to
the graph displaying the contribution of the first-forbidden transitions to the total half-lives relative to the one of the GT
transitions.

speed-up of the half-lives between 4% in 124Mo and 7% in 130Cd. For N ! 82 nuclei this effect
is rather small compared to the one obtained from Gamow–Teller transitions only. Nevertheless,
the forbidden transitions making the total half-lives shorter should be included in the analysis. It
is also important for the description of the detailed decay schemes. For instance, a comparison
with the available decay scheme of 130Cd shows that it is necessary to account for the FF tran-
sition from the 0+ ground state of 130Cd to the 1− ground state of 130In for a better description
of the experimental total half-life. For the neighboring nuclei 129Ag and 131In nuclei the contri-
butions of FF transitions are smaller (4.1% and 3%, respectively). This is mainly caused by the
fact that for these two nuclei the FF transitions are distributed over several states rather than to
the ground state and additionally due to partial blocking of the proton 1g9/2 orbital.

Recognizing that in the specific region of Z < 50, N ! 82, the forbidden transitions are only a
rather small correction to the Gamow–Teller half-lives, it is also interesting to compare our results
to the shell model ones, which are based on the assumption of pure Gamow–Teller transitions.

seen from Fig. 6. that the behavior of the half-lives for the
GT and GT!first-forbidden transitions reflects the blocking
of the 1!g9/2 and 1!h11/2 levels with increasing Z.
In Fig. 6 a comparison is presented with the shell-model

calculations "3# performed in the allowed transition approxi-
mation and with Q"0.55. It is seen that the inclusion of the
first-forbidden transitions results in noticeably shorter half-
lives in the N"126 region. The difference with the GT ap-
proximation amounts to typically a factor 5 to 10, and is
more pronounced for heavier nuclei approaching the closed
proton shell at Z"82. Note that the shell-model half-lives of
Ref. "4# would be shorter if the first-forbidden decays were
included and/or a smaller quenching used.
The shorter half-lives predicted for N"126 should have

significant implications on the r-process nucleosynthesis in
this region. In the specific case of the neutrino wind model
"2#, the charged-current electron neutrino captures by heavy
nuclei ($e ,e#) can compete with the % decays in driving the
material to higher Z elements. Thus, the effective ‘‘weak
flow’’ rate is given by &eff"&%!&$ . The neutrino capture
rates are, however, sensitive to the adopted neutrino driven
wind model, since they depend on the neutrino flux which
scales with the R2—the distance to the center of the neutron
star. The ($e ,e#)-capture rates would also increase if the
neutrino oscillations $e!$' ,( are included. We show in Fig.
6 the calculated half-lives against the ($e ,e#) capture "20#
corrected for the contribution of forbidden transitions at the
electron neutrino temperature T$"4 MeV, and also the cal-
culations by Ref. "60# at T$"8 MeV )for this temperature
the complete neutrino oscillations were assumed in Ref.
"60#*. In both calculations the neutrino energy luminosity
L$"1052 erg s#1 and R"100 km are used.
One observes from Fig. 6 that for nuclides with Z+69 our

calculated %-decay rates are higher even than the ($e ,e#)
rates at T$"8 MeV with the neutrino oscillations included
"60#. In other words, for these given temperatures and neu-
trino flux, % decays dominate over charged-current electron
neutrino captures. The impact of the present calculations on
speeding up the r-process nucleosynthesis remains to be
studied.

D. ! decay in the region ‘‘east’’ of 208Pb

The possibilities of experimental measurements near N
"126 are very limited. The current experiments )see
"28,46#* concern mostly the nuclei ‘‘east’’ and ‘‘west’’ of
208Pb. In the region close to 208Pb, the strong first-forbidden
% decays are well known experimentally. Numerous theoret-
ical studies "53,61,62# have shown a complicated character
of the first-forbidden decays near 208Pb, with their relatively
low Q% values and transition energies. The main problem the
models encounter lies in a near cancellation of the leading
matrix elements for J"0,1 transitions which results in a de-
viation of the electron spectra from a statistical shape. In this
case, the , approximation may fail, and the Behrens-Bühring
multipole expansion of the %-spectrum form factors "30# is
needed. While a detailed analysis of the % decays in the
208Pb region requires due consideration of the energy depen-
dence of the shape factor, further to the ‘‘east’’ of 208Pb, a

simple estimate the total half-lives within the Coulomb (,)
approximation is of interest. The main aim is to study the
accuracy and limitations of the present model for large-scale
calculations. Figures 7–9 show the calculated half-lives for
the 209#214Tl, 215#218Pb, and 215#220Bi isotopes where the

FIG. 7. The %–decay half-lives for Tl isotopes calculated within
the DF3!cQRPA (Q"0.81, a: allowed transitions, a!1 f : the
first-forbidden transition included* FRDM and GT2 models "16,14#.
The experimental half-lives are taken from NUBASE "57# and "27#.

FIG. 8. The same as Fig. 7 for Pb isotopes. The experimental
data are from Ref. "28#.
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FIG. 26. (Color online) Ratio of calculated to experimental β-
decay half-lives for two sets of calculations, with the spherical
approximation (open dots) and with the deformation that corresponds
to the minimum of the PECs (solid dots). The ratios are plotted as
a function of the experimental half-lives (a) and as a function of the
quadrupole deformation at the minimum of the PECs (b).

the PECs (b). To increase the size of the sample, in addition to
the isotopes considered in this work with measured half-lives, I
have also included the set of Zr and Mo neutron-rich isotopes
studied in Ref. [38] with measured half-lives. In the upper
panel of Fig. 26(a) one can see how deformation improves the
description of the half-lives. Practically all the full black dots
are contained within the horizontal lines defining the region
of one order of magnitude agreement. On the other hand,
the results from the spherical calculation are more spread
out with larger discrepancy with experiment. One can also
see that the results are better in both spherical and deformed
calculations for shorter half-lives, whereas the results for larger
half-lives show sizable deviations. The latter correspond to
isotopes close to the valley of stability with small Qβ values,
where the half-lives are only sensitive to the small portion
of the GT strength distribution at low excitation energies
below Qβ . In the lower panel of Fig. 26(b) one can see
the results from a different point of view and it can be
studied whether deformation improves the results evenly in
the whole range of deformations or whether its effect is
stronger at large deformations. Three regions of accumulation
of results can be distinguished. Two of them correspond to
well-deformed nuclei located at β ≈ −0.2 and β ≈ 0.35.

In these regions the deformed calculations clearly improve
the results from the spherical ones that show a tendency to
underestimate the experiment. The other region corresponds
to 0 < β < 0.2 values, where nuclei are softer or transitional
and the deformed formalism should be improved. In this
region the results are more scattered than in the well-deformed
regions, but the deformed calculations show deviations that
rarely exceed one order of magnitude, still representing an
improvement over the spherical results.

To have a quantitative estimation of the quality of the
various calculations, following the analysis made in Ref. [29],
the logarithms of the ratios of the calculated and experimental
half-lives are introduced through the quantities,

r = log10

[
T1/2(calc)
T1/2(exp)

]
. (9)

Then, the average position of the points Mr , the standard
deviation σr , and the total error #r are defined as

Mr = 1
n

n∑

i=1

ri ; σr =
[

1
n

n∑

i=1

(ri − Mr )2

]1/2

;

(10)

#r =
[

1
n

n∑

i=1

(ri)2

]1/2

,

and their corresponding factors M10
r = 10Mr , σ 10

r = 10σr , and
#10

r = 10#r . The analysis of the results shown in Fig. 26
involving n = 81 nuclei leads to the values M10

r = 1.105,
σ 10

r = 10.21, and #10
r = 10.24 in the spherical case and

M10
r = 0.937, σ 10

r = 3.09, and #10
r = 3.09 in the deformed

one, showing clearly the improvement achieved with the
deformed formalism.

IV. CONCLUSIONS

A microscopic approach based on a deformed QRPA
calculation on top of a self-consistent mean field obtained
with the SLy4 Skyrme interaction was used to study the nuclear
structure and the decay properties of even and odd neutron-rich
isotopes in the mass region A ≈ 80–130. The nuclear model
and interaction have been successfully tested in the past
providing good agreement with the available experimental
information on bulk properties all along the nuclear chart.
Decay properties in different mass regions have been well
reproduced as well. The structural isotopic evolution was
studied from their PECs. Depending on the isotopic chain,
a large variety of nuclear shapes is found, including spherical
shapes, well-developed deformed shapes, and transitional soft
shapes. Charge radii have been also investigated, showing the
connection between a discontinuous behavior in the isotopic
trend with a shape transition and comparing the results with
the available measurements from laser spectroscopy. Then,
Gamow-Teller strength distributions and β-decay half-lives
have been computed for the equilibrium shapes.

The isotopic evolution of the GT strength distributions
exhibits some typical features, such as GT resonances in-
creasing in energy and strength as the number of neutrons
increases. Effects of deformation are hard to see on a global
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Deformation of the nuclear ground state 
impacts the decay properties of nuclei – 
an important, but difficult effect to include. 

First-forbidden transitions can contribute a large 
part of the total decay rate in particular regions 
of the nuclear chart. 
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FIG. 2: (Color online) Same as in Fig. 1, but for 120Sn.

Because of the relatively high level density inside the valence shell, the leading terms in

the sum of Eq. (5) may compensate each other. In contrast, in the closed-shell proton

subsystems the level density at the FE is smaller, thus, there are weaker compensations

and the shifts are considerably larger. For all dominant levels in 116,120Sn nuclei one can

find a very good agreement of the presented QVC results with the data. The obtained

spectroscopic factors reproduce the available data also very well: their detailed analysis will

be presented elsewhere. The success of the response theory built on the nucleonic self-energy

of Eq. (5) [10] can be now traced back to the results of the present work showing that for

a proper description of nuclear shell structure and dynamics both types of correlations –

pairing and quasiparticle-vibration coupling – should be taken into account self-consistently

on the equal footing.

The 292,296,300,304120 isotopes have spherical minima of the potential energy surfaces in

both Skyrme and CEDF calculations [29], therefore, it is justified to keep spherical symmetry

for their mean-field potentials. The newest non-linear meson-exchange interaction NL3*

[30] used for the CEDF in this work is the slightly improved NL3 one [31] known to give a

very good agreement with data for various low-energy phenomena not only in medium-mass

nuclei, but also in A≃250 mass region [32] and, therefore, it is justified to use this parameter
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FIG. 1: (Color online) Single-quasiparticle spectrum of 116Sn: RMF (left column), QVC (center)

and experimental data (right). In the ’QVC’ and ’EXP’ cases only the dominant levels are shown.

In spherical nuclei, the self-energy (5) has very small off-diagonal matrix elements, thus the

Green’s function G(ε) is supposed to be diagonal. Solutions of the Eq. (4) provide the quasi-

particle energies and the strength distributions (spectroscopic factors) Sn(ξ) = |(Ψ(ξ))n0|2.

Before applying the model to unknown nuclei, benchmarking calculations have been done

for nuclei which had been investigated experimentally. Tin isotopes represent a very good

reference case as their single-quasiparticle energies and spectroscopic factors in the vicinity

of the Fermi energy (FE) are known [28]. The neutron and proton single-quasiparticle levels

in 116Sn and 120Sn are shown in Figs. 1 and 2. In each panel, the left columns display the

mean-field energies of the Bogoliubov quasiparticles, the columns in the middle represent

the dominant levels (levels with the largest spectroscopic strength Sn(ξ)) obtained within

the QVC model and on the right the experimentally observed dominant levels are shown.

In the applications to the doubly-magic nuclei [9, 14], as a rule, the QVC correlations push

the dominant levels towards the FE. However, for the states, which are very close to the FE,

the QVC shift effect on the dominant levels is rather weak. In open-shell neutron subsystems

of 116,120Sn, where the FE is in the middle of the shell, there are several states of this kind.

5

QVC correlations push states 
towards the Fermi energy – 
enhancing the density of 
states in vicinity of the FE.  

Phonon coupling enriches the 
RPA spectrum with additional 
transitions leading to significant 
fragmentation of the giant 
resonances.  
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Fig. 2. Same as described in the caption to Fig. 1 but for 208Pb. The data are from Ref. [9].

The results for the spin-dipole strength in 208Pb are shown in
Fig. 2. The data exhibit a broad asymmetric resonance centered at
25 MeV, and an additional small peak at approximately 6 MeV.
The RTBA results reproduce these structures, even though the cal-
culated width of the main resonance is slightly larger than the
empirical value. As in the previous case, a portion of the strength
is shifted to higher energies by the inclusion of particle–vibration
coupling, in very good agreement with data above 35 MeV. Obvi-
ously in this region the RRPA strength distribution decreases much
faster with energy compared to RTBA. The ordering of the angular-
momentum components of the strength is the same as in the case
of 90Zr: E(2−) < E(0−) < E(1−). The lower panel of Fig. 2 displays
the distributions of the SD+ strength. In this case the strength is
concentrated in a single peak centered at 7.5 MeV. Relatively lit-
tle fragmentation is obtained in comparison with the RRPA results,
even though some strength is shifted to higher excitation energy in
the RTBA. These findings are supported by the available data from
Ref. [20], where a single peak has been observed at approximately
7.5 MeV excitation energy.

In the case of 208Pb data are also available for each component
of the spin-dipole strength [9]. In Fig. 3 we display a compar-
ison between the RRPA, RTBA and the experimental results for
Jπ = 0− , 1− and 2− . The RRPA predicts that the strength of the
0− component is concentrated in a single peak at the excitation
energy of ≈ 28 MeV with respect to the ground state of 208Pb.
Particle–vibration coupling induces fragmentation and spreading
of this strength, but the basic structure of the distribution is not
altered. Obviously this does not completely agree with the exper-
imental results. For the 1− components the main peak is cen-
tered around 30 MeV, whereas the experiment places it around
23 MeV. The opposite situation occurs for the 2− component,
for which the calculated distribution is in qualitative agreement
with experiment, even though the centroid of the main peak is
calculated few MeV below the measured resonance. In Ref. [13]
the results have been brought in agreement with experiment by
the inclusion of tensor correlations in the Skyrme energy den-
sity functional. These correlations exhibit a multipole-dependent
effect on spin-dipole excitations. It is interesting to note that in
this case experimental results indicate that the 1− component
of the spin-dipole resonance is actually below the 2− compo-
nent.

Using the calculated strength distributions, we have also de-
termined the sum-rule values for the spin-dipole response of 90Zr

Fig. 3. Spin-dipole strength distributions in 208Pb for the Jπ = 0−,1− and 2− com-
ponents. The black dashed curves are the RRPA results, and the solid red curves
denote results obtained with the particle–vibration coupling model. Data are from
Ref. [9].

and 208Pb. The model independent sum rule relates the spin-dipole
strength to the neutron and proton ground-state radii [21]:

Sλ
− − Sλ

+ = 2λ + 1
4π

(
N

〈
r2〉

n − Z
〈
r2〉

p

)
, (7)

where Sλ
± denotes the total SD strength in the t± channel for

angular momentum λ. S± will denote the sum of spin-dipole
strengths of the three components. The neutron skin thickness δnp
is defined as the difference of neutron and proton rms radii:
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regions [7]. All of orbitals required to obtain the Ikeda sum-rule for
Gamow–Teller strength are contained in the model space. One of
the observations for these model spaces is that the experimental
B(GT) values extracted from beta decay and charge-exchange reac-
tions are about a factor of two smaller than those calculated. Thus,
for the sd or pf model spaces one needs a reduction (quenching)
factor for the Gamow–Teller operator of 0.74–0.77 [39,40]. This
quenching is consistent with theoretical calculations of the oper-
ator renormalization obtained in second-order perturbation theory
[41,42].

For heavier nuclei the number of basis states even for a mod-
est number of orbitals grows exponentially as the number of va-
lence nucleons increases. Thus, the shell model applications are
restricted to semi-magic nuclei or those near double-magic nu-
clei such as 132Sn or 208Pb. Often the orbitals used in the model
space are not sufficient to accommodate the Ikeda sum rule. For
example, in the region north-west of 132Sn the “jj55” model space
if often used. The notation jj55 represents the five orbitals 0g7/2,
1d5/2, 1d3/2, 1s1/2, 0h11/2 in between the magic numbers 50 and
82 for protons and neutrons. The 0g9/2 and 0h9/2 orbitals need to
be added to satisfy the Ikeda sum rule.

One of the applications of these calculations is for the double
beta decay of 136Xe. Up until recently the jj55 model space has
been used with the understanding that some renormalization of
the operators may be related to the restricted model space. For
the Gamow–Teller operator that enters into the two-neutrino dou-
ble beta decay the renormalization might be fixed by reproducing
some single and double beta decay rates. In [43] a quenching fac-
tor of 0.45 was used to obtain the observed two-neutrino rate. The
question is then to what extent other operators such as those for
neutrino-less double beta decay are renormalized.

Recently the jj55 model space was enlarged to jj77 where the
configurations involving 0g9/2 and 0h9/2 orbitals were included
that are required to obtain the Ikeda sum rule. The details for the
derivation of the Hamiltonian are described in [9]. In brief, it is
obtained with realistic nucleon–nucleon interaction renormalized
to the jj77 model space, and with single-particle energies adjusted
to reproduce the experimental values observed in 131Sn and 133Sb.
This is typical of all shell-model calculations. If single-particle en-
ergies are not available from experiment one must rely on those
obtained from best Skyrme Hartree–Fock or RMF model extrapola-
tions.

In this work the shell-model calculations for the GT response
of 132Sn are performed. Two truncations were used. The simplest
called TDA has a closed-shell configuration for 131Sn in the jj55
model space with the addition of two one-particle one-hole final-
state configurations, 0g(−1)

9/2 − 0g(1)
7/2 and 0h(−1)

11/2 − 0h(1)
9/2. The GT

distribution for this is very similar to that obtained with QRPA.
For second called TDA + (1p–1h), these TDA configurations were
coupled to 1p–1h “vibrations” of the 132Sn core that are obtained
within the jj77 model space.

3. Gamow–Teller strength in doubly-magic nuclei

In Fig. 1, we show the results for the GTR in 208Pb obtained
within the QRPA, RRPA and RTBA, compared to data of Ref. [20].
The non-relativistic QRPA results are folded by the Lorentz distri-
bution with one MeV width which is close to the energy resolu-
tion of the experiment. The parameter gph = 1.15 is adjusted to
reproduce the GTR centroid. The QRPA model space, including pn-
configurations up to 45 MeV, accommodates the exact Ikeda sum
rule while 3% of the total B(GT−) is beyond the considered 25 MeV
energy interval and the total B(GT+) is equal to 0.21. Without
introducing quenching factors in front of the calculated strength

Fig. 1. The theoretical and experimental Gamow–Teller strength distributions in
208Pb (upper panel) and their cumulative sums (lower panel).

function the experimentally observed total strength [20] is by fac-
tor 0.62 smaller than that obtained in the QRPA.

The GTR within the relativistic approaches RRPA and RTBA de-
scribed in Section 2.1 has been calculated using the smearing pa-
rameter ! = 1 MeV. The RRPA calculations, neglecting the last two
terms of Eq. (2), produce a strength distribution which is very sim-
ilar to the non-relativistic QRPA calculations with the major peak
at 16.5 MeV and a low-energy peak structure around 10 MeV.
The exact Ikeda sum rule is accommodated within the model
space of pn-configurations between −1800 MeV and 100 MeV, so
that 8% of the B(GT−) is at large negative energies because of
the transitions to the Dirac sea [12]. While both QRPA and RRPA
do not account for spreading effects, within RTBA the GTR ac-
quires the spreading width because of the coupling between the
ph and ph⊗phonon configurations, so that the additional 5% of
the sum rule goes above the considered energy region, while the
total B(GT+) is equal to 0.34. Comparison to data shows that the
spreading effects which are taken into account in the RTBA are re-
produced very well.

A more detailed analysis of the non-relativistic and relativistic
calculations for the GTR in 208Pb has been presented in Fig. 2(a)
for both the overall GTR structure (right panels) and the low-lying
part (left panels). Compared to Fig. 1, we have reduced the smear-
ing parameter ! to 200 keV, to see more detailed features of the
GTR. Besides this, in Fig. 2 we show the calculated spectra rela-
tive to the ground states of daughter nuclei. Since in the present
version of the QRPA the effective interaction is not related to any
self-consistent mean field, the ground state energies are not de-
fined in this model. However, the single-particle energies entering
the QRPA equations are adjusted to data, therefore, for the QRPA
we find consistent to use the experimental Q β values. In contrast,
for the self-consistent RRPA and RTBA, in which the effective in-
teraction is the exact second variational derivative of the covariant
energy density functional with respect to the density matrix, we
use the following formula: Q β = M(Z , N) − M(Z + 1, N − 1). Here
M(Z , N) and M(Z + 1, N − 1) are the masses of the mother and
the daughter nuclei, respectively, calculated in the relativistic mean
field by the minimization of the CEDF. Thus, for 208Pb the main
GTR peak appears in the RRPA at about 1.5 MeV higher than in
the QRPA. When the coupling to the ph⊗phonon configurations
is included by the RTBA, the major GTR peak shifts down by the
same 1.5 MeV, however, the centroid remains at the same energy
as in RRPA. For the low-lying part of the strength distribution, in

With the inclusion of PVC, the RPA peak at 1.5 MeV is
moved even slightly below the experimental ground-state
energy. This state then gives a very large contribution
to 1=T1=2 because of the increased phase-space factor,
although its strength is not changed much by PVC
[Fig. 2(e)], and the half-life is smaller than in experiment.
In the case of 34Si, in RPA one finds three peaks located
atE ¼ −0.86; 3.1, and 4.2MeV. The first one lies below the
experimental ground state and determines the value of
1=T1=2 [Fig. 2(i)]. This peak carries a very small value of
the strength, and therefore the experimental lifetime is
largely overestimated. With inclusion of the PVC, the
strength becomes fragmented [Fig. 2(g)]. One can identify
five peaks at E ¼ −2.2; 1.0; 1.7; 2.6, and 3.1 MeV, contrib-
uting respectively 15%,49%,24%,3%, and 9% of the total
value of 1=T1=2, which becomes much larger than that
in RPA, substantially improving the agreement with the
experimental lifetime. For the nucleus 78Ni, the small
strength at E ¼ 5.6 MeV gives almost all the contribution
to 1=T1=2 in the RPA model [Fig. 2(l)], which under-
estimates the experimental value. With PVC, the state at
E ¼ 5.6 MeV keeps its strength but is shifted to 4.0 MeV
[Fig. 2(j)] so that its contribution to 1=T1=2 becomes about
3.4 times larger [Fig. 2(l)]. The strength distribution above
this peak contributes 22% of the total 1=T1=2.
The resulting calculated lifetimes for these four nuclei

are compared with experiment in Fig. 3. The RPA results
generally markedly overestimate the half-lives for all
nuclei. An exception is represented by the interaction

Skx, in which case one obtains a good agreement with
data at the RPA level; this is associated with the fact that
the properties of 132Sn, 68Ni, and 34Si as well as the single-
particle levels of 132Sn and 34Si have been used to fit the
parameters of this force [43]. The effect of the PVC
decreases the values of T1=2 by large factors compared
to RPA, substantially improving the agreement with exper-
imental data, except for Skx and (partially) for SLy5. With
the inclusion of the PVC effect, the interactions SkM* and
SIII give the best agreement with data. More in detail, in the
case of SkM*, the lifetime is still large in 132Sn and small in
68Ni, in keeping with the errors in the position of the lowest
1þ state (cf. Fig. 2). Theory agrees, instead, very well with
data in the case of 34Si and 78Ni.
In conclusion, we have shown that, starting fromRPA, the

coupling between particles and vibrations causes a signifi-
cant downward shift in the GT strength function of these
four nuclei 132Sn, 68Ni, 34Si, and 78Ni (treated asmagic). The
β-decay half-life is more sensitive to the position of the 1þ

states rather than to the strength, which is not much changed
in going from RPA to RPAþ PVC. This is due to the strong
increase of the decay phase space factor as the energy
decreases. As a consequence, the lifetime is reduced in the
case of RPAþ PVC, and the agreement between theory and
experiment is in general substantially improved. In particu-
lar, the interaction SkM* that had been previously shown
to perform well in magic nuclei as far as the line shape of
the GT resonance is concerned [35] leads to overall good
agreement with β-decay data.
We can expect that including the effect of PVC will also

be helpful in the case of other weak interaction processes,
such as electron capture. PVC is expected to help with the
overestimation of the threshold energy [46]. The study of
open-shell nuclei by including pairing correlations is
envisaged. Then the model can be employed to predict
the half-lives of r-process bottleneck nuclei with N ¼ 82,
which play an important role for the duration of the r
process and, hence, can help to understand the origin of
heavy elements in the universe.
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FIG. 3 (color online). The β-decay half-lives of 132Sn, 68Ni,
34Si, and 78Ni, calculated by RPA and RPAþ PVC approaches,
respectively, in comparison with experimental values [45]. The
arrows denote half-lives longer than 106 s.
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Ö
LLER,J.R.N

IX
,and

K
.-L.K

RA
TZ

N
uclear

Properties

14

α-decay half-life 

 − 9 
 − 6 
 − 3 

0 
3 
6 
9 

12 

log(Tα /s) 

FRDM (1992) 

0 20 40 60 80 100 120 140 160 180 200
0

20

40

60

80

100

120

140

Neutron Number N 

Pr
ot

on
 N

um
be

r Z
 

16

 − 2.5 
 − 2.0 
 − 1.5 
 − 1.0 
 − 0.5 

0.0 
0.5 
1.0 

log(Tβ /s) 

FRDM (1992) 

80 
100 

120 
140 

Mass Number A 

r-Process abundance 

160 
180 

200 

10−
2  

10−
1  

100  

101  

0 20 40 60 80 100 120 140 160 
Neutron Number N 

0 

20 

40 

60 

80 

100 

120 

Pr
ot

on
 N

um
be

r Z
 

Nr
,   
 (S

i =
 10

6
) 

13

Energy released in α decay 
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β-decay half-life 
(GT component) 
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In 1997. the first large scale 
calculation of beta-decay half-lives 
was published based on finite range 
droplet model + QRPA. 

P. MÖLLER, J. R. NIX, and K.-L. KRATZ Nuclear Properties

β− decay

odd-odd
odd
even

100 101

Qβ (MeV)

10−3

10−2

10−1

100

101

102

103

T β
,c

al
c 
/T

β,
ex

p

Figure 21. Ratio between calculated and experimental half-lives for b0

decay as a function of neutron number N. There are no systematic Figure 23. Ratio between calculated and experimental half-lives for b0
effects versus N. decay as a function of Qb . The region of relevance for far-from-

stability applications corresponds to large Q values and is indicated
approximately in light gray. The model error here is quite small,
for reasons discussed in the text.

b/ decay and electron capture and use Qb to mean the
maximum energy release. Because the calculated pairing
gap affects o–o, o–e, and e–e decays differently we

analyze these decays separately to differentiate between
effects due to pairing and due to other causes.

We have limited the comparison to nuclei whose
experimental half-lives are shorter than 1000 s. Because
the relative error in the calculated half-lives is more sensi-
tive to small shifts in the positions of the calculated single-β− decay
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Figure 22. Ratio between calculated and experimental half-lives for b0

decay as a function of the experimental half-life for b0 decay. As
expected, we find a very strong correlation between the error and
the experimental b-decay half-life. The region of relevance for far-
from-stability applications corresponds to short half-lives and is
indicated approximately in light gray. The model error here is quite
small, for reasons discussed in the text. An analysis of the results Figure 24. Ratio between calculated and experimental half-lives for b/

decay and electron capture as a function of neutron number N.in this figure is presented in Table B and is also discussed in the
text. There are no systematic effects versus N.
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Deviations from the experimental 
values are reduced for very unstable 
nuclei + systematically underestimated 
rates for even-even nuclei. 
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where Mr l is the average position of the points and !r l is the
spread around this average. When we prefer to represent the
error by a single number we use the measure 'r l

10 for the
‘‘total’’ error factor. The spread !r l can be expected to be
related to uncertainties in the positions of the levels in the
underlying single-particle model. The use of a logarithm in
the definition of r l implies that these two quantities corre-
spond directly to distances as seen by the eye in, for ex-
ample, Fig. 4, in units where one order of magnitude is 1.
After the error analysis has been carried out we want to
discuss its result in terms like ‘‘on the average the calculated
half-lives are ‘a factor of 2’ too long.’’ To be able to do this
we must convert back from the logarithmic scale. Thus, we
realize that the quantities Mr l

10 and !r l
10 are conversions back

to ‘‘factor of’’ units of the quantities Mr l and !r l, which are
expressed in distance or logarithmic units.
We are now in a position to analyze the deviations be-

tween our calculations and experiment. An analysis of the
half-life comparisons in Fig. 4 is given in Table I and of the
(-delayed neutron-emission probability comparisons in Fig.
5 in Table II. The half-life comparison shows, as earlier
%8,9&, that the mean deviation of the calculated half-lives
from the experimental values is approximately zero, that is,
Mr l)0. Thus, no ‘‘renormalization’’ of the calculated (
strength is indicated. This is true both for the GT calculation,
and in particular for the GT#ff calculation. A large mean
error is obtained for the GT calculation when nuclei with
very long half-lives are included. This does not indicate a
need for a general renormalization, because the calculated
half-lives of nuclei with short half-lives are correct on the
average. Rather, the deviations of the mean half-lives occur
because the effect of ff strength is not considered in GT-only
calculation. When the ff strength is included, the mean de-
viation is always very close to zero. In addition, in the GT
#ff case the total error factor 'r l

10 increases only very slowly
when nuclei with very long half-lives are included in the
calculations. This increase is expected because when the Q(
window becomes increasingly small the calculated half-life
values are more sensitive to small errors in the calculated
positions in energy of the GT transitions.
For delayed-neutron emission there are fewer data points

available than for (-decay half-lives. However, the more
than 100 data points %41& are sufficient to allow us to draw
several conclusions. First, just as for the half-lives we find
that the calculations are more accurate for decays corre-
sponding to large Q( values; that is, far from stability, where

β− decay (Theory: GT + ff) 

Total Error = 4.82  for 546 nuclei, Tβ,exp < 1000 s 
Total Error = 3.08  for 184 nuclei, Tβ,exp < 1 s 

10 − 3 10 − 2 10 − 1 100 101 102 103 
Experimental β-Decay Half-life Tβ,exp (s) 

10 − 3 

10 − 2 

10 − 1 

100 

101 

102 

103 
104 

T β
,c

al
c 
/T

β,
ex

p 

β− decay (Theory: GT) 

Total Error  = 21.16 for 546 nuclei (13 clipped), Tβ,exp < 1000 s 
Total Error  =  3.73 for 184 nuclei, Tβ,exp < 1 s 

10 − 3
 

10 − 2 

10 − 1 

100 

101 

102 

103 

104 

FIG. 4. Ratio of calculated to experimental ("-decay half-lives
for nuclei from 16O to the heaviest known in our previous and
current models. The (-decay rates of r-process nuclei are normally
shorter than 150 ms.
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emission probabilities Pn for nuclei in the fission-fragment region
in our previous and current models.
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In 2003. the reference dataset is published, 
again based on the FRDM + QRPA, but 
also including the first-forbidden transitions 
using a gross statistical calculation. 
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FIG. 6. !Color" Plot of the ratio of calculated to experimental #!-decay half-lives for nuclei from 16O to the heaviest known.
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FIG. 7. !Color" Plot of the ratio of calculated to experimental #!-decay half-lives for nuclei from 16O to the heaviest known. In this case
first-forbidden transitions, as given by the statistical gross theory, are taken into account.
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FIG. 7. !Color" Plot of the ratio of calculated to experimental #!-decay half-lives for nuclei from 16O to the heaviest known. In this case
first-forbidden transitions, as given by the statistical gross theory, are taken into account.
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The first-forbidden transitions contribute to 
the decay rate mostly in nuclei close to the 
valley of stability. 
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Total Error = 2.50 for 252 nuclei with Texp < 1 s.
Total Error = 2.87 for 653 nuclei with Texp < 1000 s.

Learning Set
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Test Set

FIG. 5. Ratios of calculated to experimental half-life values for
nuclides in the learning (black), validation (gray), and test (white)
sets selected from NuSet-B, plotted versus half-life Tβ,exp. Calculated
values are generated by the standard ANN model of this work with
architecture [3 − 5 − 5 − 5 − 5 − 1|116]. Total error equals "(10)

[see Eq. (32)].

[19,20]; specifically,

M = 1
n

n∑

p=1

rp, (27)

where rp = yp/ŷp. This quantity gives the average position of
the points in Fig. 5 for the respective data sets. Its associated
standard deviation

σM =

⎡

⎣1
n

n∑

p=1

(rp − M)2

⎤

⎦
1/2

, (28)

is also examined, and the “total” error of the model for the
data set in question is taken to be

" =

⎡

⎣1
n

n∑

p=1

(yp − ŷp)2

⎤

⎦
1/2

, (29)

which is the same as the σrms defined in Eq. (19). Model quality
is also expressed in terms of exponentiated versions of these
last three quantities, namely the mean deviation range

M (10) = 10M, (30)

the mean fluctuation range

σM(10) = 10σM , (31)

and total error range "(10):

"(10) = 10" . (32)

Superior models should have ",M , and σM near zero
and M (10), σ

(10)
M , and "(10) near unity. Again, in a closer

analysis of model capabilities, these indices are evaluated
within prescribed half-life domains.

IV. RESULTS AND DISCUSSION

As already indicated, statistical modeling of β−-decay
systematics is more effective when the range of lifetimes con-
sidered is more restricted. Accordingly, the following detailed
presentation and analysis will focus on the properties and per-
formance of the best ANN model developed using the NuSet-B
database, which is restricted to nuclides with β− half-life be-
low 106 s. The quality of this model will be compared, in con-
siderable detail, with that of traditional theoretical global mod-
els cited in the introduction, earlier ANN models, and models
provided by another class of learning machines (SVMs).

After a large number of computer experiments on networks
developed with different architectures, input/output coding
schemes, activation functions, initialization prescriptions, and
training algorithms [47], we have arrived at an ANN model
well suited to approximate reproduction of the observed
β−-decay half-life systematics and prediction of half-lives of
nuclides unfamiliar to the network. The preferred network
is of architecture [3 − 5 − 5 − 5 − 5 − 1|116]. The hyper-
bolic tangent sigmoid is taken as the activation function of
neurons in hidden layers, and a saturated linear function
is adopted in the output layer. In training, the techniques
for improving generalization that were described in Sec. II,
namely Bayesian regularization and cross-validation, were
implemented in combination with the Levenberg-Marquardt
optimization algorithm (LMOBP) and the Nguyen-Widrow
initialization method. The network was taught in batch mode
and the training phase was continued for 696 epochs. Of the
116 degrees of freedom corresponding to the network weights
and biases, 98 survive the training process; this is the value of
the number γk defined in Eq. (14).

A. Comparison with experiment

In this subsection, we evaluate the performance of our ANN
model by direct comparison with the available experimental
data. Table I collects results for the overall quality measures
[Eqs. (19)–(21)] commonly used in statistical analysis as well
as the values of the correlation coefficient R [see Eq. (23)].
We may quote for comparison the root-mean-square errors of
1.08 (learning mode) and 1.82 (prediction mode) obtained in
an earlier ANN model of β-decay systematics [33].

These overall measures are silent with respect to specific
physical merits or shortcomings of the model. However, such
information can be revealed by suitable plots of the results
from applications of the model, as exemplified in Figs. 5–9.

TABLE I. Performance measures for the learning, validation, test,
and whole sets, achieved by the favored ANN model of β−-decay
half-lives, a network with architecture [3 − 5 − 5 − 5 − 5 − 1|116]
trained on nuclides from NuSet-B.

Performance Learning Validation Test Whole
measure set set set set

σrms 0.53 0.60 0.65 0.57
σnms 1.004 0.995 1.012 0.999
σma 0.38 0.41 0.46 0.40
R value 0.964 0.953 0.947 0.958
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FIG. 9. Regression analysis for the (i) learning, (ii) validation, (iii) test sets (prediction mode) and for the (iv) full database (overall mode).
Solid lines represent exact agreement with the data (i.e., log10 Tβ,calc = log10 Tβ,exp), while dashed lines indicate the corresponding best linear
fits. The dataset used is NuSet-B. The units used for Tβ are ms. The corresponding values of the parameters a and b of Eq. (22) and the
correlation coefficient R of [Eq. (23)] are given in each panel.

systematics is smoothly and uniformly mirrored in the model’s
responses.

B. Comparison with RPA and GT global models: a detailed
analysis

In this subsection, the performance of the favored network
model of β− lifetime systematics is compared with that of
prominent theory-thick global models.

Adopting the quality measures [Eqs. (27)–(32)] introduced
by Möller and collaborators, we first compare the performance
of our global ANN model [3 − 5 − 5 − 5 − 5 − 1 |116] with
the global microscopic models based on the proton-neutron
quasiparticle random-phase approximation (pnQRPA), in
particular, the NBCS + pnQRPA model of Homma et al. [15]
and the FRDM + pnQRPA model of Möller et al. [19]. The
efficacy of the ANN model is also compared with that of the
microstatistical semigross theory (SGT) as implemented by
Nakata et al. [8]. Table II lists the ANN values for M (10) and
σ

(10)
M specific to odd-odd, odd-A, and even-even nuclides and

calculated using the whole and test sets. Table III collects the
M (10) and σ

(10)
M values for the three theory-thick models in

the same format. As seen in these tables, both pnQRPA and
SGT models tend to overestimate the β− half-lives of odd-odd
nuclei, while the FRDM calculation tends to underestimate
the shorter half-lives for even-even and odd mass nuclei. The
ANN model, however, tends to overestimate the half-lives
of even-even nuclides, although to a smaller degree; this
shortcoming is due, at least in part, to the relative scarcity
of even-even parents.

Table IV contains values of the performance measures
defined in Eqs. (27)–(32) for three global models of β−-
decay half-life. Here the entries are not separated according

to even-even, odd-A, or odd-odd class membership of the
nuclides involved. Included are results for calculations within
the FRDM + pnQRPA model, updated to a more recent mass
evaluation [20], together with corresponding values for a hy-
brid “micromacroscopic” pnQRPA + ff GT treatment, which
combines the QRPA model of allowed Gamow-Teller β decay
with the gross theory of first-forbidden (ff ) decay [20]. To per-
mit a direct comparison with the ANN model, we also report in
this table the results for ANN performance figures determined
independently of the even-even, odd-A, odd-odd nuclidic
class distinction, focusing attention only on the subdivision
into half-life ranges for both the overall and the prediction
mode. The improved FRDM + pnQRPA model underesti-
mates long half-lives, whereas the pnQRPA + ff GT approach
slightly underestimates half-lives over the full range consid-
ered. The tabulated quality indices indicate that the ANN
responses are in closer agreement with experiment more
frequently than the FRDM + pnQRPA calculations, while the
ANN model and the pnQRPA + ff GT approaches perform
about equally well.

The performance of our ANN model may also be evaluated
in terms of the quality measures x̄K and σK employed by
Klapdor and coworkers and defined in Eqs. (24)–(26). Table V
includes values of these quantities for the network model,
along with values for the pnQRPA calculation of Staudt
et al. [13] and for the NBCS + pnQRPA approach of Homma
et al. [15]. Detailed comparison shows that, judging from
these indices, there is only a modest decline in the quality
of ANN responses in going from the overall mode to the
prediction mode and that the performance of the pnQRPA
model is distinctly better than that of the neural network for
shorter half-lives but worse for longer half-life values. We
note, however, that the pnQRPA model could be regarded

044332-11

Statistical learning methods have also 
been applied to the problem of beta-decay 
half-lives. 
 
Model is based on a fully connected 
artificial neural network attempting to learn 
the behaviour of nuclear decay properties. 

Deviations do not show 
any dependence on the 
experimental half-lives – 
all data have the same 
weight in the learning 
process. 
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Figure 5: Comparison of T1/2 values for nuclei with T1/2 < 100 ms along the r-process path
predicted by different theoretical models: present one and qRPA+ff [20]. Black triangles
show the ratio T ffst

1/2 /T qrpa
1/2 when FRDM [35] mass predictions were used. Circles show

comparison of present calculations with experimental data for Cd isotopes.

increases for shorter values of T1/2. This permits to apply the results to
r-process calculations and predict the abundances of heavy nuclei in high
neutron density environments.

The approximate solutions of effective field equations let to a simple ap-
proach to derive the main components of beta strength functions - excitation
energies for Gamow-Teller transitions and their matrix elements. The self-
consistent predictions of beta-decay half-lives and probabilities of delayed
processes [44] can be applied for r-process modelling in different astrophys-
ical scenarios. The smaller values of T1/2, in comparison to previously used
predictions in r-process calculations should lead to speed up of the r-process
and change the abundances of heavy elements. Some of the consequences of
present T1/2 predictions are discussed in [23].
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half-lives for the nuclei with Z from 36 to 82. The ratio T ffst
1/2 /T exp

1/2 for new experimental

data [43] also shown as triangles up.

and the total error (factor)
∑10

r1
= 10

∑
r1 , where

∑
r1

= [ 1n
∑n

i=1(r
i
1)

2]1/2.
The example of details for total errors calculations is shown in
Table 2.

Among the 110 T1/2 values from Table 1 of [43], 49 values of T1/2 were
not known for us before and they were included into the analysis of our T1/2

predictions (see Fig.4). It was found that for the ratio r = T ffst
1/2 /T exp

1/2

the total error (factor) δ ≡
∑10

r1
= 2.985 for 106 nuclei (4 long-lived

excluded). For groups of short-lived isotopes for some chemical elements
the accuracy is even better (see Table 2). This result of the accuracy
analysis is comparable with estimates presented in [20]. The sample for
247 nuclei with T1/2 < 10 s gives δ ≡

∑10
r1
= 4.67; for 166 nuclei with

T1/2 < 1 s gives δ= 3.48; for 73 nuclei with T1/2 < 100 ms gives δ=
2.15.
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Figure 2: Half-lives for neutron-rich strontium isotopes as a function of the mass number,
utilizing FRDM [35] (line) and ETFSI [36] (dash-dotted line) mass predictions. Exper-
imental results from literature (crosses), and theoretical predictions from the FRDM +
QRPA (dashed black line) [20], are shown either.

tence of back-spin-flip states in the region close to the ground state of the
daughter nucleus. A significant decrease of T1/2 values for Sr isotopes with
A > 106 occurs when the window of beta-decay Qβ increases with increasing
of N and collective state ”back spin-flip (BSF)” gives a strong contribution
to T1/2 values (permitting strong one-particle GT-transitions to low-lying
states). When different Qβ values are used (based on FRDM or ETFSI)
different numbers of one-particle transitions occur, causing slightly different
transition energies which leads to different reduced probabilities of beta-
transitions and affects the odd-even effect. For nuclei heavier than lead this
effect is not seen so clearly, but the values of T1/2 are usually smaller than
those of [20], used for astrophysical nucleosynthesis calculations. Present
predictions of T1/2 values are often close to T1/2 values calculated in the
framework of the QRPA+DF3 model [8] (see also [25]). The comparison
of the calculated values of beta-decay half-lives with experimental data in
the range from Rb to Pb [39, 40, 41] has shown that deviations of up to 2

9

Calculation based on the Finite Fermi 
system theory. The results display a very 
strong odd-even staggering in the decay 
rates which is not visible in the data. 

I. V. Panov et al., Nucl. Phys. A 947, 1 (2016). 
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FIG. 1. (Color online) pnQRPA Fermi (upper panels) and GT
(middel panels) strength distributions in 90Zr, 114Sn, and 208Pb
calculated with the D1M and D1S forces. The experimental energy
peaks obtained from scattering data [33–35] are shown as diamonds
on the x axis. The lower panels show the folded GT strengths and the
comparison with experimental data available for 90Zr [33].

that gives the lowest binding energy among the different
HFB calculations is selected, and the corresponding quantum
numbers of the odd-odd HFB ground state (spin and parity)
deduced. Such a procedure allows us to determine consistently
the quantum characteristics of the reference 2-qp excitation in
the parent nucleus. In most cases, the reference energy E0 is
equal to the lowest energy of the 2-qp excitation of ph type.

Both interactions give quite similar results for the position
of the main peak. A one-to-one correspondence between
the predicted main peaks is found. The energy position of
the experimental IAR is quite well reproduced. The IAR
is experimentally known to be characterized by a single
narrow state. This is the case not only of the 208Pb but also
for the open shell 114Sn. The result for 114Sn reflects the
right contribution of the pp channel to the proton-neutron
residual interaction, without which the response function will
be fragmented [20]. The situation is slightly different for
90Zr where two states very close to each other, probably
experimentally undistinguishable, appear. Note that our HFB
calculations only includes the direct contribution of the
Coulomb interaction, while the Coulomb exchange part is
not taken into account. This approximation overestimates the
proton pairing in general [36], and in 90Zr in particular. For this
nucleus we repeated the calculation of the IAR starting from
HFB calculations including direct and exchange Coulomb
fields and obtained a disappearance of the fragmentation.
However, since no Gogny interaction has yet been derived
including the Coulomb contribution to the pairing field, we
will restrict ourselves here to the standard HFB calculations

FIG. 2. (Color online) The experimental GT widths of Sn iso-
topes [35] and the adopted parametrization (solid line).

as a starting point for our pnQRPA calculation. We have also
checked that switching-off the Coulomb interactions in HFB
calculations brings the IAR down to zero energy.

Turning to the GT (middle panel of Fig. 1), the D1M
interaction is seen to give rise to a strength located at lower
energies with respect to the one found with D1S. For the
nuclei analyzed here, this energy shift rarely exceeds 0.5 MeV.
In this context, it should be recalled that the D1M and D1S
interactions are characterized by rather different parameters,
leading to different nuclear matter properties and Landau
parameters. The GT energy is known to be sensitive to the
single-particle spectrum as well as to the Landau parameter, in
particular g′

0 [18,37,38]. More specifically, there is a general
tendency for the GT energy to increase with increasing spin-
orbit strength parameters WLS and with increasing values of
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FIG. 3. (Color online) pnQRPA GT strength distributions in 76Ge
obtained with the D1M force for several values of the deformation
parameter β2, including the HFB ground-state minimum at β2 = 0.15.
The experimental low-energy data [45] as well as the energy position
of the main GT peak are also shown.
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FIG. 4. (Color online) pnQRPA GT strength distributions in 76Ge
with the D1M force for β2 = 0 and β2 = 0.15 folded as described in
the text. For comparison, the experimental strength [46] folded in a
similar way is also given.

g′
0, though this latter tendency may be less clear (see Ref. [38]

for more details). For the interactions considered here, WLS =
115.4 MeV fm5 for D1M and 130.0 MeV fm5 for D1S while
g′

0 = 0.71 for D1M and 0.61 for D1S. Even if the total effect
on the energy position of the GT peak is a delicate balance
between the effects related to the single-particle spectrum
(particularly sensitive to the spin-orbit strength), the residual
interaction (strictly related to the Landau parameter g′

0) as well
as the E0 shift, the systematic (small) D1S overestimate of the
GT energy with respect to D1M seems to suggest that the WLS

parameter plays the major role.
As far as the comparison with experimental data is

concerned, the agreement is seen to be rather satisfactory
(Fig. 1). A small but systematic overestimate of the GT peak
is found. Particle-vibration coupling [38,39] as well as tensor
interaction contribution [40], both absent in our approach, have

been shown to lead to a small shift of the giant GT resonance
towards lower energies.

Our pnQRPA calculation provide a discrete strength dis-
tribution. To derive a smooth continuous strength function,
the pnQRPA GT strength can be folded with a Lorentz
function, as classically done. To do so, the spreading width
" is parametrized to reproduce the experimental GT widths
found experimentally in Sn isotopes with A = 112–124 [35],
as shown in Fig. 2. The spreading width can be parametrized
as "[MeV] = 1 + 0.055E2

ex (where the excitation energy Eex
is expressed in MeV) with an upper value limited to 6 MeV.

The folded GT strength for 90Zr, 114Sn, and 208Pb are shown
in the lower panel of Fig. 1 and compared to the experimental
data in the case of 90Zr [33]. The agreement of our calculation
with the experiment is reasonable. The double peaks structure,
the position of the low-energy peak, as well as the width
of the higher resonance are rather well reproduced while,
as already discussed, the centroid energy peak of the higher
resonance is overestimated. In the case of the 114Sn and 208Pb
only experimental counts of the (3He,t) reaction are available,
hence a quantitative comparison of the GT strengths is not
straightforward.

The above results refer to three spherical nuclei. As
already emphasized, our approach describes axially symmetric
deformed nuclei. As an example for a deformed nucleus,
we consider 76Ge, a nucleus of particular interest in the
neutrinoless double β-decay experiments in the past [41,42],
present [43], and future [44].

We show in Fig. 3 the 76Ge GT excitations obtained
with the D1M interaction for four different values of the
quadrupole deformation parameter β2, including the HFB
minimum at β2 = 0.15. As expected, the deformation tends
to increase the fragmentation of the response. Calculations
with different deformations produce peaks that are displaced.
This is true not only for the giant resonance region but also
for the low-energy states. Recently the low-energy part of
the GT excitations of the 76Ge has been studied with high

FIG. 5. (Color online) Ratio between the pnQRPA (obtained with the D1M interaction) and experimental [49] β-decay half-lives as a
function of A, β2, and Qβ for 145 even-even nuclei with an experimental half-life T1/2 ! 1000 s. Error bars only include experimental
uncertainties.
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FIG. 6. (Color online) Comparison between experimental [49]
and D1M + QRPA β-decay half-life predictions for the known
isotopic chains of Kr, Sr, Zr, and Mo.

precision [45] due to its importance for the neutrinoless double
β-decay physics. We show this experimental results in Fig. 3
to compare to our results at different β2. It appears that
deformation effects influence the low-energy strength and that
the spreading of the low-energy GT strength can be rather
well reproduced for deformations around β2 = 0.10–0.15, in
contrast to what is found in the spherical approximation or at
larger deformations. For completeness, we also show in Fig. 4
our folded calculations at β2 = 0 and β2 = 0.15 as well as the
experimental results of Ref. [46] folded in the same way. Also
in this case the agreement between the experimental data and
the β2 = 0.15 case can be considered as satisfactory, at least
better than with the spherical case.

IV. APPLICATION TO HALF-LIFE CALCULATIONS

As a first application of our calculation, we now focus
on the low-energy GT strength and more specifically on the

β−-decay half-lives. In the allowed GT decay approximation
the β−-decay half-life T1/2 can be expressed in terms of the
GT strength function SGT according to

ln 2
T1/2

= (gA/gV )2
eff

D

∫ Qβ

0
f0(Z,A,Qβ − Eex)SGT(Eex)dEex.

(8)

For the phase-space volume f0 as well as the factor D and
the vector and axial vector coupling constants (including
the quenching factor), we refer to the work of the authors
of Ref. [47]. To estimate the Qβ mass differences, we take
experimental (and recommended) masses [48] when available
or the D1M mass predictions [28], otherwise.

To give an idea of the global predictions of our model,
we compare in Fig. 5 for even-even nuclei the pnQRPA
(obtained with the D1M interaction) β−-decay half-lives with
the experimental data [49]. The results are plotted as a function
of the mass number A, the deformation parameter β2, and the
Qβ value. They turn to be quite homogeneous with respect to
A and more particularly β2. Larger deviations are found for
nuclei close to the valley of β stability (Fig. 5, right panel),
i.e., for low-Qβ values, as found in all models. Note, however,
that in Fig. 5 where only nuclei with experimental data are
concerned, large Qβ values essentially correspond to light
nuclei for which mean-field models may be less adequate to
estimate the ground-state deformation, mixing of configuration
being found beyond the mean-field approximation. Globally,
predictions tend to overestimate the experimental half-lives,
but deviations rarely exceed one order of magnitude. Note
that the half-life overestimation found here is less important
that the effect of neglecting pn pairing in relativistic QRPA
calculation [50]. We also compare in Fig. 6 the D1M + QRPA
and experimental half-lives for the much studied isotopic
chains of Kr, Sr, Zr, and Mo, which are strongly deformed.
Here also, the D1M + QRPA model tends to give rise to
half-lives larger than experimental ones, leaving space for
possible additional contributions from forbidden transitions.

FIG. 7. (Color online) Comparison between our β-decay half-life predictions and the DF3 + QRPA calculation of the authors or
Refs. [47,51], including the GT contribution or both the GT plus FF contributions, for the neutron-rich nuclei along the N = 82,126,

and 184 isotones. For the N = 82 isotonic chain, experimental data [49], and shell model results [52] are also shown.
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•  recent experiment 
with 110 half-lives 

•  40 new 
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Comparison with the 
latest measurements is 
consistent with the 
previous results. 
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taches a sensible A dependence to the strength of isoscalar
pairing.
The level of agreement between our calculations and

data throughout the isotopic chart is similar to that pro-
duced by other recent computations, in spite of our con-
sistent inclusion of deformation, tensor terms in the func-
tional, etc. It could be di�cult to do much better without
an account of multiphonon e↵ects, as in the work, e.g., of
Ref. [45].

The most glaring shortcoming of our work here is the re-
striction to even-even nuclei. An extension of the FAM to
odd-mass nuclei will be the subject of a future publication
[46]. For the moment, we make our results for the 1387
even-even neutron-rich nuclei, with crudely estimated the-
oretical uncertainties, available as supplementary material
to this article.

Figure 6. The fit 3A with the mean (green line) and one- and
two-standard-deviation bands from our uncertainty model.
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FIG. 11. (color online) The contribution of the first-forbidden
transitions in the total decay rate for the N = 50, N = 82 and
N = 126 isotonic chains, in the top, central and bottom pan-
els, respectively. Present results, denoted with black squares,
are compared with the FRDM calculation [19] (denoted with
green triangles), DF3 calculation [20] (denoted with blue di-
amonds) and a recent shell model calculation [18] (denoted
with red circles).

decay half-lives is also manifested on the contribution
of forbidden transitions. For N = 126 all models pre-
dict an enhanced contribution of forbidden transitions.
Ref. [18] argues that the contribution of forbidden tran-
sition should decrease with decreasing proton number.
This reduces the number of protons in the h11/2 increas-
ing the role of νh9/2 → πh11/2 Gamow-Teller transitions.
While all models predict such a reduction, the magnitude
varies from model to model. The present calculations
predict a relatively minor reduction from 90% at Z = 73
to 70% at Z = 66, while the shell-model predicts a much
larger reduction reaching below 20% at Z = 66. Exper-
imental data will be very important to further constrain
the theoretical calculations.
Fig 12 shows the contribution of beta-decay half-lives

for all nuclei with predicted beta-decay half-lives shorter
than 1 s. In general, first-forbidden transitions do not
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FIG. 12. (color online) The contribution of the first-forbidden
transitions in the total decay rate for nuclei with predicted
half-lives shorter than 1 s. Black lines indicate the position
of (predicted) closed proton and neutron shells.

noticeably impact the total decay rate in nuclei close to
the valley of stability with Z ≤ 50. Here, protons and
neutrons fill orbits with the same parity and the decay is
dominated by Gamow-Teller transitions. It is interesting
to notice the similar behaviour for nuclei located around
78Ni and 132Sn. Moving in the “south-west” direction
(Z < 28, N < 50 and Z < 50, N < 82 respectively)
forbidden transitions are initially suppressed. However,
once protons start to occupy orbits with different parity
(Z < 20 or Z ! 40) the contribution of forbidden tran-
sitions grows to values of 40% to 60% depending on the
detailed nuclear structure. Moving in the “east” direction
(N > 50 and N > 82 respectively), we see that the con-
tribution of forbidden transitions is rather independent
of the charge number and does not vary when crossing
the proton shell closure at Z = 28 and Z = 50, respec-
tively. In these regions, for neutrons and protons there
are valence orbits with both positive and negative par-
ity and consequently Gamow-Teller and forbidden tran-
sitions contribute in similar amounts to the decay. The
situation is different in the region between N = 50 and
N = 82. Here, once protons completely fill the pf shell
(Z > 40) forbidden transitions are suppressed and the
decay is dominated by Gamow-Teller transitions.

An interesting phenomena occurs once we move to nu-
clei with N > 126 with a clearer manifestation once we
reach N = 184. For these nuclei, neutrons and protons
occupy orbits that differ in two units of the main oscil-
lator quantum number, N = 2n+ l. Under the assump-
tion of isospin symmetry the single particle orbits for
neutrons and protons will be identical and consequently
Gamow-Teller transitions will be exactly zero. However,
due to isospin breaking mainly due to the coulomb inter-
action the proton and neutron single particle states are
not identical allowing for Gamow-Teller transitions, even
if somewhat suppressed. This is the reason why forbid-
den transitions dominate in this whole region with GT
transitions representing around 20% of the decay rate.

Since occasionally questions arise concerning our inter-
pretation of how in a simplified r-process model the ob-
served r-abundance features and nuclear-physics properties
far from stability are related, we summarize our main argu-
ments once again. Initially, based on the identification of the
first two classical neutron-magic waiting-point isotopes 80Zn
and 130Cd !46–48" we have determined the nn-T9 conditions
of an r process required to form the A!80 and 130Nr ,!
peaks at the correct position, see, for example, Figs. 4 and 12
in Ref. !4" or Fig. 4 in Ref. !49". Most fully-dynamic
r-process nucleosynthesis calculations within the neutrino-
wind model of a core-collapse supernova of type II #SN II$
#see, for example, Refs. !50–53"$ have confirmed our nn-T9
conditions above. For example, Takahashi et al. !51" have
shown in detail that their time-varying trajectories of neutron
densities #or entropies$ and temperatures towards freeze-out
were exactly lying within our predicted nn-T9 band, thus
proving the principal validity of our simple and elegant ap-
proximation.
The other issues addressed in detail following the above

initial results were #i$ what additional effects can enter in the
‘‘early’’ phases of an r process #prior to freeze-out$, and #ii$
how can an astrophysically realistic treatment of a freeze-out
alter the obtained r-abundance distribution. A summary of
these discussions is given in, for example, the paper of
Freiburghaus et al. !52". It was concluded that, while heavy-
element production in a realistic astrophysical scenario may
well be fast in the very early phase with an r-process path

close to the neutron drip line, it is the final freeze-out with a
path closer to % stability that leaves its fingerprint in the
observed Nr ,! pattern. This freeze-out r-process path is still
15 to 35 mass units away from % stability. Thus, at freeze-
out the r process seems to have ‘‘forgotten’’ its early history,
and nuclear-structure effects of nuclei with Sn!1.5–3
MeV—in particular at the magic neutron shells—determine
the final picture. With respect to a realistic treatment of the
freeze-out, several effects have been discussed, such as non-
equilibrium captures of remaining seed neutrons and their
inverse photodisintegrations, recapture of neutrons emitted
after % decay, and neutrino reactions !50–69". The freeze-
out tests have, however, shown that these effects do not af-
fect the medium-heavy nuclei up to the A!130Nr ,! peak
significantly. But—somewhat depending on the specific as-
trophysical model—they may be important for the heavier
nuclides in the rare-earth and the A!195Nr ,! regions, al-
though the overall picture will not change.
In summary, we can conclude that despite the above de-

tails, our admittedly rather simple and site-independent mul-
ticomponent model is a valuable approximation to the still
favorably discussed core-collapse SN II scenario, well emu-
lating the conditions just before and at freeze-out. Therefore,
the waiting-point approximation has remained an important
test bed for systematic parameter studies of various nuclear
data sets for masses and %-decay properties !43,67,70–72".
In the context of this paper, the %-decay half-lives of the
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Figure 3. Comparison of the mean and standard deviation
of the lg t values in our fits with those of previous work. The
labels for our fits correspond to those of Table I. The results
from prior work are contained in [5] (Mö), [3] (Ho), [6] (Na),
[8] (Co), and [9] (Ma). Only even-even isotopes are considered. Figure 4. The contributions of di↵erent allowed and first-

forbidden multipoles to the total computed beta-decay rates.
Only even-even nuclei are considered.

Contribution of ff transitions 
in different regions of the 
nuclear chart is still very 
much under debate.  



M. T. Mustonen and J. Engel, Phys. Rev. C 93, 014304 (2016) 
I. V. Panov et al., Nucl. Phys. A 947, 1 (2016). 
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Figure 5. Comparison of our computed half-lives in neutron-
rich nuclei with those of Ref. [5]

.

taches a sensible A dependence to the strength of isoscalar
pairing.
The level of agreement between our calculations and

data throughout the isotopic chart is similar to that pro-
duced by other recent computations, in spite of our con-
sistent inclusion of deformation, tensor terms in the func-
tional, etc. It could be di�cult to do much better without
an account of multiphonon e↵ects, as in the work, e.g., of
Ref. [45].

The most glaring shortcoming of our work here is the re-
striction to even-even nuclei. An extension of the FAM to
odd-mass nuclei will be the subject of a future publication
[46]. For the moment, we make our results for the 1387
even-even neutron-rich nuclei, with crudely estimated the-
oretical uncertainties, available as supplementary material
to this article.

Figure 6. The fit 3A with the mean (green line) and one- and
two-standard-deviation bands from our uncertainty model.

Figure 7. Our predictions for the 14 half-lives of neutron-rich
even-even nuclei measured only recently [44] and not included
in the ENSDF data set. All the measured half-lives fall within
our one-sigma error bars, suggesting that our uncertainty
estimates are too pessimistic in this particular region.
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increases for shorter values of T1/2. This permits to apply the results to
r-process calculations and predict the abundances of heavy nuclei in high
neutron density environments.

The approximate solutions of effective field equations let to a simple ap-
proach to derive the main components of beta strength functions - excitation
energies for Gamow-Teller transitions and their matrix elements. The self-
consistent predictions of beta-decay half-lives and probabilities of delayed
processes [44] can be applied for r-process modelling in different astrophys-
ical scenarios. The smaller values of T1/2, in comparison to previously used
predictions in r-process calculations should lead to speed up of the r-process
and change the abundances of heavy elements. Some of the consequences of
present T1/2 predictions are discussed in [23].
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Latest calculations provide 
systematically different half-lives 
in particular regions of the 
nuclear chart – significant 
consequences for the r-process. 

Impact on the r-process  



Half-lives have a significant impact 
on the abundance pattern. 
 
Third peak is particularly sensitive 
to the changes. 
 
The result is valid for varying 
astrophysical conditions. 
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FIG. 15. (color online) The evolution of the neutron-to-seed
ratio during the r-process. The upper panel shows the results
for the hot r-process while the lower panel for the cold r-
process. Dashed lines denote the results obtained with the
FRDM decay data, and full lines denote results obtained in
the present study.

decay to stability. It occurs at a higher value of the den-
sity producing a faster and larger drop in the neutron-
to-seed ratio. As a consequence, there is less time for
neutron-captures during the freeze-out to move the peaks
to higher A values as discussed in Ref. [3]. These results
agree very well with the recent exploration of the effects
of β-decay half-lives of very heavy nuclei on the heavy el-
ement nucleosynthesis operating in neutron star merger
conditions [70]. There, the authors have found the same
shift of the third peak towards lighter masses when the
faster half-lives are included into the simulation.
The above discussion illustrates the important role of

the competion of neutron captures and beta-decay during
freeze-out in shaping the final r-process abundance pat-
tern. It suggest that any sensitivity study of r-process
nucleosynthesis should address simultaneously the role
of beta-decays and neutron captures. This aspect will
be explored in more detail in a future publication with
emphasis in neutron star merger conditions that is cur-
rently considered the preferred r-process astrophysical
site. An important aspect for r-process calculations un-
der neutron star merger conditions is the nuclear en-
ergy generation. It depends mainly on the beta-decay
rates and determines the evolution of temperature dur-
ing the r-process [75]. The nuclear energy production
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FIG. 16. (color online) The abundances of heavy nuclei re-
sulting from a hot r-process (upper panel) or a cold r-process
(lower panel) calculation using the half-lives obtained from
the FRDM and the current model. The abundances are plot-
ted at the time of the freeze-out, i.e. at the point when the
ration of neutrons to seed nuclei reaches one. The solid circles
denote the solar r-process abundances.

is also important to determine the evolution of material
ejected in highly eccentric loosely bound orbits. Depend-
ing on the energy produced by the r-process, this mate-
rial can become unbound affecting the late time evolu-
tion of short gamma-ray burst afterglows assuming they
are powered by matter fallback [76]. At later times the
radioactive heating from the beta-decay of r-process ma-
terial will also affect the neutron-star merger remnant
evolution [77] and the electromagnetic transient, kilo-
nova, lightcurve [78–80]. For all these applications it is
important to know how much of the energy produced
by beta-decay is lost in the form of neutrinos and how
the remaining energy is distributed between the electrons
and gamma-rays emitted from nuclear deexcitation. We
have determined for each decay these quantities based on
the computed beta-decay strengths. A small part of the
energy will be carried away by the neutrons emitted af-
ter the beta-decay. Our gamma channel does in fact also
include this energy as it is assumed that the emitted neu-
trons will thermalize in a relatively short timescale. All
this information is included in the supplemental material
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decay to stability. It occurs at a higher value of the den-
sity producing a faster and larger drop in the neutron-
to-seed ratio. As a consequence, there is less time for
neutron-captures during the freeze-out to move the peaks
to higher A values as discussed in Ref. [3]. These results
agree very well with the recent exploration of the effects
of β-decay half-lives of very heavy nuclei on the heavy el-
ement nucleosynthesis operating in neutron star merger
conditions [70]. There, the authors have found the same
shift of the third peak towards lighter masses when the
faster half-lives are included into the simulation.
The above discussion illustrates the important role of

the competion of neutron captures and beta-decay during
freeze-out in shaping the final r-process abundance pat-
tern. It suggest that any sensitivity study of r-process
nucleosynthesis should address simultaneously the role
of beta-decays and neutron captures. This aspect will
be explored in more detail in a future publication with
emphasis in neutron star merger conditions that is cur-
rently considered the preferred r-process astrophysical
site. An important aspect for r-process calculations un-
der neutron star merger conditions is the nuclear en-
ergy generation. It depends mainly on the beta-decay
rates and determines the evolution of temperature dur-
ing the r-process [75]. The nuclear energy production
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is also important to determine the evolution of material
ejected in highly eccentric loosely bound orbits. Depend-
ing on the energy produced by the r-process, this mate-
rial can become unbound affecting the late time evolu-
tion of short gamma-ray burst afterglows assuming they
are powered by matter fallback [76]. At later times the
radioactive heating from the beta-decay of r-process ma-
terial will also affect the neutron-star merger remnant
evolution [77] and the electromagnetic transient, kilo-
nova, lightcurve [78–80]. For all these applications it is
important to know how much of the energy produced
by beta-decay is lost in the form of neutrinos and how
the remaining energy is distributed between the electrons
and gamma-rays emitted from nuclear deexcitation. We
have determined for each decay these quantities based on
the computed beta-decay strengths. A small part of the
energy will be carried away by the neutrons emitted af-
ter the beta-decay. Our gamma channel does in fact also
include this energy as it is assumed that the emitted neu-
trons will thermalize in a relatively short timescale. All
this information is included in the supplemental material



Figure 14: Important �-decay half-lives in four astrophysical environments (a) low entropy hot wind, (b) high entropy
hot wind, (c) cold wind and (d) neutron star merger with stable isotopes in black. Estimated neutron-rich accessibility
limit shown by a black line for FRIB with intensity of 10�4 particles per second [199]. Simulation data from [125].
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Sensitivity studies provide information 
on the importance of particular nuclei 
in the r-process simulations.  
 
Variation of beta-decay half-lives of 
each nucleus produces changes in 
the total abundance pattern.  
 
For different astrophysical scenarios, 
similar regions appear to be important 
in the description of heavy element 
creation.  

M. Mumpower et al., arxiv:1508.07352 [nucl-th] 



Figure 11: Variance in isotopic abundance patterns from uncertain �-decay half-lives, panel (a) and uncertain neutron
capture rates, panel (b). The same three nuclear mass model predictions (HFB-17, DZ33, and FRDM1995) and the same
main (A > 120) r-process conditions are used as in Fig. 10. Simulation data from [193].

final abundances. Nearly all of the solar isotopic residual data for a main r process lie within the abundance predictions of
these models. A hypothetical reduction of each mass model rms error to 100 keV is shown by the darker bands in Fig. 10.
Abundance predictions between di↵erent mass models at this reduced level of uncertainty become distinct allowing one
to clearly distinguish between the predictions of di↵erent nuclear models.

In this study, the variation in nuclear masses is propagated to separation energies which go into the calculation of
photodissociation rates. This has been shown to be a good approximation under hot astrophysical conditions [123, 118].
Propagating changes in nuclear masses consistently to all nuclear properties that depend on masses as in [121, 177] will
allow this method to be applied to other r-process conditions where photodissociation does not play such a prominent
role. However, this is at the cost of greatly increasing the computational power needed for these studies as all properties
of the given nuclear model must be recomputed at each Monte Carlo step.

4.2 Uncertain �-decay and neutron capture rates

The variance bands in final abundances from uncertain rates is shown in Fig. 11. In these calculations, the same Monte
Carlo approach has been applied separately to �-decay rates, panel (a), and neutron capture rates, panel (b) [193]. To
approximate current theoretical uncertainties in �-decay and neutron capture rates, multiplicative factors are generated
from log-normal distributions with underlying normal distribution values: µ = 0 and � = ln(2) and µ = 0 and � = ln(10)
respectively. This yields multiplicative factors that range from 10�1 to 10 for � decays and 10�3 to 103 for neutron
capture rates, in agreement with the range of theoretical calculations of these quantities as can be seen in Figs. 7 and 9.

Changes to �-decay rates can influence the pattern during the entire r-process evolution; the large variances shown in
Fig. 11 (a) are thus not too surprising. Neutron capture rates, however, influence the pattern only after the long duration
(n, �) � (�, n) equilibrium has ended in this environment, as illustrated in Fig. 2. Figure 11 (b) clearly shows that
neutron captures play a critical role in the formation of the final abundances during the last moments of the r process.

The uncertainty in both these types of rates produces roughly the same order of magnitude variance in r-process
abundances as from the uncertainty in nuclear masses. Taken together, the results of Figs. 10 and 11 imply that current
error bars are too large to distinguish between the predictions of nuclear models. In order to improve the predictability
of r-process simulations, advances in the description of neutron-rich nuclei must be achieved.
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Monte Car lo methods 
applied to the study of the 
sensitivity of r-process 
abundances to beta-decay. 
 
E v e n t h o u g h g e n e r a l 
structure of the abundance 
pattern remains, changes in 
b e t a - d e c a y h a l f - l i v e s 
produce a large variance in 
the abundance pattern. 
 
Studies may help indicate 
which nuclear inputs are 
important for heavy element 
nucleosynthesis simulation. 



In nuclei with small Sn an additional process is possible.  

Beta-delayed neutron emission contributes neutrons at the late stages of 
the r-process, after the initial neutron flux has dissipated.  

Beta-delayed neutron emission 
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This may be ascribed to the fact, that state-of-the-art
self-consistent nuclear models are not expected to provide
accurate single-particle energies, particularly near closed-
shell nuclei, where the Q� is not large and the strength
may be dominated by only one or few transitions. In ad-
dition, the strength of the T=0 proton-neutron pairing
is included in Ref. [25] using a single and rather sim-
ple parameterization [63]. In the DF3+cQRPA [23], the
e↵ective mass m⇤=1 and a moderate mass-independent
strength of the T=0 proton-neutron pairing is used, re-
sulting in a more satisfactory description of the Tl to Bi
isotopes. Interestingly, in the FRDM+QRPA where the
T=0 pairing is absent, the description of the semi-magic
Z=82±1 isotopes, for which it is not that important, is
better compared to other isotopic chains.

FIG. 3. Measured neutron emission probability (%) or upper
limit (216Tl) for the Hg- and Tl-isotopes (solid red circles and
arrows). Theoretical predictions from Refs. [22, 25] and phe-
nomenological models [30, 31] are shown with open symbols.

Additional constraints when comparing microscopic
models with experiment can be found in the neutron-
branching ratios of the Tl-isotopes, which are shown
in Fig. 3. The discrepancies found between the
RHB+RQRPA predictions and the measured Tl-decay
half-lives (Fig. 2) are at variance with the quite good
agreement that is found with the measured neutron
branching ratios. As the GT and FF decays are treated
in a single RQRPA framework, this may reflect that the
integral of GT+FF strength is overestimated both in
Q�n and Q� windows. The good agreement between the
experimental half-lives and the FRDM+QRPA predic-
tions for the entire Tl-isotopic chain (Fig. 2) is in con-
trast with the factor of five discrepancy found for the
FRDM+QRPA predicted branching ratios of 215,216Tl.
Such inconsistency might be ascribed to the QRPA de-
scription of the GT and statitical treatment of the FF
transitions. The KTUY predicted neutron branching ra-
tios seem reasonable, but with a clear tendency to un-
derestimate them.

Finally, Fig. 3 also shows a comparison between mea-

sured neutron branching ratios and phenomenological
models [30, 31]. Agreement is found only with the
neutron branching ratios measured for 210,211Hg and
211,212,215,216Tl, which have a rather large uncertainty.
This feature points to an accidental coincidence rather
than a predictive power. Again, more measurements will
be important in order to extend the parameterized mod-
els to the heavy mass region.
In summary, the present work reports experimental

results for nine new �-decay half-lives and eight new
�-delayed neutron emission probabilities (or upper lim-
its) in the heavy mass region beyond N = 126. These
new data have allowed us to get an insight into the
�-decay performance of the only three nuclear mod-
els that are applicable over the full nuclear landscape,
FRDM+QRPA [22], KTUY [47] and RHB+RQRPA [25].
One can conclude that, presently, there exist no global
model which provides satisfactory �-decay half-lives and
neutron branchings on both sides of the N = 126 shell
closure. The RHB+RQRPA framework predicts fairly
well the �-decay half-lives in the N  126 region (al-
though not beyond the shell-closure) as well as the neu-
tron emission probability, at least in the region where new
data are reported. It is worth noting that in the N  126
region, where the new RHB+RQRPA model and the pre-
vious self-consistent study [23, 32, 56, 64] perform better,
is more relevant than the nuclei beyond the neutron shell
closure because it involves all the species produced dur-
ing the r-process freeze-out. Thus, the new experimen-
tal data support the rather good agreement predicted in
Ref. [25] for the r-process abundances around the third
r-process peak at A = 195.
The next important step toward a fully self-consistent

description of the �-decay rates including nuclear de-
formation has been done within the Finite Amplitude
Method (FAM) [65, 66]. In this respect, a remaining
challenge of prime importance for the QRPA is the im-
pact of the 2p-2h configurations on the �-decay rates and
Pn values [67–69]. Further measurements of these two
gross properties of �-decay and possibly spectroscopic
measurements in the heavy mass region around A⇠200
are highly desirable in order to further improve theoret-
ical models and r-process calculations.
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FIG. 12. (Color online) Effect of the beta-delayed neutron emission in the hot (left column) and cold (right column) r process, using neutron
captures and beta decays based on the FRDM mass model. The black thin lines are for the reference case calculated with the standard nuclear
input: neutrons are emitted with given probability (Pn) after beta decay. The green thick lines are for the case Pn = 0, i.e., A is conserved
during beta decay. For the red dash-dotted line the neutron captures and the photodissociation reactions are suppressed after freeze-out.

instantaneous because neutron captures are required to form
the rare-earth peak at late times.

3. Noninstantaneous freeze-out

Finally, we want to discuss a general feature present in
the evolution of the neutron-to-seed ratio. After an initial
slow decrease, the neutron-to-seed reaches a phase of fast
decline once its value becomes around one. However, this fast
decline, which will correspond to an instantaneous freeze-out
as assumed in classical r-process calculations, is always
interrupted and the neutron-to-seed ratio follows a more
moderate decrease afterward. This is a generic feature found
in all dynamical calculations (see, e.g., Refs. [16,25,84]) and
indicates that the freeze-out effects discussed here will always
be important. We found that the sudden change in the evolution
of the neutron-to-seed ratio, mathematically corresponding to
the appearance of an inflexion point, occurs when the average
neutron-capture rate [Eq. (2a)] and the average beta-decay
rate [Eq. (2c)] are identical, i.e., τ(n,γ ) = τβ . Interestingly,
this happens even in the calculations where beta-delayed
neutron emission is artificially switched of (see Fig. 12). This
phase of moderate decline of the neutron-to-seed ratio is the
so-called s-process phase of the r process [85] in which beta
decay dominates over neutron capture. During this phase, the
rare-earth peak is formed in our calculations based on the
FRDM mass model. However, in these calculations the third

r-process peak is shifted to mass number values larger than
A ∼ 195.

IV. SUMMARY AND CONCLUSIONS

We have studied the impact of the long-time dynamical evo-
lution and nuclear physics input on the r-process abundances.
Our calculations are based on hydrodynamical trajectories
from core-collapse supernova simulations of Ref. [9] with
the entropy increased by a factor 2 (i.e., density decreased
by a factor of 2) in order to produce the third r-process peak.
We have chosen two different evolutions to cover the two
possible physical conditions at which the r process occurs in
high-entropy ejecta. These evolutions are identical during the
seed formation phase and differ only after the temperature
becomes !3 GK and the nucleosynthesis flow is dominated
by neutron captures, i.e., the r-process phase. This guarantees
that changes in the resulting abundances are due to the
modification of the long-term evolution and/or the nuclear
physics input and not to changes in the initial conditions.
The long-time evolution is varied assuming that the reverse
shock is at different temperatures, which is justified based on
two-dimensional simulations [46]. The two typical long-time
evolutions are:

(i) hot r process that occurs when the reverse shock is at
high enough temperatures (T " 0.5 GK) to reach an
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Conclusion and outlook 
•  Large-scale calculations of beta-decay rates are both computationally 

and theoretically demanding undertaking.  

•  Progress of experimental facilities provides data on increasingly exotic 
nuclei – extremely helpful in constraining models.  

•  Decay rates of neutron-rich nuclei have a significant effect on the r-
process abundances – it is important to constrain them as much as 
possible.  

•  New theoretical approaches (finite amplitude method and particle-
vibration coupling) will enable a more complete treatment of nuclear 
decay and provide a detailed description of transition spectra at low 
energies.  


