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Introduction

The QCD phase diagram

X
LGTatpu = O T cooling of the fireball:

RHIC, LHC [ LHC
/ RHIC

LGTatp > 0 ~ 190MeV qua||'|<-g|uon
: - plasma
RHIC at low energies, deconfined,
FAIR@QGSI (- Symmetric

hadron gas

confined,
Observable that - broken color-

connects experiment and superconductor
LGT:

B,S,Q fluctuations ? A few times nuclear B
matter density

ps = pg =0

LGT = Lattice gauge theory



Introduction

Lattice QCD

* Analyzing hot and dense matter on the lattice: N> x IV,

Michael Creutz,
PRD 21 (1980) 2306

V13 = N.a

* Using only the QCD partition function:

Z(V,T,n) = | DADYDS exp{-Sg}

1/T )
Sg = / dxg / dSwEE(Aa Y, P, .U’)
0 VvV

~ 1(.)6 grid points, =~ 1.08 dof. _ o need fast
integrate eq. of motion computers!




Cut-off effects and the choice of-action

*free staggered fermions (infinite temperature)

» O(a?) discretization errors
—> add irrelevant operators to the action

D 248 / ™ \2 635/ w \?
£ = 14 + + ...
PSB 147 \ N, 147 \ N,

PSB 980 \ N- 2079

D 1143(«)4 73(«
— 14+ 0 — +

N

Po_ 44 0 1143(«)4 365<7r
DSB 980 \ N 77 \ N

P. Hegde et al., arXiv:0801.4883.

e O(a?) flavor mixing effects
—> use various smearing techniques: 3-link staple,
/-link staple (asqtad)

e cut-off dependence on ft is very small

—> quark number susceptibilities show similar

cut-off effects as pressure

(standard)

)6 + ... (p4)

)6 + ... (Naik)

2.4

22 r

2 F

1.8

1.6

p4 action

-0 =0
Ccooo

standard action

naik action




Bulk thermodynamics at 1 =0

*The interaction measure

e —3p - d ( D ) ( d,@) dp/T*
— — a—
T4 dI' \ T4 da)icp dB

(gluon) = Rg ({Se) — (Sa)r) N7
(fermion) —  RpRun |20 (($4), o = ($), ) +1is (($0),, o — (94), 7 )| N

(mass ratio) — RgRy 1, (<gﬁ¢>s’0 — <77E¢>3,T) N2

1 dmy
ng = —a— Rm = —
da m; dfB

— need T-scale and various 3-functions to
quite some accuracy

* The pressure

p(T)  p(To) _/TdT, 1 €—3p
T4 T(;l T T T4

Integral-Method
—> unknown integration constant




Bulk thermodynamics at 1 =0

*The interaction measure
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Tr
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(e-3p)/T*

m. >~ 220 MeV

p4: N=4
6 —e—
asqtad: N;=4 -~

6 — 4 |
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Tr0

4
- (e-3p)/T %ﬁ
asqtad: N;=6 -~ -

@ﬁ | .T [MeIV] | | -:
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LCP: m, = 0.1m,
— m, ~ 220M eV

—> tune M to physical strange
quark mass, using M g, Mz

p4 vs asqtad:

—> overall good agreement

*T [(€ — 3p)/T?*|maz| = 200MeV
(~ softest point of EoS)

e cut-off effects persist in peak region

N, = 4,6

* p4-data: RBC-Bielefeld, M. Cheng et al.,
PRD 77, 014511 (2008)

« asqtad-data: MILC, C. Bernard et al.,
PRD 75, 094505 (2007)

N,. =8

* p4-, asqtad-data: HotQCD preliminary




Bulk thermodynamics at 1 =0

*The interaction measure ...towards the continuum limit

low T regime high T regime

0.32 0.36 0.40 0.44 0.48 0.8 1.0 1.2 1.4 1.6
I I I I I I I I 4.5 I I I I I
' (e-3p)/T 40 R

351 ¥ p4: N =4
30 W 6
' 8
25| asqtad: N.=6
2.0 r
1.5
1.0
0.5

' 0.0 —
130 140 150 160 170 180 190 200 300 350 400 450 500 550 600 650 700

| asqtad: N.=8 o

* N, = 6 — 8: small shift of transition * good agreement between Nt=8 and 6

region results for T' > 300M eV
—> better agreement with HRG ——> more data needed to make contact

e approach to physical quark masses with (resummed) perturbative QCD

— further shift of T-scale O(5MeV) * strong deviations from conformal
limit: find (¢ — 3p)/T* ~ a/T? + b/T*




Bulk thermodynamics at 1 =0

® The Pressure, Energy and Entropy

04 06 0.8 1 12 14 16

p4: N. =8

6

asqtad: N.=8
6

T [MeV]
100 150 200 250 300 350 400 450 500

0

HotQCD preliminary

e p/T*from integrating over (e — 3p)/T°
—> systematic error from starting the integration at Ty = 100M eV with p(1p) = 0

—> use HRG to estimate systematic error: |[p(To) /T | nre ~ 0.265




® The Pressure, Energy and Entropy
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HotQCD preliminary

e p/T*from integrating over (e — 3p)/T°
—> systematic error from starting the integration at Ty = 100M eV with p(1p) = 0

—> use HRG to estimate systematic error: |p (TO)/Tﬂ ~ 0.265

HRG




Bulk thermodynamics at 1 =0

®* EoS and velocity of sound
, dp  d(p/e) p
C, = —— = € |
de de €

o fitp/e = c— a/(1 + be) 0.35 |
for e > 4GeV/fm?®

5-th order polynomial
fore < 4GeV/fm?®

0.30

0.25 -

' 3
i 32° 8(p4) =
* evaluate velocity of sound from 0.20 / 303 8(asq§gd; e

fit: 015 | T HRG - - - -
—> 2= 1/3 7 '
for € > 100GeV/fm?>
—> 2 =~ 0.09
for e = (1 — 2)GeV/fm® 0.00

0.10

0.05

¢ [GeV/im°]

10 100 1000

slows down hydrodynamic expansion HotQCD preliminary




Lattice QCD-at nonzero density

* The ,,sign problem*

Z(V,T.1) = [ DADYDY exp{Sr(A,v,%) - BSc(4)}

[ DA detlMI(A, 1) exp{—556(4)}

propabilistic interpretation
complex forpn > 0 pecessary for Monte Carlo

¢ Factorization of the fermion determinant

1.0

det[M] = |det[M]| exp{id} T, m S

0.8 | p=3.265, 167.4, am=0.005, n=3 —v— |
' p=3.270, 163.4, am=0.005, =3 ——
. p=3.275, 16 .4, am=0.005, =3 —e—
consider the phase quenched ensemble n i 3-3.250, 124, am=0.005, n=3 —e—

<O> (”) <O COS(qb)) 06 1 R e Th teln p=3.260, 12’4, am=0.005, n=3 —+— ]
— = IR p=3.270, 12.4, am=0.005, n=3 —~—
|det[M](p)] : *odln p=3.280, 12..4, am=0.005, n=3 —+—

04 f 5 oalrd B=3.460, 162.4, am=0.100, n=3 —e— -
o B=3.470, 16°.4, am=0.100, n=3 ——

i AL oixy =3.480, 162.4, am=0.100, nj=3 ~——
the sign PrOblem 02 | siter oo, . 9%t E=3.490, 1674’ am=0.100, 2;2 e
(cos(9)) |det[M] ()| AL

0.0

from mean field treatment of a chiral Lagrangian

2 Ny+1
) K. Splittorff, ].].M.Verbaarschot, PRL98:031601,2007




e start from Taylor expansion of the pressure,

D 1
i = 77 In Z(V, T, pu, fds fts) = Z Ci,j,k
i7j7k

* calculate expansion coefficients for fixed temperature

the convergence region

* no sign problem: T : :
method works remains to be determined

all simulations are doneatu = 0

1 1 for small pu /T non-perturbatively

u,d,s
idk = oy -—__
’ gl VT3 ~ 190MeV quark-gluon
991 9% In Z plasma

' w\if( 2] . deconfined,
() 0(FF)o(z)x P X-Symmetric

hadron gas
* method is straight forward: confined,

all terms can be generated automatically X-broken color-

superconductor
Allton et al., PRD66:074507,2002;

Allton et al., PRD68:014507,2003; . .
Allton et al, PRD71:054508,2005. few times nuclear B

matter density




Hadronic fluctuations-and the QCD critical point '

u,d,s

* use unbiased, noisy estimators to calculate ¢’ i ik

—see C. Miao, CS, PoS (Lattice 2007) | 75.

* line of constant physics: mg = mg/10
(physical strange quark mass)

*measure currently upto  O(u®) «—— (N = 4)
OW') — (N,=6)

d :
* expansion coefficients c ,; are related to B,S,Q-fluctuations

ng = op/T") 1(n + ng + ns) ! +2
T Oup/T) 3T Hu ghB T 3hae

op/TY L1
ous/T) Hd ghB — 3Ha

dp/T") 1 1 1
My — Tg — T . P P
/Ty ~ 3 "M e = gl gl s

* choice of py = pg is equivalent to pug =0




* Results for expansion coefficients c
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O | | |
150 200 250 300 350 400 450

Cut-off dependance:

—> Small cut-off effects in the transition
region (similar to p, e-3p, ...)

Mass dependance:

— Tc decreases with decreasing mass

— Fluctuations increase with decreasing
mass

red: RBC-Bielefeld, preliminary
blue: PRD71:054508,2005.




Hadronic fluctuations-and the QCD critical point s

* relative suppression of strange quark to light quark fluctuations
. 1.0 . .

T _ |I T T T . J—.
1.0 | - & = XS/XU [ |
I 0.9 2 "2 :
o

|
0.8 r i 1 08 | A

0.6 | ' 1 07y

0.6 | —
04t m _ Ne=4 o

Fermi gas 05 L 6=
' n=2, part. quench.

0.2 = 1 04 | Fermi gas
T [MeV] 0 . T [MeV]
150 200 250 300 350 400 450 150 200 250 300 350 400 450

—— find suppression of 0.6 at Tc, reach unity at T>1.7 Tc
——> agreement with free massive Fermi gas for T>1.5Tc

red/blue: RBC-Bielefeld, arXiv:0811.1006
green: Gavai, Gupta, PRD 73,014004 (2006)

0.0

* we define flugtuations of charge X as
— (N%) = 2lex
s (V) = (V) = el
s ((N%) =15 (V%) (N3) +30 (V%)) =




Hadronic fluctuations‘and the QCD critical point 17

. B Q S- flucfua'rlons

B
10 | . = 3 l a S & . = 100}

0.8 f s 1 80}

0.6 | 6.0 -

04 | 40

hE
L
“

:g open: N.=4

02 r iy full: N.=6 1 207

é 5% - @_ ) i
O 0 1 1 1 |T [Mev]l 0 O 1 1 1 |T [Mev] 1 1 1 |T [Mev:!
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——> small cut off effects in the transition region (similar to e-3p, p, ...)

— general pattern can be understood by the singular behavior of the free energy
T . Tc 2—n—o

B
X2n ' Tc

XzBdominated by the regular part, deevelops a cusp.

* We define fluctuations of charge X as

1

1 2
s (V%) = (ND)*)
1

s (V%) — 15 (N%) (N3) +30(N%)°) = 6t




Hadronic fluctuations-and the QCD critical point '
fB,Q,S—Ikur‘fosisl

B, B
Xa/Xo m

6 =~

Heo
. SB

H e
T [MeV]
100 150 200 250 300

0.0

agreement with free gas results for T>1.5Tc
qualitative agreement with the resonance gas below Tc

for electric charge fluctuations: increasingly strong sensitivity to the mass of the
charged pions

_X(6) /Xg m,=140 MeV

Do fluctuations increase over the )
m,=220 MeV

resonance gas value!? _ m, =0

(expected from chiral models)
—> need more detailed studies

and a better control over the
continuum limit




Hadronic fluctuations-and the QCD critical point '

* B-kurtosis (mass dependence)

n=2+1, m_=220 MeV —=— |

nf=2, mn=770 MeV I—E—|_ 15 S mn=138 MeV

Resonance gas ’ -- m_=200 MeV
-~ m_=300 MeV

< B*> -3 < B? >*
< B2 >

O I I I - O |
150 200 300 350 0.5

red: RBC-Bielefeld, preliminary o . c
blue: Allton et all, Phys. Rev. D71 (2005) 054508, Stokic, Friman, Redlich, arXiv:0809.3129v| [hep-ph]

— enhancement over resonance gas value at physical masses ?

— may be a good experimental observable

chiral limit:

Xfa X4Q x |T — Tc|_a + regular




Hadronic fluctuations‘and the QCD critical point 2

* Correlations among charges

BQ, B _
X1 X2 1.0

0.8
0.6 |

04 r

0.2 -

0.0

—> agreement with free gas

results for T>1.5Tc
—> qualitative agreement with

the resonance gas below Tc




Hadronic fluctuations-and the QCD critical point 2

* Hadronic fluctuations (}LB > O) (ps = ug = 0)

2
XQ Q BQ [ B
— = 2¢5 + 2c —
T2 2 22 ( T )

o.; : ! T
0.8 |
0.7 |
0.6 |
05 |

04

03 r
0.2

| | | | | 01 |
200 250 300 350 400 450 150 200

— to be studied in event-by-event fluctuations

— evidence for a critical point?

Seeing ,,true’ singular behavior as a signal for a critical
point requires large volumes and high order Taylor expansions




Hadronic fluctuations-and the QCD critical point 2

* Hadronic fluctuations ( up > 0)

2 LB 4

MBlT:OO —l—

MB/T=15 —@—

0.6 r

0.4

T[MeV] T [MeV]

| | | | | O | | | |
200 250 300 350 400 450 150 200 250 300 350 400 450

— to be studied in event-by-event fluctuations

— evidence for a critical point?

Seeing ,,true’ singular behavior as a signal for a critical
point requires large volumes and high order Taylor expansions




Hadronic fluctuations-and the QCD critical point 2

0.1

0.05 r

| | | | | O | | |
150 200 250 300 350 400 450 150 200 250 300

— to be studied in event-by-event fluctuations

— evidence for a critical point?

Seeing ,,true’ singular behavior as a signal for a critical
point requires large volumes and high order Taylor expansions




Hadronic fluctuations‘and the QCD critical point 2

» Hadronic correlations ( up > 0)

2 ILIB 4
BQ
2c —
T) T 2C1 (T)

MB/T=1 5 —@— 1

T [MeV]
| | | | | ‘. | | |
150 200 250 300 350 400 450 200 250 300

0

— to be studied in event-by-event fluctuations

— evidence for a critical point?

Seeing ,,true’ singular behavior as a signal for a critical
point requires large volumes and high order Taylor expansions




Hadronic fluctuations-and the QCD critical point 2

Method to determine the CEP: : .
. T/T,0)
* find largest temperature were all expansion i
coefficients are positive = TCEP

e determine the radius of convergence at that ~ Gavai, Gupta Fodor, Katz
temperature - ,CEP 99 INt=4 Nt=6 Nt=4

all expansion
coefficients
positive:
singularity
on the real /{
/.
axis!

f)‘y Ml?, / Tc(o)
4 5 6

CEP
n

= lim p

n_, oo

|
CEP| RW
10

—_ CEP
TEEP =T \/Cn/Cn+2

The Resonance gas limit:
—> first non-trivial estimate of T<"F from cg D LB

second non-trivial estimate of T<** from ¢ T4 = G(T) + F(T) cosh <?>

— Pn=/(n+2)(n+1)




Hadronic fluctuations‘and the QCD critical point

Method to determine the CEP: : .
. T/T,0)
* find largest temperature were all expansion i
coefficients are positive = TCEP

e determine the radius of convergence at that ~ Gavai, Gupta Fodor, Katz
temperature - ,CEP 99 INt=4 Nt=6 Nt=4

all expansion

coefficients Co
positive: all expansion

singularity coefficients

on the real //)/ alternating:
axis!

f)‘y Ml?, / Tc(o)
4 5 6

CEP

1l = lim p >

1 n_, oo
TCEPl
10 . .
TCEF smgula%rlty [T =T \/Cn/cn—|—2
8 on the imag.
axis!

The Resonance gas limit:
—> first non-trivial estimate of T<"F from cg D LB

second non-trivial estimate of T<** from ¢ T4 = G(T) + F(T) cosh <?>

— pn=V1/(n+2)(n+1)




The EoS at.non zero density

® Taylor expansion of the trace anomaly

e —3p = . B us\
T4 — Z C:l (T, my, ms) (?>

n=0

— Coefficients are defined by

c:LB(T, my,mg) =T

dcf(T, my, M)

dT

® Taylor expansion of energy and entropy densities




The EoS at.non zero density

® Coefficients of the L p-expansion

3py —®— | ol

0.1 r

0 r ol

-0.1

| 002t
02 &

-0.04 -
-0.3

-0.06 |

-0.4

150 200 250 300 350 150 200

—> corrections to the leading terms are small: =~ 10%

— pattern of €, and s, is that of ¢,, 4 2




The isentropic EoS

® Isentropic trajectories

— solve numerically for

S(T, ug)/Ng(T, ug) = const. : 5 (é&g\) |

——> non-monotonic trajectories ? - S/Ng=300 —=— -
: 45 —m—

—> calculate pressure and energy density
along isentropic trajectories

—> pressure and energy density increase - ' :
by =~ 10% for S/N=30. | HB

O 100 200 300 400 500 600 700 800 900

N,=4 o N, =6

ug=0 —8— s ug=0 —8—
S/Ng=300 —m— S/Ng=300 —m—
45 —m— | i 45 —m—

30 —m— 30 —m—

T[MeV] T[MeV]

300 350 400 450 150 200 250 300 350 400 450




The isentropic EoS

450

® Isentropic trajectories

, 400 t
— solve numerically for

S(T,pB)/Np(T, pp) = const. 350 | > ('I:A\Aﬁlg) -

——> non-monotonic trajectories ? 300 ¢ S/Ng=300 —m— -

—> calculate pressure and energy density 050 | 30 =
along isentropic trajectories

—> pressure and energy density increase 200 |

by ~ 10% for S/N=30. 1B
150

O 100 200 300 400 500 600 700 800 900

T T T T 20 T T T T

NT — 4: g/T4 NT — 6

|

= - - —m

| B EE- |
= -

S/N B=300 —— B S/N B=3OO ——

-l
=

T[MeV] T[MeV]

300 350 400 450 250 300 350 400 450




Summary

* Improved actions drastically reduce cut-off effects: p4 and asqtad actions
lead to consistent thermodynamics on lattices of Nt=6 and 8.

* Cut-off effect for Taylor expansion coefficients are small and sizable only in
the transition region (similar to the interaction measure e-3p).

* Fluctuations and correlations are well described by a free gas of quarks
above T>(1.5-1.7)Tc and by a resonance gas for T<Tc.

* Higher order cumulants signal the break down of the resonance gas at
temperatures close but below Tc.

* We find non-monotonic behavior in the radius of convergence for N, = 4
which could be a first hint for a critical region in the T, ;1 g - plane.
This needs to be confirmed by N, = 6.

* Finite density correction for EoS are small, pressure and energy density
increase by ~ 10% for S/N=30 (AGS/FAIR), corrections cancel to large
extent in p/e€ .

* Taylor expansion method will provide valuable input for HIC
phenomenology.




De-confinementand Y-symmetry

0.35 040 045 050 055 060 0.65 0.70
B 4 Trg

* Order parameter in the chiral
limit: the chiral condensate I TR aw—

oF
[

(sensitive to chiral symmetry restoration)
_ iy T
(YY) e — ZH(VY)s,T
(B0 — 2 (Yoo s ies
(additive and multiplicative re-normalization “ |
factors are removed by this combination of A N " %me g, o |
140 160 180 200 220 240 260 280 300

light an.d strange chiral condensate at zero p4, asqtad 2+1 flavor
and finite temperature) m, ~ 220MeV

6+ X-broken §

A s(T) =

3., T [MeV]

* Order parameter in the pure (line of const. physics)

03 04 05 06 07 08 09 1.0

o o7 08 08 %
: R
L

ZN
de-confined

gauge limit: the Polyakov loop 1.0

HotQCD preliminary

Lren

(sensitive to the de-confinement transition) 0.8 |
/1 . confin
(L) = (55 Yz L) with " ;-
__ 1 N+ .
LfE _ ng‘r Hwoz]_ U(wo,z?:’),O

04 r

Lren(T) — Z,,]a\é;(ﬁ) <L> 0.2 t

(re-normalization factors are obtained by 0.0
matching the static quark potential to the

tri tential
string potential) —>  small cut-off effects

8 o |

. . . _ T [MeV]
100 150 250 300 350 400 450




Scale setting at T=0

use rq or string tension to set the scale for 7' = 1 /N..a(3)

2 dV (r)

r—ry = 1.65
T Ir=ro

V(r) =

no significant cut-off dependence
when cut-off varies by a factor 5

l.e. from the transition region

on N, = 4 lattices (a ~ 0.25 fm)
to that on N, = 20 lattices

(a ~ 0.05 fm) !!




Scale setting at T=0

® high precision studies of several experimentally well known
observables in lattice calculations with staggered (asqgtad) fermions
led to convincing agreement =- gold plated observables

® simultaneous determination of r¢/a in these calculations deter-
mines the scale rg In MeV

fr
fK
knowing any of these experimen- 3Mz — My

tally accessible quantities accurately 2Mp, — M
. o . W(1P —18)

from a lattice calculation is equiva-

lent to knowing rg, which is a funda-

mental parameter of QCD

C.T.H. Davies et al., PRL 92 (2004) 022001
A. Gray et al., PRD72 (2005) 094507

09 1 1.1
LQCD/Exp’t (nf = 3)




