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Motivation/Introduction

generic Nf = 3 QCD Phase Diagram

, GeVµB

T, GeV
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vacuum matter quark matter

lattice at µ = 0: crossover
eff. models at T = 0: 1st-order
→ ∃ critical end point E (cf. as in water)

lattice at µ 6= 0: “sign problem”
idealization → chiral limit
sharp distinction

location of crit. point unknown
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Motivation/Introduction

3D-view (T , µB, mq)
of Nf = 2 QCD phase diagram:

mq = 0 : O(4)-symmetry
4 modes critical σ, ~π

mq 6= 0 : no symmetry remains
only one critical mode σ (Ising)
(~π massive)

T

tricritical point, mq  = 0

critical line, m q = 0

triple line, m q = 0

µΒ�
line of end points, mq = 0

surface of 1st order
transitions

mq

/

3d-Ising universality

O(4) universality

Landau-Ginzburg potential: order parameter ~φ = (σ, ~π)

Ω(T , µ; φ) ∼ a(T , µ)~φ 2 + b(T , µ)~φ 4 + c~φ 6+mσ

2nd order line: a(Tc , µc) = 0 → O(4) universality ; tricritical point: b(Tc , µc) = 0

What are the sizes of the critical regions?
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Motivation/Introduction

Ginzburg criterion: size of crit. region↔ break down of mean-field theory

Landau-Ginzburg potential for 2nd order phase transition

Ω(T , µ; φ) ∼ d(~∇φ)2 + a′tφ2 + bφ4 ; t = (T − Tc)/Tc

Ginzburg-Levanyuk temperature τGL

|t | ∼ T 2
c

a′d3 b2 ≡ τGL ∼ m4/5
q

size depends on microscopic dynamics
universality not applicable
He4 λ-transition: τGL ∼ 10−15

O(2) spin model:τGL ∼ 0.3

Size of crit. region shrinks as mq → 0 (τGL ∼ b2) ; tricritical b → 0
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Mean-field approximation

Nf = 2 Quark-Meson model

L = q̄ (i∂/− g(σ + iγ5~τ~π)) q +
1
2

(∂µσ∂µσ + ∂µ~π∂µ~π)− λ

4
(σ2 + ~π2 − v2)2 − cσ

partition function: Z(T , µ) =

Z
Dq̄DqDσD~π exp

8><>:i

1/TZ
0

dtd3x (L+ µq̄γ0q)

9>=>; .

Mean field approx.: σ → 〈σ〉 ≡ φ, π → 〈π〉 = 0, integrate quark/antiquarks

Grand canonical potential [Rischke et al.]

Ω(T , µ) = −T lnZ
V

=
λ

4
(〈σ〉2 − v2)2 − c〈σ〉+ Ωq̄q(T , µ)

with

Ωq̄q(T , µ) = −2NcNf T
Z

d3k
(2π)3

n
ln(1 + e−(Eq−µ)/T ) + ln(1 + e−(Eq+µ)/T )

o
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Phase diagram in MF approximation
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Phase diagram in MF approximation
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In-medium meson masses (mπ = 138 MeV)

CEP location: Tc ∼ 91 MeV , µc ∼ 223 MeV

T -dependence
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In-medium meson masses (mπ = 138 MeV)

CEP location: Tc ∼ 91 MeV , µc ∼ 223 MeV

T -dependence
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In-medium meson masses (mπ = 138 MeV)

CEP location: Tc ∼ 91 MeV , µc ∼ 223 MeV

T -dependence
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In-medium meson masses (mπ = 138 MeV)

CEP location: Tc ∼ 91 MeV , µc ∼ 223 MeV

T -dependence
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In-medium meson masses (mπ = 138 MeV)

CEP location: Tc ∼ 91 MeV , µc ∼ 223 MeV

T -dependence
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In-medium meson masses (mπ = 138 MeV)

CEP location: Tc ∼ 91 MeV , µc ∼ 223 MeV

T -dependence
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Quark-number density nq(T , µ) (MF)

CEP: Tc ∼ 91 MeV
T = Tc ± 5 MeV
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Quark-number susceptibility χq(T , µ) (MF)

CEP: Tc ∼ 91 MeV
T = Tc ± 5 MeV
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Quark-number susceptibility χq(T , µ) (MF)

χq ∼ |g − gc |−ε ; g = T , µ

(isothermal) compressibility

κT ≡ − 1
V

“
∂V
∂P

”˛̨̨
T ,N

=
χq

n2
q
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χ q
 [f

m
-2

]

µ [MeV]

T<Tc

T=Tc

T>Tc

if χq large → easy to compress

→ interaction attractive
(or weakly repulsive)

(cf discussion: Walecka model
if mσ → 0)
crit. exp. ε = 2/3 (mean field)
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g
 (

χ
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Quark-number susceptibility χq(T , µ) (MF)

diverges only @ CEP

finite everywhere else

height decreases for decreasing µ towards
T -axis

For T below CEP: discontinuous → 1st order
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χfree
q : massless free quark gas

χfree
q (T , µ) = NcNf

„
µ2

π2 + T 2

3

«

e.g. Rq = 3 or Rq = 5
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Critical region (MF)

Rq = χq(T , µ)/χfree
q (T , µ)
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Critical region w/ scalar susceptibility χσ (MF)

χσ = 1/m2
σ: zero-momentum projection of scalar propagator

encodes all fluctuations of order parameter
define: Rs = m2

σ(0, 0)/m2
σ(T , µ)
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Renormalization Group approaches

Γk [φ] scale dependent effective action ; t = ln(k/Λ) ; Rk : regulator

different realizations:

1 exact RG

ERG (averaged action) [Wetterich et al.]

∂tΓk [φ] =
1
2

tr

"
∂tRk

 
1

Γ
(2)
k + Rk

!#
; Γ

(2)
k =

δ2Γk

δφδφ

2 proper-time RG

PTRG [Liao et al.]

∂tΓk [φ] = −1
2

∞Z
0

dτ

τ

h
∂tRk (Λ

2τ)
i

tr exp
“
−τΓ

(2)
k

”

3 ...
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RG flow equations

• Quark-Meson model

Γk=Λ =

Z
d4x


q̄[∂/+g(σ+i~τ~πγ5)]q +

1
2

(∂µσ)2 +
1
2

(∂µ~π)2 + V (σ2+~π2)

ff

flow for grand canonical potential

∂tΩk (T , µ) =
k4

12π2

»
3

Eπ
coth

„
Eπ

2T

«
+

1
Eσ

coth
„

Eσ

2T

«

− 2NcNf

Eq


tanh

„
Eq − µ

2T

«
+ tanh

„
Eq + µ

2T

«ff–
E2

π = 1 + 2Ω′k/k2 , E2
σ = 1 + 2Ω′k/k2 + 4φ2Ω′′k /k2 , E2

q = 1 + g2φ2/k2

φ ∼ 〈q̄q〉
quark fluctuations: chiral symmetry breaking

meson fluctuations: chiral symmetry restoration
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Phase diagram: (RG)
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Phase diagram: mq ∼ 370 MeV (RG)

TCP: Tc ∼ 80.2 MeV 2. ’TCP’: Tc ∼ 8 MeV

CEP: Tc ∼ 61.5 MeV
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Phase diagram: mq ∼ 370 MeV (RG)

TCP: Tc ∼ 80.2 MeV 2. ’TCP’: Tc ∼ 8 MeV CEP: Tc ∼ 61.5 MeV
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In-medium meson masses (RG)

 0

 100

 200

 300

 400

 500

 600

 700

 800

 0  50  100  150  200  250

T [MeV]

µ=0 MeV

mσ
mπ

 0

 100

 200

 300

 400

 500

 600

 700

 800

 0  50  100  150  200  250

T [MeV]

µ=313 MeV

CEP:

Tc ∼ 61.5 MeV, µc ∼ 313 MeV

 0

 50

 100

 150

 200

 0  50  100  150  200  250  300  350  400

T
 [M

eV
]

µ [MeV]

 0

 100

 200

 300

 400

 500

 600

 700

 800

 0  50  100  150  200  250  300  350

µ [MeV]

T=1 MeV

mσ
mπ

 0

 100

 200

 300

 400

 500

 600

 700

 800

 0  50  100  150  200  250  300  350

µ [MeV]

T=61 MeV

 0

 100

 200

 300

 400

 500

 600

 700

 800

 0  50  100  150  200  250  300  350

µ [MeV]

T=150 MeV

B.-J. Schaefer (KFU Graz) CBM @Trento 20 / 28



In-medium meson masses (RG)
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In-medium meson masses (RG)
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In-medium meson masses (RG)
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Quark-number density nq(T , µ) (RG)

RG: tricritical point (TCP) and critical point (CEP)

TCP: Tc ∼ 80.2 MeV
T = Tc ± 5 MeV

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 260  262  264  266  268  270  272  274

n 
[fm

-3
]

µ [MeV]

T<Tt
c

T=Tt
c

T>Tt
c

CEP: Tc ∼ 61.5 MeV
T = Tc ± 5 MeV

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 304  306  308  310  312  314  316  318  320

µ [MeV]

T<TcT=Tc

T>Tc

B.-J. Schaefer (KFU Graz) CBM @Trento 21 / 28



Quark-number susceptibility χq (RG)

RG: tricritical point (TCP) and critical point (CEP)

TCP: Tc ∼ 80.2 MeV
T = Tc ± 5 MeV
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Critical exponents

χq ∼ |µ− µc |−γ

TCP: γ = 0.5 (Gaussian)
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Critical region with quark number susceptibility χq

Size of crit. region shrinks as mq → 0 (τGL ∼ b2) tricritical b → 0
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Critical region with quark number susceptibility χq
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Comparison with scalar χσ : MF↔RG

Rs = m2
σ(0, 0)/m2
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Comparison with scalar χσ : MF↔RG
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Summary

Mean-field RG approach
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Polyakov Quark Meson Model (preliminary)
J. Pawlowski, BJS, J. Wambach
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