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Overview:

★ Lattice QCD at high temperature:
• getting lattice errors under control

• analyzing the critical behavior
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Overview:

★ Lattice QCD at high temperature:
• getting lattice errors under control

• analyzing the critical behavior

★ Lattice QCD at high temperature and nonzero density
• isentropic-EoS

• hadronic fluctuations

• update on the critical point determination
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QCD on the lattice 6

Uµ(x) = P exp




ig

x+µ̂a∫

x

dxµAµ(x)




ψ(x), ψ̄(x)

{lattice spacing a

discretize space time and 
hence all „paths“ of quarks 

and gluons

lattice spacing:
• continuum limit:
• momentum cutoff 
• observables in units of  

a
a → 0
O(1/a)

a

quarks gluons

→ freedom of choosing the 
lattice action
(QCD has to be recovered 
in the continuum limit)

→ different lattice groups 
mainly differ by their choice 
of the lattice action



Two different improvements 7

improving the 
dispersion relation

improving the flavor 
symmetry breaking

•std

•Naik

•p4

→ discretization of covariant 
derivative

→ important to obtain the correct 
Stefan-Boltzmann limit

++++

+
•fat3

•fat7

3-staple

3-staple 5-staple 7-staple Lepage

•multi-level smearing, where 
links remain in SU(3)

→ remove the high frequency 
modes

→ important to obtain the correct 
hadronic spectrum

remove 
O(a2)-
effects
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improving the 
dispersion relation

improving the flavor 
symmetry breaking

•std

•p4

→ discretization of covariant 
derivative

→ important to obtain the correct 
Stefan-Boltzmann limit

++++

+
•fat3

3-staple

3-staple 5-staple 7-staple Lepage

•multi-level smearing, where 
links remain in SU(3)

→ remove the high frequency 
modes

→ important to obtain the correct 
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•multi-level smearing, where 
links remain in SU(3)

•std

Two different improvements 10

improving the 
dispersion relation

improving the flavor 
symmetry breaking

→ discretization of covariant 
derivative

→ important to obtain the correct 
Stefan-Boltzmann limit

++++

+
3-staple

3-staple 5-staple 7-staple Lepage

→ remove the high frequency 
modes

→ important to obtain the correct 
hadronic spectrum

Budapest-
Wuppertal:
stout-action

•Naik

•fat7•p4

•fat3

remove 
O(a2)-
effects



•multi-level smearing, where 
links remain in SU(3)

•Naik

Two different improvements 11

improving the 
dispersion relation

improving the flavor 
symmetry breaking

→ discretization of covariant 
derivative

→ important to obtain the correct 
Stefan-Boltzmann limit

++++

+
3-staple

3-staple 5-staple 7-staple Lepage

→ remove the high frequency 
modes

→ important to obtain the correct 
hadronic spectrum

•fat7•p4

•fat3
•std

MILC/HotQCD 
future plans: 
HISQ-action

remove 
O(a2)-
effects



Simulation parameters 12

•Nf=2+1: two degenerate u/d quarks + strange quark

•RHMC algorithm

•two lines of constant physics:                         ,ml/ms = 0.1 ml/ms = 0.05

mπ ≈ 220 MeV mπ ≈ 150 MeV

•lattice size:                        ,Nσ/Nτ = 4 Nτ = 4, 6, 8, 12

T =
1

Nτ a

a = 0.25, 0.17, 0.13, 0.08 fm
T = 200 MeV(at                          )

Nτ = 12 :HotQCD (asqtad) preliminary
BW (stout), JHEP 0906:088,2009.

Nτ = 6, 8 : HotQCD (asqtad, p4), Phys.Rev.D80:014504,2009.
BW (stout), Phys.Lett.B643:46-54,2006
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Introduction 14The transition at              µB = 0

∆l,s(T ) =
〈ψ̄ψ〉l,T − m̂l

m̂s
〈ψ̄ψ〉s,T

〈ψ̄ψ〉l,0 − m̂l

m̂s
〈ψ̄ψ〉s,0

-symmetry   vs.   deconfinement transition

χs =
1

V T 3

∂2 ln Z

∂µ2
s

=
1

V T 3

(〈
S2

〉
− 〈S〉2

)

red boxes: Nτ = 12, ml = 0.1ms√
mlthrough extrapolation

at low T: ∼ exp(−mK/T )

significant changes in the same temperature range

χ



Introduction 15

asqtad (HotQCD) vs. stout (BW)

∆l,s(T ) =
〈ψ̄ψ〉l,T − m̂l

m̂s
〈ψ̄ψ〉s,T

〈ψ̄ψ〉l,0 − m̂l

m̂s
〈ψ̄ψ〉s,0

χs =
1

V T 3

∂2 ln Z

∂µ2
s

=
1

V T 3

(〈
S2

〉
− 〈S〉2

)

differences decrease with decreasing a

The transition at              µB = 0



Introduction 16

disconnected chiral susceptibility

Nτ = 8 ml/ms = 1/20,                          :

suggests continuum extra-
polated value < 170 MeV

Tc ≈ (180 − 190) MeV

Nτ = 12 :

HotQCD

work in progress

The transition at              µB = 0

BW

Tc(χψ̄ψ/T 2) = 152(3)(3)

Tc(χS) = 169(3)(3)

continuum extrapolated 
values:
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Introduction 17EoS at              µB = 0

(e-3p): lattice vs. the Hadron Resonance Gas

HotQCD (asqtad, p4), 
Phys.Rev.D80:014504,2009.
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"""""""""""""

all resonances ≤ 2.5 GeV

all resonances ≤ 1.5 GeV





ε − 3p

T 4





low T
=

∑

mi≤mmax

di

2π2

∞
∑

k=1
(±)k+1 1

k

(mi

T

)3
K1(kmi/T )

model to compare with:

hadron resonance gas (HRG)

# non-negligible contribution of heavy resonances in HRG

# reducing discretization effects lowers the crossover temperature

p4

RBC-Bielefeld (p4), 
Phys.Rev.D81:054504,2010.

non-negligible contribution of heavy resonances in HRG

reducing discretization effects or quark mass lowers crossover termerature

mmax = 2.5 GeV

mmax = 1.5 GeV



Introduction 18EoS at              µB = 0

(e-3p): lattice vs. the Hadron Resonance Gas

HotQCD (asqtad, p4), 
Phys.Rev.D80:014504,2009.
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1st
order

physical 
point

mu,d

m
s

0
0

∞

∞
N

f
=

3

mtri
s

O(4)

Z(2)

1st
order

Crossover

Z(2)

range of simulations 
(              )Nτ = 4

mq = (2/5 − 1/80)ms

Critical Behavior of  QCD 

• chiral symmetry of 2-flavor QCD

• hence, if expect       is large in 
(2+1)-flavor QCD:

SUL(2) × SUR(2) " O(4)

expect universal behavior as of 
3d-         spins in the vicinity 
of       and the chiral limitTc

O(4)

• so far no clear evidence from 
simulations

• staggered fermions preserve a 
flavor non-diagonal         -part of 
chiral symmetry even at

U(1)
a > 0

O(2)look for        -critical 
behavior

→

Simulations with improved staggered fermions (p4fat3)

Critical behavior ?!

magnetic equation of state in QCD

0.00

0.05

0.10

0.15

0.20

0.25

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70

(ml/ms)
1/2

<!!>l

"
3.28
3.29

3.295
3.30

3.305
3.31
3.32
3.33

Nτ = 4, ml/ms ∈ [1/80, 2/5] ms fixed

here M ∼ 〈ψ̄ψ〉l H ∼ ml

we use Mb = ms〈ψ̄ψ〉l

M = ms



〈ψ̄ψ〉l −
ml

ms
〈ψ̄ψ〉s





" clear evidence for
√

ml dependence at low β
i.e. for Goldstone effect

– fit to the O(2) scaling function fG(z), 3 fit parameters: t0, h0, Tc(ml = 0)
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3.29
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3.31

ml/ms mπ

1/80 75 MeV

1/40 105 MeV

1/20 150 MeV

consistency with O(N) scaling behavior at small quark masses

ms



20Magnetic EoS in            -spin models O(N)

• order parameter:

M = h1/δfG(z)magnetization

0.0

0.5

1.0

1.5

2.0

-5 -4 -3 -2 -1  0  1  2  3  4  5

z=t/h1/!"

fG(z)

O(2)

O(4)

• scaling variable:
z = t/h1/βδ

where t =
1
t0

T − Tc

Tc

(reduced temperature)

h =
H

h0

(external field)

universal scaling function

• scaling function and critical exponents are known to high precision in 
condensed matter literature [e.g. Engels et al.]

• scaling function includes Goldstone effect in the limit of z → −∞
z → −∞ : h → 0, t < 0 M(t, h) = M(t, 0) + c2(t)

√
h + · · ·



Introduction 21Magnetic EoS in QCD (Nt=4)

t =
1
t0

T − Tc

Tc
h =

1
h0

ml

ms non-universal constants,
determined by fits to the data

good agreement with the O(2)-
scaling function for ml/ms ≤ 1/20

→ S. Ejiri et al. [RBC-Bielefeld], 
PRD 80 (2009) 094505.
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M
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chiral limit
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M/h1/"

O(2)
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ml/ms=2/5
1/5

1/10
1/20
1/40
1/80

• order parameter:

• scaling variable: z = t/h1/βδ

M = ms

(〈
ψ̄ψ

〉
l
−

ml

ms

〈
ψ̄ψ

〉
s

)
N4

τ = h1/δfG(z)
(chiral condensate)

(quark mass)



Introduction 22Summary µB = 0

The Transition:
•reducing a and ml effects studies observables in the same way
•Nt=12 suggests a continuum extrapolated value of Tc ! 170 MeV

The EoS:
•Nt=12 suggests that e-3p approaches the HRG value from above  

News:
•preliminary Nt=12, asqtad results from HotQCD

The critical behavior:
•finally strong indications for O(N) scaling of the magnetic EoS
•hits that the physical point is in the attraction region of a critical point 

at ml=0 
•optimistic signal for future studies of the QCD phase diagram



IntroductionLattice QCD at nonzero density 23

Z(V, T, µ) =
∫

DADψDψ̄ exp{SF (A, ψ, ψ̄) − βSG(A)}

=
∫

DA det[M ](A, µ) exp{−βSG(A)}

Interpretation as probability is 
necessary for MC-Integrationcomplex for µ > 0

• direct MC-simulations for             not possibleµ > 0

perform a Taylor expansion 
around → µ = 0



•Taylor-expansion of the pressure 

•no sign-problem: 
all simulations at  µ = 0

cu,d,s
i,j,k ≡

1
i!j!k!

1
V T 3

·
∂i∂j∂k ln Z

∂(µu

T
)i∂(µd

T
)j∂(µs

T
)k

∣∣∣∣∣
µu,d,s=0

•calculate Taylor coefficients at fixed temperature 

24Lattice QCD at nonzero density

p

T 4
=

1
V T 3

ln Z(V, T, µu, µd, µs) =
∑

i,j,k

cu,d,s
i,j,k

(
µu

T

)i (
µd

T

)j (
µs

T

)k

•expansion coefficients reflect fluctuations of various quantum numbers 

2!cX
2 = χX

2 =
1

V T 3

(〈
X2

〉
− 〈X〉2

)

4!cX
4 = χX

4 =
1

V T 3

(〈
X4

〉
− 3

〈
X2

〉2
)

quadratic fluctuations

quartic fluctuations

X = u, d, s, B, Q, S, · · ·

generalized susceptibilities



•Taylor-expansion of the pressure 

•no sign-problem: 
all simulations at  µ = 0

cu,d,s
i,j,k ≡

1
i!j!k!

1
V T 3

·
∂i∂j∂k ln Z

∂(µu

T
)i∂(µd

T
)j∂(µs

T
)k

∣∣∣∣∣
µu,d,s=0

•calculate Taylor coefficients at fixed temperature 

25Lattice QCD at nonzero density

•expansion coefficients reflect fluctuations of various quantum numbers 

2!cX
2 = χX

2 =
1

V T 3

(〈
X2

〉
− 〈X〉2

)

4!cX
4 = χX

4 =
1

V T 3

(〈
X4

〉
− 3

〈
X2

〉2
)

quadratic fluctuations

quartic fluctuations

X = u, d, s, B, Q, S, · · ·

p

T 4
=

1
V T 3

ln Z(V, T, µB, µQ, µS) =
∑

i,j,k

cB,Q,S
i,j,k

(
µB

T

)i (
µQ

T

)j (
µS

T

)k

generalized susceptibilities



26The expansion coefficients of  p/T4

MILC (asqtad), 
arXiv:1003.5682[hep-lat]. red:

black: Nτ = 4
Nτ = 6



27The isentropic EoS

MILC (asqtad), 
arXiv:1003.5682[hep-lat].

Finding trajectories in the (µl, µs, T ) -plane with s/nB = const, nS = 0
for AGS, SPS, RHIC we have                                  , respectivelys/nB = 30, 45, 300

dominated by the 0th-order in  µ
corrections to p, e are small
lattice discretization effects similar in
                lattices

→→
Nτ = 4, 6



Hadronic fluctuations 28

0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55

 160  180  200  220  240  260  280  300  320

T [MeV]

!B µB/T=0.0
µB/T=1.0
µB/T=1.5

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1

 160  180  200  220  240  260  280  300  320

T [MeV]

!S

µB/T=0.0
µB/T=1.0
µB/T=1.5

0.5

0.6

0.7

0.8

0.9

 1

1.1

1.2

1.3

1.4

 160  180  200  220  240  260  280  300  320

T[MeV]

CBS

SB

µB/T=0.0
0.5
1.0

at µB > 0 (µS = µQ = 0)
baryon number 

fluctuations
strangeness 
fluctuations

baryon number - 
strangeness correlations

χB = 2cB
2 + 12cB

4

(
µB

T

)2

+ · · · χS = 2cB,S
0,2 + 2cB,S

2,2

(
µB

T

)2

+ · · ·

CBS =
cB,S
1,1 + 3cB,S

3,1

(µB

T

)2 + · · ·
χS(µB

T
)

truncation errors become large at →
LO introduces a peak in the fluctuations/correlations, 
NLO shifts the peak towards smaller temperatures 

→
µB/T ! 1.5
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method for locating of the CEP:

• determine largest temperature where all 
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• determine the radius of convergence at 
this temperature   
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ρn(p) =
√

cn/cn+2

ρ = lim
n→∞
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32Summary µB > 0

News:
•Nt=6, asqtad results from MILC for Taylor expansion coefficients of 

the pressure up to the 6th order

The isentropic EoS:
•finite    corrections to EoS are small for  µ s/nB = 30, 45, 300

µB/T ! (1 − 1.5)

Hadronic fluctuations:
• Fluctuations and correlations are well described by a free gas of quarks

above T>(1.5-1.7)Tc and by a resonance gas for T<TE

• Truncation errors of the Taylor series becomes large for 

The critical point:
•The radius of convergence of the Taylor expansion can be used to 

estimate the critical endpoint  



33The critical line (chiral limit) 

scaling field (chiral limit):

t =
T − Tc

Tc
+ κµ2

B

magnetic EoS:

Tc(µB)
Tc(0)

= 1 − κµ2
B

critical line:

fit to 

M = h1/δfG(t/h1/βδ)

z = t/h1/βδ

courtesy S.Mukherjee

line of 2. order 
           transitions O(4)

Z(2)
critical

 end-point

mu = md = 0T

µ

expected phase diagram

line of 1. order 
    transitions

−h(1−β)/βδcψ̄ψ
2 t0msT

−1 = 2κf ′
G(z)

only one fit-parameter
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