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Figure 3: Neutron star (NS) mass-radius diagram. The plot shows non-
rotating mass versus physical radius for several typical NS equations of state
(EOS)[25]. The horizontal bands show the observational constraint from our
J1614−2230 mass measurement of 1.97±0.04 M⊙, similar measurements for
two other millsecond pulsars[3, 26], and the range of observed masses for
double NS binaries[2]. Any EOS line that does not intersect the J1614−2230
band is ruled out by this measurement. In particular, most EOS curves in-
volving exotic matter, such as kaon condensates or hyperons, tend to predict
maximum NS masses well below 2.0 M⊙, and are therefore ruled out.
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(EOS)[25]. The horizontal bands show the observational constraint from our
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two other millsecond pulsars[3, 26], and the range of observed masses for
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Fig. 17.— Figure showing the constraint on the dEoS imposed by the radius measurement obtained in this work: RNS = 9.1+1.3
−1.5 km

(90%-confidence). The dark and light shaded areas show the 90%-confidence and 99%-confidence constraints of the RNS measurement,
respectively. The mass measurement of PSR J1614-2230 is shown as the horizontal band (Demorest et al. 2010). “Normal matter” EoSs
are the colored solid lines. Other types of EoSs, such as the hybrid or quark-matter EoSs are included for comparison, with dashed lines.
As mentioned in Section 5, the present analysis only places constraints on the “normal matter” EoSs since they are the only family of EoSs
included in our assumptions. Among them, only the very soft dEoSs (such as WFF1, Wiringa et al. 1988) are consistent with the radius
obtained here. The EoS are obtained from Lattimer & Prakash (2001, 2007).

distribution, i.e., with the fewest assumptions, that can
be produced. Also, the progressive relaxation of the as-
sumptions throughout the analysis demonstrated that no
unexpected behavior was present in the final MNS–RNS
distributions of Run #7 and that the resulting low-value
of RNS was not affected by systematics.
Previous works reported low values of NS radii, but

these measurements have high uncertainties due to low
S/N, leading to poorly constrainedRNS andMNS (e.g., in
NGC 2808, Webb & Barret 2007; Servillat et al. 2008).
Another qLMXB in NGC 6553 was identified with a
small radius, RNS = 6.3+2.3

−0.8 km (90%-confidence) for
MNS = 1.4M⊙ (Guillot et al. 2011b). However, low-
S/N Chandra observations demonstrated that the XMM
spectra of the source was affected by hard X-ray contami-
nation from a marginally resolved nearby source. Higher-
S/N observations with Chandra are necessary to confirm
the qLMXB classification and produce the uncontami-
nated spectrum necessary for its use in the present anal-
ysis.
In addition to qLMXB RNS measurements, low radii

were found from the analysis of photospheric radius ex-
pansion type-I X-ray bursts. A review of the method
used to determine RNS from these sources can be found
in the literature (Özel 2006; Suleimanov et al. 2011b).
The LMXBs EXO 1745-248, 4U 1608-52, and 4U 1820-
30 were found to have respective radii in the 2σ ranges
RNS = [7.5 − 11.0] km (Özel et al. 2009), RNS = [7.5 −
11.5] km (Güver et al. 2010a) and RNS = [8.5 − 9.5] km
(Güver et al. 2010b), respectively. While these results
are on a par with what is found in this paper, controversy
emerged with the realization that the analysis presented
in the cited works was not internally consistent because
the most probable observables (from Monte-Carlo sam-

pling) led to imaginary masses and radii (Steiner et al.
2010). Relaxing the assumption that the photospheric
radius equals the physical radius RNS at touchdown led
to real-valued solutions of MNS and RNS, and to larger
upper limits for the radius. Furthermore, it is argued
in a later work that the short bursts from EXO 1745-
248, 4U 1608-52 and 4U 1820-30 are not appropriate for
such analysis because the post-burst cooling evolution
of these sources does not match the theory of passively
cooling NSs (Suleimanov et al. 2011a). Therefore, the
MNS–RNS constraints from type I X-ray bursts should
be considered with these results in mind.
More recently, distance independent constraints in

MNS–RNS space were produced from the analysis
of the sub-Eddington X-ray bursts from the type I
X-ray burster GS 1826-24 (Zamfir et al. 2012). That
analysis, performed for a range of surface gravities
(log10 (g) = 14.0, 14.3, 14.6) and a range of H/He abun-
dances (0.01 Z⊙, 0.1 Z⊙ and Z⊙) led to radii RNS ∼<
11.5 km. While distance-independent, the results are
highly influenced by the atmosphere composition and
metallicity. For pure He composition, the upper limit
of RNS becomes RNS ∼< 15.5 km (Zamfir et al. 2012).
Finally, the multiwavelength spectral energy distri-

bution of the isolated neutron star RX J185635-3754
was analyzed to produce small values of RNS and MNS
with no plausible dEoS consistent with these values:
RNS ∼ 6 km and MNS ∼ 0.9M⊙ for d = 61 pc
(Pons et al. 2002). A recent distance estimation to the
source d = 123+11

−15 pc (Walter et al. 2010) led to revised
values: RNS = 11.5±1.2 km and MNS = 1.7±1.3M⊙
(Steiner et al. 2012). While this result is consistent with
the RNS measurement obtained in this paper and with
the other works reporting low-RNS values, it has to
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Figure 3: Neutron star (NS) mass-radius diagram. The plot shows non-
rotating mass versus physical radius for several typical NS equations of state
(EOS)[25]. The horizontal bands show the observational constraint from our
J1614−2230 mass measurement of 1.97±0.04 M⊙, similar measurements for
two other millsecond pulsars[3, 26], and the range of observed masses for
double NS binaries[2]. Any EOS line that does not intersect the J1614−2230
band is ruled out by this measurement. In particular, most EOS curves in-
volving exotic matter, such as kaon condensates or hyperons, tend to predict
maximum NS masses well below 2.0 M⊙, and are therefore ruled out.
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(90%-confidence). The dark and light shaded areas show the 90%-confidence and 99%-confidence constraints of the RNS measurement,
respectively. The mass measurement of PSR J1614-2230 is shown as the horizontal band (Demorest et al. 2010). “Normal matter” EoSs
are the colored solid lines. Other types of EoSs, such as the hybrid or quark-matter EoSs are included for comparison, with dashed lines.
As mentioned in Section 5, the present analysis only places constraints on the “normal matter” EoSs since they are the only family of EoSs
included in our assumptions. Among them, only the very soft dEoSs (such as WFF1, Wiringa et al. 1988) are consistent with the radius
obtained here. The EoS are obtained from Lattimer & Prakash (2001, 2007).
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S/N Chandra observations demonstrated that the XMM
spectra of the source was affected by hard X-ray contami-
nation from a marginally resolved nearby source. Higher-
S/N observations with Chandra are necessary to confirm
the qLMXB classification and produce the uncontami-
nated spectrum necessary for its use in the present anal-
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pansion type-I X-ray bursts. A review of the method
used to determine RNS from these sources can be found
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to real-valued solutions of MNS and RNS, and to larger
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in a later work that the short bursts from EXO 1745-
248, 4U 1608-52 and 4U 1820-30 are not appropriate for
such analysis because the post-burst cooling evolution
of these sources does not match the theory of passively
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of the sub-Eddington X-ray bursts from the type I
X-ray burster GS 1826-24 (Zamfir et al. 2012). That
analysis, performed for a range of surface gravities
(log10 (g) = 14.0, 14.3, 14.6) and a range of H/He abun-
dances (0.01 Z⊙, 0.1 Z⊙ and Z⊙) led to radii RNS ∼<
11.5 km. While distance-independent, the results are
highly influenced by the atmosphere composition and
metallicity. For pure He composition, the upper limit
of RNS becomes RNS ∼< 15.5 km (Zamfir et al. 2012).
Finally, the multiwavelength spectral energy distri-
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was analyzed to produce small values of RNS and MNS
with no plausible dEoS consistent with these values:
RNS ∼ 6 km and MNS ∼ 0.9M⊙ for d = 61 pc
(Pons et al. 2002). A recent distance estimation to the
source d = 123+11

−15 pc (Walter et al. 2010) led to revised
values: RNS = 11.5±1.2 km and MNS = 1.7±1.3M⊙
(Steiner et al. 2012). While this result is consistent with
the RNS measurement obtained in this paper and with
the other works reporting low-RNS values, it has to
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Figure 3: Neutron star (NS) mass-radius diagram. The plot shows non-
rotating mass versus physical radius for several typical NS equations of state
(EOS)[25]. The horizontal bands show the observational constraint from our
J1614−2230 mass measurement of 1.97±0.04 M⊙, similar measurements for
two other millsecond pulsars[3, 26], and the range of observed masses for
double NS binaries[2]. Any EOS line that does not intersect the J1614−2230
band is ruled out by this measurement. In particular, most EOS curves in-
volving exotic matter, such as kaon condensates or hyperons, tend to predict
maximum NS masses well below 2.0 M⊙, and are therefore ruled out.
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(90%-confidence). The dark and light shaded areas show the 90%-confidence and 99%-confidence constraints of the RNS measurement,
respectively. The mass measurement of PSR J1614-2230 is shown as the horizontal band (Demorest et al. 2010). “Normal matter” EoSs
are the colored solid lines. Other types of EoSs, such as the hybrid or quark-matter EoSs are included for comparison, with dashed lines.
As mentioned in Section 5, the present analysis only places constraints on the “normal matter” EoSs since they are the only family of EoSs
included in our assumptions. Among them, only the very soft dEoSs (such as WFF1, Wiringa et al. 1988) are consistent with the radius
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Neutron Matter from Ab-initio Theory
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Implications for NS radius: R = 12 ± 2 km 
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Figure 10

Energy per particle E/N of neutron matter as a function of density n based on di↵erent chiral
EFT interactions and using di↵erent many-body methods The uncertainty bands in the left panel
show the energy range based on the 500 MeV N3LO NN potential of Reference (20) and including
N2LO 3N forces in MBPT (red lines) (106) or in the SCGF approach (107), as well as including
all 3N and 4N interactions to N3LO (108, 109) (cyan band). The blue band shows the results after
RG-evolution of the NN potential (17, 106). In addition, we show results obtained in CC
theory (110) and in MBPT of Corragio et al. (111). When bands are given, these are dominated
by the uncertainties in the ci couplings in 3N forces. Figure adapted from Reference (106). The
right panel shows the energy per particle including NN, 3N and 4N forces at N3LO based on
di↵erent N3LO potentials (cyan, magenta, and black bands). The bands include uncertainty
estimates due to the many-body calculation, the ci couplings, and by varying the 3N/4N cuto↵s.
For details see (108, 109). For comparison, results are shown at low densities (see also the inset)
from NLO lattice (112) and quantum Monte Carlo (QMC) simulations (113), and at nuclear
densities from variational (APR) (114) and auxiliary field di↵usion Monte Carlo calculations
(GCR) (115) based on 3N potentials adjusted to nuclear matter properties.

neutron matter, which are consistent among di↵erent many-body methods and considering

variations of the Hamiltonian. The remarkable overlap of the red lines and the blue band

indicates that neutron matter is, to a good approximation, perturbative for chiral NN

interactions with ⇤ . 500MeV, see Reference (109) for details. This has been benchmarked

by first quantum Monte Carlo calculations with local chiral EFT interactions (118, 119).

In addition, there are calculations of neutron matter using in-medium chiral perturbation

theory approaches with similar results (120, 121).

The right panel of Figure 10 shows the first complete N3LO calculation of the neutron

matter energy, which includes all NN, 3N and 4N interactions to N3LO (108, 109). The

energy range is based on di↵erent NN potentials, a variation of the ci couplings (which

dominates the total uncertainty), a 3N/4N-cuto↵ variation, and the uncertainty in the

many-body calculation. We note that the individual 3N topologies at N3LO (see Figure 2)

give significant contributions to the energy (108, 109). The N3LO range in the right panel

of Figure 10 is in very good agreement with NLO lattice results (112) and quantum Monte

Carlo calculations (113) at very low densities (see inset), where the properties are deter-

mined by the large scattering length and e↵ective range (122). We also find a very good
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Energy per particle E/N of neutron matter as a function of density n obtained from quantum
Monte Carlo calculations with phenomenological NN and 3N potentials (115), where the strength
of the short-range 3N interactions is adjusted to the chosen values for the symmetry energy Sv .
(Sv = 30.5MeV is the symmetry energy obtained for this NN potential.) For each value of Sv , the
band shows contributions of di↵erent 3N operator structures. The inset illustrates a correlation
between Sv and the L parameter. For details see (115).

agreement with other ab initio calculations of neutron matter based on the Argonne NN and

Urbana 3N potentials: The results based on variational calculations (APR) (114) are within

the N3LO band. In addition, the results from auxiliary field di↵usion Monte Carlo calcula-

tions (GCR) (115) are shown based on nuclear force models adjusted to an energy di↵erence

of 32MeV between neutron matter and the empirical saturation point, see Figure 11.

The properties of neutron matter impact the neutron distributions in nuclei. In partic-

ular, a higher neutron matter pressure at typical nuclear densities pushes neutrons further

out and thus implies larger neutron skins (123, 124). Using these correlations the neu-

tron matter results shown in Figure 10 (blue bands in the left panel) predict the neutron

skin of 208Pb to 0.17 ± 0.03 fm (116). This is in excellent agreement with the extraction

of 0.156+0.025
�0.021 fm from the dipole polarizability (125). The theoretical uncertainty is also

smaller than the target goal of a new PREX measurement using parity violating electron

scattering at JLAB (126). Moreover, including properties of doubly magic nuclei as con-

straints, in addition to low-density neutron matter results, leads to even tighter predictions

for the neutron skins of 208Pb and 48Ca to be 0.182±0.010 fm and 0.173±0.005 fm, respec-

tively (127).

4.2. Symmetry energy

The symmetry energy characterizes the behavior of the energy of nuclear matter as a func-

tion of proton fraction x = np/n or asymmetry parameter � = (N � Z)/A = (1 � 2x).
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Figure 4. The QMC equation of state of neutron matter for various Hamiltonians. The red (lower) curve is
obtained by including the NN (Argonne AV80 ) alone in the calculation, and the black one is obtained by adding
the Urbana IX three-body force. The green and blue bands correspond to EoSs giving the same Esym (32 and
33.7 MeV respectively), and are obtained by using several models of three-neutron force. In the inset we show
the value of L as a function of Esym obtained by fitting the EoS. The figure is taken from Ref. [23].

models giving the same symmetry energy at saturation produce an uncertainty in the EoS of about 20
MeV. The EoS obtained using QMC can be conveniently fit using the following functional [22]:

E(⇢) = a
 
⇢

⇢0

!↵
+ b

 
⇢

⇢0

!�
, (4)

where E is the energy per neutron, ⇢0 = 0.16 fm�3, and a, b, ↵ and � are free parameters. The
parametrizations of the EoS obtained from di↵erent nuclear Hamiltonians is given in Ref. [23].

At ⇢0 symmetric nuclear matter saturates, and we can extract the value of Esym and L directly from
the pure neutron matter EoS. The result of fitting the pure neutron matter EoS is shown in the inset of
Fig. 4. The error bars are obtained by taking the maximum and minimum value of L for a given Esym,
and the curves obtained with NN and NN+UIX are thus without error bars. From the plot it is clear
that within the models we consider, the correlation between L and Esym is linear and quite strong.

6 Connection to Neutron Star Masses and Radii

Neutron stars, unlike planets, are expected to be compositionally uniform, in which case their radius
is determined principally by their mass; to a good approximation all neutron stars lie on a universal
mass-radius M�R curve. When the EoS of the neutron star matter has been specified, the structure of
an idealized spherically-symmetric neutron star model can be calculated by integrating the Tolman-
Oppenheimer-Volko↵ (TOV) equations.

S (MeV)

S

Up to about twice 
saturation density, the 3-
body contribution is 
smaller than the 2-body 
force. 

This was a first attempt at estimating extrapolation errors in 
phenomenological models.  
Need to understand how to quantify uncertainties of this 
extrapolation by varying the short-distance behavior of both 2 
and 3 body forces together.    



8 9 10 11 12 13 14 15 16
R (km)

0

0.5

1

1.5

2

2.5

3
M

 (
M

so
la

r)

Causality
: R>2.9 (G

M/c
2 )

 ρ centra
l
=2ρ 0

 ρ centra
l
=3ρ 0

 ρ ce
ntra

l
=4ρ 0 ρ ce
nt

ra
l
=5

ρ 0
35.1

33.7

32

E
sym

= 30.5 MeV (NN)

1.4 M
solar

1.97(4) M
solar

Figure 2: Mass-Radius relation for equations of state with three-neutron interactions corre-
sponding to the bands for different Esym shown in Fig. 1. The intersection with the orange
lines show roughly the central densities realized in stars with different masses and radii. The
dot-dashed lines show the masses of typical neutron star with M= 1.4 Msolar and the recently
observed mass of neutron star of Ref. (1). The yellow region is excluded by the causality con-
straint on the equation of state.

the estimated error in the prediction for the neutron star radius with a canonical mass of 1.4

Msolar. The error due to the current uncertainty in the symmetry energy of ±2 MeV leads to

an uncertainty of about 3 km for the radius, while the error due to uncertainties in the short-

distance structure of the 3n force predicts a radius uncertainty of less than 1 km. The blue

band corresponds to the band of equations of state shown in Fig. 1 with same color. They all

correspond to Esym = 33.7 MeV. Similarly the green band corresponds to the green band of

equations of state shown in Fig. 1 with Esym = 32.0 MeV. The red curve is the prediction for

neutron star mass and radius obtained without 3n interaction and the black curve is one for

which the 3n is very strong with Esym = 35.1 MeV corresponding to the original Urbana IX 3n

force.
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Radii from Quiescent NS  

• Can extract radius subject to the assumptions: (i) surface 
temperature is uniform; (iii) atmosphere composition is known 
and (iii) distance and inter-stellar absorption is measured.    

Heinke et al, and Steiner & Lattimer  (2014)28
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Fig. 17.— Figure showing the constraint on the dEoS imposed by the radius measurement obtained in this work: RNS = 9.1+1.3
−1.5 km

(90%-confidence). The dark and light shaded areas show the 90%-confidence and 99%-confidence constraints of the RNS measurement,
respectively. The mass measurement of PSR J1614-2230 is shown as the horizontal band (Demorest et al. 2010). “Normal matter” EoSs
are the colored solid lines. Other types of EoSs, such as the hybrid or quark-matter EoSs are included for comparison, with dashed lines.
As mentioned in Section 5, the present analysis only places constraints on the “normal matter” EoSs since they are the only family of EoSs
included in our assumptions. Among them, only the very soft dEoSs (such as WFF1, Wiringa et al. 1988) are consistent with the radius
obtained here. The EoS are obtained from Lattimer & Prakash (2001, 2007).

distribution, i.e., with the fewest assumptions, that can
be produced. Also, the progressive relaxation of the as-
sumptions throughout the analysis demonstrated that no
unexpected behavior was present in the final MNS–RNS
distributions of Run #7 and that the resulting low-value
of RNS was not affected by systematics.
Previous works reported low values of NS radii, but

these measurements have high uncertainties due to low
S/N, leading to poorly constrainedRNS andMNS (e.g., in
NGC 2808, Webb & Barret 2007; Servillat et al. 2008).
Another qLMXB in NGC 6553 was identified with a
small radius, RNS = 6.3+2.3

−0.8 km (90%-confidence) for
MNS = 1.4M⊙ (Guillot et al. 2011b). However, low-
S/N Chandra observations demonstrated that the XMM
spectra of the source was affected by hard X-ray contami-
nation from a marginally resolved nearby source. Higher-
S/N observations with Chandra are necessary to confirm
the qLMXB classification and produce the uncontami-
nated spectrum necessary for its use in the present anal-
ysis.
In addition to qLMXB RNS measurements, low radii

were found from the analysis of photospheric radius ex-
pansion type-I X-ray bursts. A review of the method
used to determine RNS from these sources can be found
in the literature (Özel 2006; Suleimanov et al. 2011b).
The LMXBs EXO 1745-248, 4U 1608-52, and 4U 1820-
30 were found to have respective radii in the 2σ ranges
RNS = [7.5 − 11.0] km (Özel et al. 2009), RNS = [7.5 −
11.5] km (Güver et al. 2010a) and RNS = [8.5 − 9.5] km
(Güver et al. 2010b), respectively. While these results
are on a par with what is found in this paper, controversy
emerged with the realization that the analysis presented
in the cited works was not internally consistent because
the most probable observables (from Monte-Carlo sam-

pling) led to imaginary masses and radii (Steiner et al.
2010). Relaxing the assumption that the photospheric
radius equals the physical radius RNS at touchdown led
to real-valued solutions of MNS and RNS, and to larger
upper limits for the radius. Furthermore, it is argued
in a later work that the short bursts from EXO 1745-
248, 4U 1608-52 and 4U 1820-30 are not appropriate for
such analysis because the post-burst cooling evolution
of these sources does not match the theory of passively
cooling NSs (Suleimanov et al. 2011a). Therefore, the
MNS–RNS constraints from type I X-ray bursts should
be considered with these results in mind.
More recently, distance independent constraints in

MNS–RNS space were produced from the analysis
of the sub-Eddington X-ray bursts from the type I
X-ray burster GS 1826-24 (Zamfir et al. 2012). That
analysis, performed for a range of surface gravities
(log10 (g) = 14.0, 14.3, 14.6) and a range of H/He abun-
dances (0.01 Z⊙, 0.1 Z⊙ and Z⊙) led to radii RNS ∼<
11.5 km. While distance-independent, the results are
highly influenced by the atmosphere composition and
metallicity. For pure He composition, the upper limit
of RNS becomes RNS ∼< 15.5 km (Zamfir et al. 2012).
Finally, the multiwavelength spectral energy distri-

bution of the isolated neutron star RX J185635-3754
was analyzed to produce small values of RNS and MNS
with no plausible dEoS consistent with these values:
RNS ∼ 6 km and MNS ∼ 0.9M⊙ for d = 61 pc
(Pons et al. 2002). A recent distance estimation to the
source d = 123+11

−15 pc (Walter et al. 2010) led to revised
values: RNS = 11.5±1.2 km and MNS = 1.7±1.3M⊙
(Steiner et al. 2012). While this result is consistent with
the RNS measurement obtained in this paper and with
the other works reporting low-RNS values, it has to

Guillot et al (2014) Steiner et al, Heinke et al  (2014)

Chandra XMM Hubble

Figure adapted from 
Guillot et al (2014)
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distribution, i.e., with the fewest assumptions, that can
be produced. Also, the progressive relaxation of the as-
sumptions throughout the analysis demonstrated that no
unexpected behavior was present in the final MNS–RNS
distributions of Run #7 and that the resulting low-value
of RNS was not affected by systematics.
Previous works reported low values of NS radii, but

these measurements have high uncertainties due to low
S/N, leading to poorly constrainedRNS andMNS (e.g., in
NGC 2808, Webb & Barret 2007; Servillat et al. 2008).
Another qLMXB in NGC 6553 was identified with a
small radius, RNS = 6.3+2.3

−0.8 km (90%-confidence) for
MNS = 1.4M⊙ (Guillot et al. 2011b). However, low-
S/N Chandra observations demonstrated that the XMM
spectra of the source was affected by hard X-ray contami-
nation from a marginally resolved nearby source. Higher-
S/N observations with Chandra are necessary to confirm
the qLMXB classification and produce the uncontami-
nated spectrum necessary for its use in the present anal-
ysis.
In addition to qLMXB RNS measurements, low radii

were found from the analysis of photospheric radius ex-
pansion type-I X-ray bursts. A review of the method
used to determine RNS from these sources can be found
in the literature (Özel 2006; Suleimanov et al. 2011b).
The LMXBs EXO 1745-248, 4U 1608-52, and 4U 1820-
30 were found to have respective radii in the 2σ ranges
RNS = [7.5 − 11.0] km (Özel et al. 2009), RNS = [7.5 −
11.5] km (Güver et al. 2010a) and RNS = [8.5 − 9.5] km
(Güver et al. 2010b), respectively. While these results
are on a par with what is found in this paper, controversy
emerged with the realization that the analysis presented
in the cited works was not internally consistent because
the most probable observables (from Monte-Carlo sam-

pling) led to imaginary masses and radii (Steiner et al.
2010). Relaxing the assumption that the photospheric
radius equals the physical radius RNS at touchdown led
to real-valued solutions of MNS and RNS, and to larger
upper limits for the radius. Furthermore, it is argued
in a later work that the short bursts from EXO 1745-
248, 4U 1608-52 and 4U 1820-30 are not appropriate for
such analysis because the post-burst cooling evolution
of these sources does not match the theory of passively
cooling NSs (Suleimanov et al. 2011a). Therefore, the
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be considered with these results in mind.
More recently, distance independent constraints in

MNS–RNS space were produced from the analysis
of the sub-Eddington X-ray bursts from the type I
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(log10 (g) = 14.0, 14.3, 14.6) and a range of H/He abun-
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11.5 km. While distance-independent, the results are
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was analyzed to produce small values of RNS and MNS
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• Supernova:  Neutrinos & nucleosynthesis.  

•  NS Mergers: Gravitational waves, radius, nucleosynthesis. 

Symmetry Energy: Impact on Dynamics 

The energy associated with converting a neutron to a 
proton in neutron-rich matter has important implications for 
astrophysics:  

neutron

protron

�E(p, q) = En(p)� Ep(p+ q)



Supernova Neutrinos
1500 km

3X107 km

10 km

Core collapse
tcollapse ~100 ms

Shock wave
Eshock~1051ergs

100 km

carry away  
~ 3 x 1053 ergs 

• The time structure of the neutrino signal depends on how 
heat is transported in the neutron star core. 


• The spectrum is set by scattering in a hot (T=3-6 MeV) and 
not so dense (1012-1013 g/cm3 ) neutrino-sphere. 

neutrinos diffuse 
out of the dense 
newly born 
neutron star

Quasi-static  
~ 1 s  



Modeling PNS evolution with different EoS. 

Convection: Driven by composition 
gradients.  Buoyancy of matter 
depends on the pressure or neutron 
matter. Convective growth rate: 

neutrino  
diffusion

convection

Heat transport :  Neutrino diffusion + convection 

⌧di↵ ' R2

c �⌫
⇡ 3� 5 sDiffusion:

Large values of L suppress convection. Roberts, Cirigliano, Pons, 
Reddy, Shen, Woosley (2012)
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We model neutrino emission from a newly born neutron star subsequent to a supernova explosion
to study its sensitivity to the equation of state, neutrino opacities, and convective instabilities at
high baryon density. We find the time period and spatial extent over which convection operates
is sensitive to the behavior of the nuclear symmetry energy at and above nuclear density. When
convection ends within the proto-neutron star, there is a break in the predicted neutrino emission
that may be clearly observable.

PACS numbers: 26.50.+x, 26.60.-c, 21.65.Mn, 95.85.Ry

The hot and dense proto-neutron star (PNS) born sub-
sequent to core-collapse in a type II supernova explo-
sion is an intense source of neutrinos of all flavors. It
emits the 3 − 5 × 1053 ergs of gravitational binding en-
ergy gained during collapse as neutrino radiation on a
time scale of tens of seconds as it contracts, becomes
increasingly neutron-rich and cools. Cooling of the PNS
and the concomitant neutrino emission are driven by neu-
trino diffusion and convection along the lepton number
and entropy gradients left behind within the PNS after
core-bounce, where the matter density and temperature
are in the range ρ = 2− 6× 1014 g/cm3 and T = 5− 40
MeV, respectively [1–6]. While the supernova explosion
mechanism and associated fall back of material are ex-
pected to influence the neutrino emission at early time
(i.e. t ! 1 s post bounce) the late time neutrino signal is
shaped by the properties of the PNS, such as the nuclear
equation of state (EoS), neutrino opacities in dense mat-
ter, and other microphysical properties that affect the
cooling timescale by influencing either neutrino diffusion
or convection [4, 7–9].

Here, we present one-dimensional hydrostatic models
of PNS evolution out to late times for two EoSs. We
include approximate convective transport along with dif-
fusive neutrino transport, both consistent with the un-
derlying EoS. This allows us to gauge the importance of
convection and the effect of medium modifications to the
neutrino opacities in dense matter to the temporal char-
acteristics of the neutrino signal. The basic framework
for PNS evolution is similar to that described in [4], ex-
cept that a treatment of convection is included. We find
that the behavior of the nuclear symmetry energy (which
is a measure of the energy difference between dense neu-
tron matter and symmetric nuclear matter) at high den-
sity significantly influences convection and thereby affects
the observable neutrino signal.

Large scale convective overturn of material will directly
transport energy and lepton number in the PNS and al-
ters the gradients along which neutrinos diffuse, thereby
strongly affecting the neutrino signal accompanying PNS

formation. It has long been recognized that the outer
PNS mantle is unstable to convection soon after the pas-
sage of the supernova shock, due to negative entropy gra-
dients [10]. This early period of instability beneath the
neutrino spheres has been studied extensively in both one
and two dimensions, with the hope that it could increase
the neutrino luminosities enough to lead to a successful
explosion [2, 11–15]. Although the role of convection at
late times was studied in Refs. [2, 11], this work is the first
attempt at exploring its connection to the underlying mi-
crophysics and the interplay between modified opacities
and convection in shaping the observable neutrino signal.
We model convection as a diffusive process described

by standard time dependent mixing length theory [2]. In
Ref. [15] it was shown that hydrodynamic simulations in
two-dimensions were well reproduced by a simple mixing
scheme in one-dimension, suggesting that this is a rea-
sonable approximation. Further, since convection pro-
ceeds efficiently throughout our simulations, our results
are not particularly sensitive to the chosen mixing length.
The linear growth rates are obtained from the standard
Ledoux stability analysis as

ω2 = −
g

γnB

(γs∇ ln(s) + γYL
∇ ln(YL)) , (1)

where

γnB
=

!

∂ lnP

∂ lnnB

"

s,YL

γs =

!

∂ lnP

∂ ln s

"

nB ,YL

γYL
=

!

∂ lnP

∂ lnYL

"

nB ,s

and g, P , s, nB, and YL are the local acceleration due to
gravity, the pressure, entropy per baryon, baryon num-
ber density and the fraction of leptons in dense matter,
respectively. Convective instability sets in for ω2 > 0.
The form of the growth rate clearly implies that there
will be a strong interplay between the nuclear EoS and
the patterns of convection within the PNS.
In addition, the PNS may be subject to doubly diffu-

sive instabilities due to the lateral transport of compo-
sition and energy by neutrinos [2, 16, 17]. Early one-
dimensional work [2] suggested that neutron fingering
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The hot and dense proto-neutron star (PNS) born sub-
sequent to core-collapse in a type II supernova explo-
sion is an intense source of neutrinos of all flavors. It
emits the 3 − 5 × 1053 ergs of gravitational binding en-
ergy gained during collapse as neutrino radiation on a
time scale of tens of seconds as it contracts, becomes
increasingly neutron-rich and cools. Cooling of the PNS
and the concomitant neutrino emission are driven by neu-
trino diffusion and convection along the lepton number
and entropy gradients left behind within the PNS after
core-bounce, where the matter density and temperature
are in the range ρ = 2− 6× 1014 g/cm3 and T = 5− 40
MeV, respectively [1–6]. While the supernova explosion
mechanism and associated fall back of material are ex-
pected to influence the neutrino emission at early time
(i.e. t ! 1 s post bounce) the late time neutrino signal is
shaped by the properties of the PNS, such as the nuclear
equation of state (EoS), neutrino opacities in dense mat-
ter, and other microphysical properties that affect the
cooling timescale by influencing either neutrino diffusion
or convection [4, 7–9].

Here, we present one-dimensional hydrostatic models
of PNS evolution out to late times for two EoSs. We
include approximate convective transport along with dif-
fusive neutrino transport, both consistent with the un-
derlying EoS. This allows us to gauge the importance of
convection and the effect of medium modifications to the
neutrino opacities in dense matter to the temporal char-
acteristics of the neutrino signal. The basic framework
for PNS evolution is similar to that described in [4], ex-
cept that a treatment of convection is included. We find
that the behavior of the nuclear symmetry energy (which
is a measure of the energy difference between dense neu-
tron matter and symmetric nuclear matter) at high den-
sity significantly influences convection and thereby affects
the observable neutrino signal.

Large scale convective overturn of material will directly
transport energy and lepton number in the PNS and al-
ters the gradients along which neutrinos diffuse, thereby
strongly affecting the neutrino signal accompanying PNS

formation. It has long been recognized that the outer
PNS mantle is unstable to convection soon after the pas-
sage of the supernova shock, due to negative entropy gra-
dients [10]. This early period of instability beneath the
neutrino spheres has been studied extensively in both one
and two dimensions, with the hope that it could increase
the neutrino luminosities enough to lead to a successful
explosion [2, 11–15]. Although the role of convection at
late times was studied in Refs. [2, 11], this work is the first
attempt at exploring its connection to the underlying mi-
crophysics and the interplay between modified opacities
and convection in shaping the observable neutrino signal.
We model convection as a diffusive process described

by standard time dependent mixing length theory [2]. In
Ref. [15] it was shown that hydrodynamic simulations in
two-dimensions were well reproduced by a simple mixing
scheme in one-dimension, suggesting that this is a rea-
sonable approximation. Further, since convection pro-
ceeds efficiently throughout our simulations, our results
are not particularly sensitive to the chosen mixing length.
The linear growth rates are obtained from the standard
Ledoux stability analysis as

ω2 = −
g

γnB

(γs∇ ln(s) + γYL
∇ ln(YL)) , (1)

where
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and g, P , s, nB, and YL are the local acceleration due to
gravity, the pressure, entropy per baryon, baryon num-
ber density and the fraction of leptons in dense matter,
respectively. Convective instability sets in for ω2 > 0.
The form of the growth rate clearly implies that there
will be a strong interplay between the nuclear EoS and
the patterns of convection within the PNS.
In addition, the PNS may be subject to doubly diffu-

sive instabilities due to the lateral transport of compo-
sition and energy by neutrinos [2, 16, 17]. Early one-
dimensional work [2] suggested that neutron fingering
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FIG. 1: The symmetry energy as function of density for the
IU-FSU and GM3 EoSs. Inset: n0E

′
sym versus Esym at nuclear

saturation density, for IU-FSU (circle), GM3 (square), and
QMC (diamonds). The shaded regions correspond to various
experimental constraints taken from Ref. [18].

instabilities and convection enhanced the neutrino lumi-
nosity to successfully power a neutrino driven explosion.
However, more recent two dimensional studies found no
evidence of these doubly diffusive instabilities [14, 15].
Because of this and the increased complexity of treating
the doubly diffusive instabilities, we do not include them
in our study.

The EoS and neutrino interaction rates are modeled
using a relativistic mean field (RMF) model of nuclear
interactions. We adopt a non-linear generalization of
the original Walecka model described in [19]. Here,
the nucleon-nucleon interaction energy is calculated in
the mean field approximation using effective interactions,
which are tuned to reproduce gross observed properties
of nuclei and empirical properties of symmetric nuclear
matter at saturation density. Although these empiri-
cal constraints provide valuable guidance to constrain
aspects of the symmetric nuclear EoS at nuclear den-
sities, the experimental constraints on the properties of
neutron-rich matter are relatively weak. The difference
between the energy of symmetric matter (equal num-
bers of neutrons and protons) and pure neutron matter is
called the symmetry energy, Esym(nB), and is defined by
E(nB, xp) = E(nB, xp = 1/2) +Esym(nB)δ2 + · · ·. Here,
δ = (1− 2xp) and E(nB , xp) is the energy per particle of
uniform matter composed of neutrons and protons with
total baryon density nB and proton fraction xp. In charge
neutral matter xp = Ye where Ye is the electron fraction.
Various experimental probes of the nuclear symmetry en-
ergy and its density dependence in nuclei and heavy-ion
collisions are actively being pursued in terrestrial exper-
iments, but are yet to yield strong constraints. These
constraints are shown in the inset in Fig. 1 and are dis-
cussed in Refs. [18, 19]. Quantum Monte Carlo (QMC)
results are also shown in the inset in Fig. 1. The linear
correlation between Esym and E′

sym in the QMC results

is obtained by varying values of the poorly known three-
neutron interaction [20].
Recent work has shown that the derivative of the sym-

metry energy with respect to density, denoted as E′

sym =
∂Esym/∂nB, plays a crucial role both in the terrestrial
context where it affects the neutron density distribution
in neutron-rich nuclei and in astrophysics where it affects
the structure and thermal evolution of neutron stars (for
a recent review see Ref. [22]). The pressure of neutron
matter at saturation density, Pneutron(n0) = n2

0E
′

sym, in-
fluences the radii of cold neutron stars [23]. In neutron-
rich nuclei, the neutron-skin thickness is also sensitive
to E′

sym(ρ0), so that there exists a linear correlation be-
tween the neutron-skin thickness and neutron star radius
[24].
To study the sensitivity of PNS evolution to the nu-

clear symmetry energy we employ two RMF models with
different predictions for E′

sym(ρ0). The first EoS is the
IU-FSU EoS taken from [19], which includes a non-linear
coupling between the vector and iso-vector mesons that
allows the symmetry energy to be tuned at high den-
sity. The second EoS employed is the GM3 parameter
set, where non-linear coupling of the vector meson fields
is neglected [21]. The symmetry energy as a function of
density is shown in Fig. 1 for the two EoS. The inset in
Fig. 1 shows current theoretical estimates and experimen-
tal constraints on Esym and n0E′

sym at nuclear density.
In the rest of this letter, we demonstrate that E′

sym(ρ0)
plays a role in stabilizing PNS convection at late times
and thereby directly affects the PNS neutrino signal. The
logarithmic derivatives γs and γnB

are always positive, so
that negative entropy gradients always provide a destabi-
lizing influence. For given entropy and lepton gradients,
stability is then determined by the ratio γYL

/γs. The
sign and magnitude of γYL

is strongly influenced by the
density dependence of the nuclear asymmetry energy, so
that negative gradients in lepton number can be either
stabilizing or destabilizing and the degree to which they
are stabilizing varies from EoS to EoS. To clarify this we
note that at T = 0 and when the neutrino contribution
to the pressure is small

!

∂P

∂YL

"

nB

≃ n4/3
B Y 1/3

e − 4n2
BE

′

sym(1− 2Ye), (2)

which is a reasonable approximation to the finite tem-
perature result. The first term comes from the electron
contribution to the pressure, while the second term is
due to nucleons and is negative since both the Fermi and
interaction energies favor a symmetric state. For high
densities and low electron fractions, for realistic values
of E′

sym, this leads to negative γYL
. Therefore, a larger

E′

sym leads to negative lepton gradients in the PNS pro-
viding a larger stabilizing influence. E′

sym also partially
determines the equilibrium value of Ye, which can alter
the value of γYL

, but this is a smaller effect. In our nu-
merical PNS simulations this effect is accounted for. In



Observable signatures of convective transport

Count rate in Super-Kamiokande   for 
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FIG. 2: Evolution of the entropy (top panels) and lepton frac-
tion (bottom panels) in a 1.6M⊙ rest mass PNS for the GM3
EoS (left panels) and the IU-FSU EoS (right panels). The
grayed regions are convectively unstable. The labels corre-
spond to the model times in seconds.

path. To take this into account, we introduce an effec-
tive short-range interaction in the spin channel through
the Migdal parameter, g′ [18]. The strength of this inter-
action is tuned to reproduce the spin-suscpetibitly of neu-
tron matter obtained from microscopic calculations [7].
For densities above nuclear saturation, the RPA causes a
significant enhancement of the mean free path relative to
the mean field approximation due to the repulsive nature
of the nuclear interaction at high density. This should be
considered as only a first approximation to the actual
response of the nuclear medium, as we only include sin-
gle particle-hole excitations and it has been shown that
multi-particle-hole excitations may be important in de-
termining the axial current component of the neutrino
opacity [21].

We now consider the evolution of the internal structure
of the PNS with convection and varying prescriptions for
the opacities. In figure 2, the evolution of the entropy
and electron fraction for the two equations of state are
shown. Over the first second in both models, convection
smoothes the entropy and lepton gradients in the outer
regions to a state close to neutral buoyancy. GM3 has
a slightly steeper entropy gradient because of its larger
E′

sym than IU-FSU. This results in a slightly larger neu-
trino luminosity at early times for GM3. As time pro-
gresses, convection steadily digs deeper into the core of
the PNS. For both EoSs, convection proceeds all the way
to the core by 15 seconds into the simulation, but it lasts
in the interior regions for a much longer period of time
for IU-FSU resulting in more rapid lepton depletion in
the core. More important to the neutrino signal, in GM3
convection ceases in the mantle by ∼ 5 seconds, whereas
convection in the mantle proceeds until ∼ 12 seconds in
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FIG. 3: Count rates as a function of time for a number of
1.6M⊙ PNS models. Inset: The integrated number of counts
from 100 ms to 1 s divided by the total number of counts
for t > 0.1 second on the horizontal axis, and the number of
counts for t > 3 seconds divided by the total number of counts
for t > 0.1 second. Symbol sizes correspond to various neu-
tron star masses ranging from 1.2M⊙ to 2.1M⊙. Colors corre-
spond to different values of the Migdal parameter increasing
as the colors lighten (g′ = 0.2, 0.6, 1.0), with the black points
being mean field results. The circles correspond to the GM3
EoS and the stars to the IU-FSU EoS.

IU-FSU. This difference can be directly attributed to the
difference in E′

sym between the two EoSs. As the mantle
contracts, the second term in equation 2 becomes increas-
ingly dominant and is eventually able to stabilize convec-
tion. The exact details of how convection proceeds will
depend on the initial conditions of the PNS. Still, qual-
itatively, increasing E′

sym will shut-off convection at an
earlier time.

The depth to which convection penetrates in the core
and how long convection proceeds in the core is depen-
dent upon the opacities as well as the EoS. When only
mean field effects on the opacities are considered (i.e.
when the neutrino mean free path is shorter), convection
does not proceed all the way to the center of the PNS in
the GM3 models. When RPA effects are included, con-
vection does proceed to the central regions of the core.
An increased diffusion rate allows the core to heat up and
deleptonize more rapidly, thereby decreasing the stabi-
lizing lepton gradients and increasing the de-stabilizing
entropy gradients.

Of course, variations in the convective evolution of the
PNS are only interesting to the extent they are poten-
tially observable in the neutrino emission from a nearby
supernova. In figure 3 the expected neutrino count rates
for a detector similar to Super Kamiokande-III are shown
for a number of PNS cooling models. We have assumed
a threshold energy of 7.5 MeV, a detector mass of 50 kt,
a detector efficiency above threshold of unity [14], and a
distance of 10 kpc to the supernova. Equipartition has

          •Neutrino flux is 
enhanced during 
convection.  

•There is break in the 
light curve (when 
convection ends).  

•Fraction of events 
between 3-10 s 
provides good 
discrimination. 

Roberts, Cirigliano, Pons, Reddy, Shen, Woosley (2012)

w/o convection 
Small L


(soft)

Large L 

(stiff) 
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Nucleosynthesis conditions

Element abundances

Origin of heavy elements:

r-process, s-process, p-process, νp-process

r-process site candidates:

core-collapse supernova, neutron star 
mergers, accretion disks, jets, GRB, ...

r-process conditions:   Yn/Yseed↑

• short dynamical time scale (ms...s)

• electron fraction Ye ≈ 0.4

• high entropy (or high photon-to-baryon 
ratio)

Burbidge, Burbidge, Fowler, and Hoyle
(B2FH 1957)

nn > 1020 cm-3

�

Burbridge, Burbridge, Fowler & Hoyle 1957

Dense Matter, Neutrinos & Nucleosynthesis 

In extreme environments 
rapid neutron capture 
(r-process)
on seed nuclei can 
produce heavy elements. 

Properties of dense 
matter and neutrinos 
influence 
where and how heavy 
elements are 
synthesized. 



Where does the r-process occur ? 
There is general consensus that it involves either one or 
two neutron stars.

• prompt explosion (Hillebrandt 1978, Hillebrandt et al. 1984)                                                                         

• neutrino-driven wind (Meyer et al. 1992, Woosley et al. 1994)

• shocked surface layers (Ning, Qian, Meyer 2007)

• neutrino-induced in He shells (Banerjee, Haxton, Qian 2011)

• jets (e.g., Winteler et al. 2012)

r-process in core-collapse supernovae? (B2FH 1957)

wind

proto-neutron 
star

• The one neutron star 
scenario: Neutrino driven 
wind in a core-collapse 
supernova. [Fragile]

• The two neutron star 
scenario: Dynamical 
ejection of matter in binary 
neutron star mergers.  
[Robust]

Where does the r-process occur?

Rare core-collapse supernovae Neutron star mergers

Cas A (Chandra X-Ray observatory) Neutron-star merger simulation (S. Rosswog)

Neutron stars

neutron star mergers

neutrino 
driven wind



Necessary Conditions

High neutron to seed ratio is needed to populate the 
observed A~130 and A ~ 190 peaks. 

This requires:  

• High entropy per baryon.
• Short expansion time. 
• Low electron fraction (Ye). 

} Hydrodynamics, 
Magnetic Fields, etc 

} Neutrino Spectra

Dense matter properties determine the neutrino spectra 
emerging from the hot neutron star.  



Ye in the Neutrino Driven Wind

only over a very small range. Perhaps that
means that only a small minority of type II su-
pernovae, confined to a narrow mass range,
produce r-process elements.

Although abundance data for specific
isotopes in halo stars are much harder to ac-
quire than the spectroscopic data that pro-
vide the elemental abundances of figure 3,
recent isotopic observations appear to be in
agreement with the elemental abundance
trends. In particular, it has been found that
the two stable isotopes of europium are
found in the same proportion in several old,
metal-poor halo stars as they occur in solar system 
r-process material.11

That is not particularly surprising, because Eu is still
synthesized overwhelmingly by the r-process. But what
about elements like Ba that, unlike Eu, are nowadays pri-
marily made by the s-process? A recent study has found
that the relative abundance of different Ba isotopes in one
very old halo star is compatible with the Ba isotope ratio
attributable to the r-process in solar system material.12

The Eu and Ba isotope results support the conclusion that
only the r-process was producing heavy elements in the
early galaxy.

Elemental abundance patterns from additional 
r-process-rich halo stars now add support to this conclu-
sion.3 All the stars in this sample have Eu/Fe abundance
ratios that typically exceed that of the Sun by at least an
order of magnitude. Much less work, however, has been
done on r-process-poor halo stars. The halo stars presum-
ably got their heavy elements from material spewed out
by supernova explosions of an even earlier generation of
massive, short-lived stars. So not all halo stars acquired
the same share of these r-process ejecta. In halo stars poor
in r-process elements, the heavy elements are much harder
to identify spectroscopically. But studies of those very stars
might provide important clues about their massive pro-
genitors—the galaxy’s first stars.

Figure 3 also shows that the abundances of the lighter
n-capture elements, from Z = 40–50, generally fall below
the r-process curve that fits the heavier elements so well.
That difference is suggestive. It might be telling us that
the r-process sites for the lighter and heavier n-capture el-
ements are somehow different.13 Possible alternative sites
for the r-process include neutron-star binaries as well as
supernovae, or perhaps just different astrophysical condi-
tions in different regions of a single core-collapse super-
nova.3 Further complicating the interpretation, strontium,
yttrium, and zirconium (Z = 38–40)  seem to have a very
complex synthesis history that raises the specter of multi-
ple r-processes.

Is it always supernovae?
The critical parameter that determines whether the 
r-process occurs is the number of neutrons per seed nu-
cleus. To synthesize nuclei with A above 200 requires about

150 neutrons per seed nucleus. Iron is generally the light-
est of the relevant seed nuclei. Modelers of r-process nu-
cleosynthesis find the entropy of the expanding matter and
the overall neutron/proton ratio to be more useful param-
eters than temperature and neutron density. In a very neu-
tron-rich environment such as a neutron star, the r-process
could occur even at low entropy.8 But even a small excess
of neutrons over protons can sustain the r-process if the
entropy is high enough.14

The question is, Where in nature does one find the ap-
propriate conditions—either very neutron-rich material at
low entropies or moderately neutron-rich material at high
entropies? But if the entropy is too high, there will be too
few seed nuclei to initiate the r-process. The extreme case
is the Big Bang, from which 4He was essentially the heav-
iest surviving nucleus. 

Determining whether r-process conditions can occur
inside type II supernovae requires an understanding of the
nature of those stellar catastrophes. The most plausible
mechanism for such an explosion of a massive star is en-
ergy deposition in the star’s outer precincts by neutrinos
streaming from the hot proto-neutron star formed by the
gravitational collapse of the central iron-core when all the
fusion fuel is exhausted (see figure 4). The dominant neu-
trino energy deposition processes are

ne + n O p + e– and ne+ + p O n + e+.

The neutrino heating efficiency depends on convective in-
stabilities and the opacity of the stellar material to the
transit of neutrinos. The actual explosion mechanism is
still uncertain.7,14,15 Self-consistent supernova calculations
with presently known neutrino physics have not yet pro-
duced successful explosions.

There is hope, however, that the neutrino-driven ex-
plosion mechanism will prove to be right when the effects
of stellar rotation and magnetic fields are included in
model calculations that are not restricted to spherical sym-
metry. There is also still much uncertainty in our knowl-
edge of how neutrinos interact with dense matter (and in-
deed of how they behave in vacuum). The lack of
understanding of the type II supernova explosion mecha-
nism also means that we do not know the exact r-process
yields for these supernovae.
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Figure 3. Elemental abundances in the halo
star CS 22892-052 are compared with solar

system abundances attributable to the r-
process. The numerical values of the halo-
star abundances follow the convention of
figure 2. The solar system r-process abun-

dances are scaled down to compensate for
the higher metallicity of the much younger

Sun. (Adapted from ref. 9.)
only over a very small range. Perhaps that
means that only a small minority of type II su-
pernovae, confined to a narrow mass range,
produce r-process elements.

Although abundance data for specific
isotopes in halo stars are much harder to ac-
quire than the spectroscopic data that pro-
vide the elemental abundances of figure 3,
recent isotopic observations appear to be in
agreement with the elemental abundance
trends. In particular, it has been found that
the two stable isotopes of europium are
found in the same proportion in several old,
metal-poor halo stars as they occur in solar system 
r-process material.11

That is not particularly surprising, because Eu is still
synthesized overwhelmingly by the r-process. But what
about elements like Ba that, unlike Eu, are nowadays pri-
marily made by the s-process? A recent study has found
that the relative abundance of different Ba isotopes in one
very old halo star is compatible with the Ba isotope ratio
attributable to the r-process in solar system material.12

The Eu and Ba isotope results support the conclusion that
only the r-process was producing heavy elements in the
early galaxy.

Elemental abundance patterns from additional 
r-process-rich halo stars now add support to this conclu-
sion.3 All the stars in this sample have Eu/Fe abundance
ratios that typically exceed that of the Sun by at least an
order of magnitude. Much less work, however, has been
done on r-process-poor halo stars. The halo stars presum-
ably got their heavy elements from material spewed out
by supernova explosions of an even earlier generation of
massive, short-lived stars. So not all halo stars acquired
the same share of these r-process ejecta. In halo stars poor
in r-process elements, the heavy elements are much harder
to identify spectroscopically. But studies of those very stars
might provide important clues about their massive pro-
genitors—the galaxy’s first stars.

Figure 3 also shows that the abundances of the lighter
n-capture elements, from Z = 40–50, generally fall below
the r-process curve that fits the heavier elements so well.
That difference is suggestive. It might be telling us that
the r-process sites for the lighter and heavier n-capture el-
ements are somehow different.13 Possible alternative sites
for the r-process include neutron-star binaries as well as
supernovae, or perhaps just different astrophysical condi-
tions in different regions of a single core-collapse super-
nova.3 Further complicating the interpretation, strontium,
yttrium, and zirconium (Z = 38–40)  seem to have a very
complex synthesis history that raises the specter of multi-
ple r-processes.

Is it always supernovae?
The critical parameter that determines whether the 
r-process occurs is the number of neutrons per seed nu-
cleus. To synthesize nuclei with A above 200 requires about

150 neutrons per seed nucleus. Iron is generally the light-
est of the relevant seed nuclei. Modelers of r-process nu-
cleosynthesis find the entropy of the expanding matter and
the overall neutron/proton ratio to be more useful param-
eters than temperature and neutron density. In a very neu-
tron-rich environment such as a neutron star, the r-process
could occur even at low entropy.8 But even a small excess
of neutrons over protons can sustain the r-process if the
entropy is high enough.14

The question is, Where in nature does one find the ap-
propriate conditions—either very neutron-rich material at
low entropies or moderately neutron-rich material at high
entropies? But if the entropy is too high, there will be too
few seed nuclei to initiate the r-process. The extreme case
is the Big Bang, from which 4He was essentially the heav-
iest surviving nucleus. 

Determining whether r-process conditions can occur
inside type II supernovae requires an understanding of the
nature of those stellar catastrophes. The most plausible
mechanism for such an explosion of a massive star is en-
ergy deposition in the star’s outer precincts by neutrinos
streaming from the hot proto-neutron star formed by the
gravitational collapse of the central iron-core when all the
fusion fuel is exhausted (see figure 4). The dominant neu-
trino energy deposition processes are

ne + n O p + e– and ne+ + p O n + e+.

The neutrino heating efficiency depends on convective in-
stabilities and the opacity of the stellar material to the
transit of neutrinos. The actual explosion mechanism is
still uncertain.7,14,15 Self-consistent supernova calculations
with presently known neutrino physics have not yet pro-
duced successful explosions.

There is hope, however, that the neutrino-driven ex-
plosion mechanism will prove to be right when the effects
of stellar rotation and magnetic fields are included in
model calculations that are not restricted to spherical sym-
metry. There is also still much uncertainty in our knowl-
edge of how neutrinos interact with dense matter (and in-
deed of how they behave in vacuum). The lack of
understanding of the type II supernova explosion mecha-
nism also means that we do not know the exact r-process
yields for these supernovae.
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Is set by the charged current 
reactions  in two regions. {

Neutrino-sphere at high density 
and moderate entropy.  
R ~ 10-20 km

Neutrino driven wind at low-
density and high entropy. 
R ~ 103-104 km 
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Large Q  crucial to overcome 
electron final state blocking

Charged Current Opacity
•  Asymmetry between neutrons and proton interactions in 

neutron-rich matter determines the Q value of the reaction. 

• A large symmetry energy (S) implies a large +Q value for 
change neutrons to protons and a large -Q value for 
changing protons to neutron.  

• Large S favors electron neutrino absorption and disfavors 
anti-electron neutrino absorption.  

Dense Medium

Q



SINGLE PARTICLE ENERGY SHIFT & DAMPING
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Figure 3.5: Top panel: First energy moment of the outgoing electron neutrino and antineutrino
as a function of time in three PNS cooling simulations. The solid lines are the average energies
of the electron neutrinos and the dashed lines are for electron antineutrinos. The black lines
correspond to a model which employed the GM3 equation of state, the red lines to a model which
employed the IU-FSU equation of state, and the green lines to a model which ignored mean field
effects on the neutrino opacities (but used the GM3 equation of state). Bottom panel: Predicted
neutrino driven wind electron fraction as a function of time for the three models shown in the
top panel (solid lines), as well as two models with the bremsstrahlung rate reduced by a factor
of four (dot-dashed lines). The colors are the same as in the top panel.
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NS Collisions - Gravitational  Waves 

The gravitational waves, EM 
counterparts, and 
nucleosynthesis are sensitive 
nuclear and neutrino physics.

Advanced LIGO  

- Expects to detect them by 2016 !

Neutron-star mergers and 
 gravitational waves 

explore sensitivity to neutron-rich matter 
in neutron-star merger and gw signal 
Bauswein, Janka (2012), Bauswein, Janka, Hebeler, AS (2012). 

Neutron-star mergers and 
 gravitational waves 

explore sensitivity to neutron-rich matter 
in neutron-star merger and gw signal 
Bauswein, Janka (2012), Bauswein, Janka, Hebeler, AS (2012). 

Neutron-star mergers and 
 gravitational waves 

explore sensitivity to neutron-rich matter 
in neutron-star merger and gw signal 
Bauswein, Janka (2012), Bauswein, Janka, Hebeler, AS (2012). 



Inspiral: 
Gravitational 
waves, Tidal 

Effects & 
Dense Matter EoS

Merger: 
Disruption, NS 

oscillations, ejecta 
and r-process 

nucleosynthesis

Post Merger: 
Ambient conditions  

power GRBs, 
Afterglows, and 
Kilo/Macro Nova

Neutron Star Merger Dynamics 
(General) Relativistic (Very) Heavy-Ion Collisions at ~ 100 MeV/nucleon 

Simulations: Rezzola et al (2013)



Neutron Star Radii From Pre Merger Signal
Neutron-star mergers and 

 gravitational waves 

explore sensitivity to neutron-rich matter 
in neutron-star merger and gw signal 
Bauswein, Janka (2012), Bauswein, Janka, Hebeler, AS (2012). 

Neutron-star mergers and 
 gravitational waves 

explore sensitivity to neutron-rich matter 
in neutron-star merger and gw signal 
Bauswein, Janka (2012), Bauswein, Janka, Hebeler, AS (2012). 
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These are obtained by marginalizing over all the other
parameters in the problem; for instance,

p(�0|dn, I) =
Z

d~✓ d�1 p(~✓,�0,�1|dn, I), (5)

where ~✓ represents masses, sky position, orientation of
the orbital plane, and distance. The joint posterior den-
sity function for all the parameters takes the form

p(~✓,�0,�1|dn, I) =
p(dn|~✓,�0,�1, I) p(~✓,�0,�1|I)

p(dn|I) . (6)

Here p(~✓,�0,�1|I) = p(~✓|I) p(�0|I) p(�1|I). The prior

density p(~✓|I) is taken to be the same as in [20]. We
express �(m) in units of s5. For p(�0|I) we choose a flat
distribution in the range [0, 5]⇥ 10�23 s5, and for p(�1|I)
a flat distribution on [�5, 0]⇥ 10�18 s4 M

�

; these choices
cover all the EOS considered in [6]. The prior probability
for the data, p(dn|I), is obtained by demanding that the
left hand side of (6) be normalized. Finally, the likelihood
is given by [19]

p(dn|~✓,�0,�1, I)

= N exp

"
�2

Z fLSO

f0

df
|d̃n(f) � h̃lin(~✓,�0,�1; f)|2

Sn(f)

#
,(7)

where N is a normalization factor, d̃n is the Fourier
transform of the data stream for the nth detection, and
Sn(f) is the one-sided noise power spectral density; f0
is a lower cut-o↵ frequency, which we take to be 20 Hz.
h̃lin(~✓,�0,�1; f) is our frequency domain waveform, with
the linearized expression for �(m), Eq. (4), substituted
into the tidal contribution to the phase, Eq. (1). To
explore the likelihood function, we used the method of
Nested Sampling as implemented by Veitch and Vecchio
[19].

In Fig. 1, we show the evolution with an increasing
number of sources of the medians and 95% confidence
intervals in the measurement of �0, for three di↵erent
EOS models from Hinderer et al. [6]: a hard EOS (MS1),
a moderate one (H4), and a soft one (SQM3). In each
case, after a few tens of sources, the value of �0 is
recovered with a statistical uncertainty ⇠ 10%, and it is
easily distinguishable from the ones for the other EOS.
(On the other hand, �1 remains uncertain.) We see that
the posterior medians for �0 are ordered correctly, which
suggests a second method to identify the EOS, namely
hypothesis ranking.

Method 2: Hypothesis ranking. Hinderer et al. computed
the function �(m) for a large number of (families of)
equations of state, some of them mainly involving neu-
trons, protons, electrons, and muons, others allowing for
pions and hyperons, and a few assuming strange quark
matter. Given a (arbitrarily large) discrete set {Hk} of
models, each corresponding to a di↵erent EOS, or equiv-
alently a di↵erent deformability �(m), the relative odds
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Events
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�
0/

� 10
�

23
s5

�

95% conf MS1
95% conf H4
95% conf SQM3
True value

FIG. 1. Median and 95% confidence interval evolution for
the �0 parameter as an increasing number of sources is taken
into consideration, for three di↵erent equations of state in the
signals: a hard (MS1), a moderate (H4), and a soft (SQM3)
EOS. In each case, the dashed line indicates the true value.

ratios for any pair of models Hi, Hj can be computed as

Oi
j =

P (Hi|d1, d2, . . . , dN , I)

P (Hj |d1, d2, . . . , dN , I)
. (8)

Again assuming independence of the detector outputs
d1, d2, . . . , dN and using Bayes’ theorem, one can write

Oi
j =

P (Hi|I)
P (Hj |I)

NY

n=1

P (dn|Hi, I)

P (dn|Hj , I)
. (9)

P (Hi|I) is the probability of the model Hi before any
measurement has taken place, and similarly for Hj ; in
the absence of more information, these can be set equal
to each other for all models Hk. The evidences for the
various models are given by

p(dn|Hk, I) =

Z
d~✓ p(dn|Hk, ~✓, I) p(~✓|I), (10)

with ~✓ the parameters of the template waveforms
(masses, sky position, etc.) and p(~✓|I) the prior prob-
abilities for these parameters, which we choose to be the
same as in [20]. The likelihood function p(dn|Hk, ~✓, I)
takes the form

p(dn|Hk, ~✓, I)

= N exp

"
�2

Z fLSO

f0

df
|d̃n � h̃k(~✓; f)|2

Sn(f)

#
. (11)

This time h̃k(~✓; f) is the waveform model correspond-
ing to the EOS Hk, meaning the abovementioned fre-
quency domain approximant with tidal contributions to
the phase as in Eq. (1), with a deformability �(m) corre-
sponding to that EOS. Here too, we use Nested Sampling
to probe the likelihood [19].
The set {Hk} could comprise all the models consid-

ered in e.g. [6], and many more. In this Letter we wish

R=14.9 km

R=13.7 km

R=10.8 km

Pozzo et al. (2013)

Realistic data analysis by injecting events in a volume between 
100-250 Mpc demonstrates discriminating power between EOSs. 
Pozzo et al. (2013)


With a few tens of events the radius can be extracted to better 
than 10%.    


Extracting equation of state parameters from black hole-neutron star mergers:

aligned-spin black holes and a preliminary waveform model
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Information about the neutron-star equation of state is encoded in the waveform of a black hole-
neutron star system through tidal interactions and the possible tidal disruption of the neutron star.
During the inspiral this information depends on the tidal deformability ⇤ of the neutron star, and we
find that ⇤ is the best measured parameter during the merger and ringdown as well. We performed
134 simulations where we systematically varied the equation of state as well as the mass ratio,
neutron star mass, and aligned spin of the black hole. Using these simulations we have developed an
analytic representation of the full inspiral-merger-ringdown waveform calibrated to these numerical
waveforms, and we use this analytic waveform to estimate the accuracy to which ⇤ can be measured
with gravitational-wave detectors. We find that although the inspiral tidal signal is small, coherently
combining this signal with the merger-ringdown matter e↵ect improves the measurability of ⇤ by
a factor of ⇠ 3 over using just the merger-ringdown matter e↵ect alone. However, incorporating
correlations between all the waveform parameters then decreases the measurability of ⇤ by a factor
of ⇠ 3. The uncertainty in ⇤ increases with the mass ratio, but decreases as the black hole spin
increases. Overall, a single Advanced LIGO detector can measure ⇤ for mass ratios Q = 2–5, black
hole spins JBH/M

2
BH = �0.5–0.75, neutron star masses MNS = 1.2M�–1.45M�, and an optimally

oriented distance of 100 Mpc to a 1-� uncertainty of ⇠ 10%–100%. For the proposed Einstein
Telescope, the uncertainty in ⇤ is an order of magnitude smaller.

PACS numbers: 97.60.Jd, 26.60.Kp, 95.85.Sz

I. INTRODUCTION

By the end of the decade a network of second genera-
tion gravitational-wave detectors, including the two Ad-
vanced LIGO (aLIGO) detectors [1], Advanced Virgo [2],
KAGRA [3] (formerly LCGT), and possibly LIGO-
India [4], will likely be making routine detections. Fu-
ture ground based detectors such as the third generation
Einstein Telescope (ET) [5], with an order of magnitude
higher sensitivity, are also in the planning stages, and
may be operational in the next decade. A primary goal of
these detectors is extracting from the gravitational wave-
form information about the sources. Of particular inter-
est are compact binaries whose waveform encodes the
sky location, orientation, distance, masses, spins, and for
compact binaries containing neutron stars (NS), informa-
tion about the neutron-star equation of state (EOS).

The study of EOS e↵ects during binary inspiral has
focused mainly on binary neutron star (BNS) systems.
Work by [6–9] showed that EOS information could be im-
printed in the gravitational waveform through tidal inter-
actions. In the adiabatic approximation, the quadrupole
moment Qij of one star depends on the tidal field Eij

from the monopole of the other star through the rela-
tion Qij = ��Eij , where � is the EOS dependent tidal
deformability and is related to the neutron star’s dimen-
sionless Love number k2 and radius R through the re-
lation � = 2

3Gk2R
5. The leading (` = 2) relativistic

tidal Love number k2 was first calculated in Ref. [10] for
polytropic EOS, then for EOS with hadronic and quark

matter [11, 12], as well as for EOS with analytic solu-
tions to the stellar structure equations [12]. Its e↵ect
on the binary inspiral (including the contribution due
to tidally excited f-modes) was calculated to leading or-
der [13], and later extended to 1PN order [14, 15]. The
gravitoelectric and gravitomagnetic tidal Love numbers
for higher multipoles were calculated in [16, 17]. The en-
ergy has now been calculated to 2PN order in the tidal
corrections in the e↵ective one body (EOB) formalism,
including ` = 2 and 3 gravitoelectic interactions and the
` = 2 gravitomagnetic interaction, using the e↵ective ac-
tion approach [18], and most terms in the EOB wave-
form are now known to 2.5PN order in the tidal interac-
tions [19]. Finally, the accuracy of the adiabatic approxi-
mation to tidal interactions was calculated using an a�ne
model, and a Love function was found that corrects for
this approximation and asymptotically approaches the
Love number for large binary separations [20, 21].

The measurability of tidal parameters by detectors
with the sensitivity of aLIGO and ET was examined
for BNS inspiral for gravitational wave frequencies below
450Hz [13] using polytropic EOS as well as for theoretical
hadronic and quark matter EOS [11]. The studies found
that tidal interactions were observable during this early
inspiral stage (prior to the last ⇠ 20 gravitational wave
cycles before merger) only for sti↵ EOS and NS masses
below 1.4 M�. On the other hand, using tidal correc-
tions up to 2.5PN order in the EOB approach, it was
found that tidal parameters are in fact observable when
including the extra ⇠ 20 gravitational wave cycles up to

ar
X

iv
:1

30
3.

62
98

v1
  [

gr
-q

c]
  2

5 
M

ar
 2

01
3

Tidal deformation induces

quadrupole moment.  



neutron star mergers

Nucleosynthesis of heavy elements:
r-process and its astrophysical site

Almudena Arcones
Helmholtz Young Investigator Group

Cas A (Chandra X-Ray observatory) Rezzolla et al.

INT Workshop: The r-process: status and challenges
July 28 - August 1, 2014Merger Ejecta & Nucleosynthesis

Tidal ejecta: 
Early, and very 
neutron-rich. 
Robust r-process. 

Shocked ejecta: 
Processed by neutrinos, much like 
in a supernova.   

Amount and composition of the material ejected 
depends on the neutron star radius and neutrino 
interactions in dense matter. 



Ejecta and GRB afterglow: KilonovaTransient with kilo-nova luminosity (Metzger et al. 2010, Roberts et al. 2011, 
Goriely et al. 2011): direct observation of r-process, EM counter part to GW

Radioactive decay in neutron star mergers

Multi messenger (e.g. Metzger & Berger 2012, Rosswog 2012, Bauswein et al. 2013)

Berger, Fong & Chornock, 2013
Tanaka & Hotokezaka, 2013, Hotokezaka et al. 2013
Grossman, Korobkin, Rosswog, Piran, 2014

Transient with kilo-nova luminosity (Metzger et al. 2010, Roberts et al. 2011, 
Goriely et al. 2011): direct observation of r-process, EM counter part to GW

Radioactive decay in neutron star mergers

Multi messenger (e.g. Metzger & Berger 2012, Rosswog 2012, Bauswein et al. 2013)

Berger, Fong & Chornock, 2013
Tanaka & Hotokezaka, 2013, Hotokezaka et al. 2013
Grossman, Korobkin, Rosswog, Piran, 2014

• Radioactive heavy elements 
synthesized and ejected can 
power an EM signal
Metzger et al.  2010, Roberts et al. 2011, 
Goriely et al. 2011

• Magnitude and color of the 
optical emission is sensitive 
to the composition of the 
ejecta. 
Kasen 2013

Detection of a Kilonova 
Tanvir et al.  2013



Observing and Interpreting Transport 
Phenomena in Neutron Stars

• Key to discovering new phases of matter in neutron stars. 

• Novel phases at low (crust) and high density (core) influence 
neutron star cooling. 

• Neutron stars in binaries accrete matter form a companion and 
are subject to episodic heating and subsequent cooling cycles.  



Transiently Accreting NSs
SXRTs:  High accretion followed by periods of quiescence

Image credit: NASA/CXC/Wijnands et al.

Crust

Envelope

Deep crustal heating. 
Brown, Bildsten Rutledge (1998)
 Sato (1974), Haensel & Zdunik (1990), 
Gupta et al (2007,2011).

KS 1731-260: High 
accretion 1988-2000

During accretion 
Nuclear reactions 
release: ~
1.5 MeV / nucleon

Warms up old neutron stars

Electron capture, electron 
capture induced neutron 
emission, pycno-nuclear fusion 
reactions play a role  



Transiently Accreting NSs
SXRTs:  High accretion followed by periods of quiescence

Image credit: NASA/CXC/Wijnands et al.

Crust

Envelope

Deep crustal heating. 
Brown, Bildsten Rutledge (1998)
 Sato (1974), Haensel & Zdunik (1990), 
Gupta et al (2007,2011).

KS 1731-260: High 
accretion 1988-2000

During accretion 
Nuclear reactions 
release: ~
1.5 MeV / nucleon

Warms up old neutron stars

Electron capture, electron 
capture induced neutron 
emission, pycno-nuclear fusion 
reactions play a role  



Crust Cooling 

Crust

Envelope

Core
Neutrino 
Cooling

Watching NSs immediately after accretion ceases !

Crust Relaxation: 
1.Initial 
temperature 
profile.
2.Thermal 
conductivity.
3.Heat capacity.

Cackett, et al. (2006)

Shternin & Yakovlev (2007)
Cumming & Brown (2009)



Cooling Post Accretion  

•After a period of intense 
accretion the neutron star 
surface cools on a time 
scale of 100s of days.


•This relaxation was first 
discovered in 2001 and 6 
sources have been studied 
to date. 


•Expected rate of 
detecting new sources 

~ 1/year.  

Figure from Rudy Wijnands (2013)

All known Quasi-persistent sources show cooling after accretion 



Connecting to Crust Microphysics
Crust ThicknessCrustal Specific Heat

Thermal Conductivity 

⌧th(⇢, T ) =
CV



⌧C = hCV


i �R2

The shape of the light curve is a probe of the 
local thermal time. In principle a collection of  
light curve can map the thermal and transport 
properties at each depth.   
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Low Energy Theory of Phonons 

Neutron superfluid: Goldstone excitation is the phase 
of the condensate. 

Proton (clusters) move collectively on lattice sites. 
Displacement is a good coordinate. 
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�i(x, y, z)

Neutron superfluid: Goldstone excitation is the phase 
of the condensate. 

Proton (clusters) move collectively on lattice sites. 
Displacement is a good coordinate. 

neutrons

protons

neutrons

protons

“coarse-grain”

Collective 
coordinates: 

Vector Field: 
Scalar Field:

�i(r, t)
�(r, t)
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A Low Energy Effective for the Inner Crust 

1 Introduction

The low energy dynamics of strongly interacting solids and superfluids can be systematically studied
through an effective theory formulation in terms of weakly interacting phonons - the collective degrees
of freedom in these systems. In the familiar case of solids, one longitudinal phonon and two transverse
phonons arise as Goldstone modes due to the breaking of translation symmetry. In the case of a
superfluid, one mode called the superfluid phonon arises due to the breaking of the global U(1) symmetry
associated with phase rotations of a field operator 1. In special cases the ground state of the system
can spontaneously break both these symmetries. A particularly simple but non-trivial realization is a
solid immersed in a superfluid with strong interactions between the particles that form the solid and the
superfluid respectively. It is likely that a substantial region in the crust of a neutron star is occupied by
such a phase [1] and its presence may affect neutron star phenomenology. From general considerations
we can argue that the inner crust of neutron stars features a lattice of neutron rich nuclei in a bath
of unbound superfluid neutrons. The lattice sites can be viewed as clusters of protons, with a fraction
of neutrons “entrained” on the clusters [2, 3]. Other intrinsically more complex phases where a single
component exhibits both superfluid and solid characteristics have also been proposed. They include the
supersolid phase of 4He [4] and the Larkin Ovchinnikov Fulde Ferrell (LOFF) phases [5, 6] in polarized
fermion superfluids. Although these systems can in principle be realized terrestrially, they have proven
to be challenging to explore in experiments [7]. Nonetheless in all these cases the low energy dynamics
is described by an effective theory of four Goldstone modes [8]. The associated fields for the lattice
phonons are ξa=1..3(r, t) and are related to space-time dependent deformations of the lattice. Similarly,
the field associated with the superfluid mode φ(r, t) is related to the space-time dependent phase of the
condensate. Because of interactions, such as those between the neutrons and the protons in the neutron
star crust, one can not in general treat the two sectors separately and a unified treatment is required.
It is the aim of this paper to provide such a framework.

The low energy theory is described in terms of the fields φ and ξa. The symmetries associated
with translation and number conservation require that the low energy theory be invariant under the
transformation ξa=1..3(r, t) → ξa=1..3(r, t) + aa=1..3 and φ(r, t) → φ(r, t) + θ where aa=1..3 and θ are
constant shifts. This naturally implies that the low energy lagrangian can contain only spatial and
temporal gradients of these fields. Further, by requiring cubic symmetry for the crystalline state, the
quadratic part of the effective lagrangian is given by,
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where higher order terms involve higher powers of the gradients of these fields, and ξab = (∂aξb+∂bξa)−
2
3∂cξ

cδab. In the uncoupled case, the low energy coefficients (LECs) appearing above, such as ρ, µ,K
are related to the mass density, the shear modulus, and the compressibility of the solid respectively.
They determine the velocities of the phonons in the solid phase. Similarly, the velocity of the phonon
in the pure superfluid case is given by vφ. In the presence of strong coupling between the solid and
superfluid these coefficients are modified. For example, the coefficient ρ in Eq. 1 differs from the usual
mass density of the pure lattice component due interactions that entrain the superfluid, and the mixing
coefficient gmix couples superfluid and lattice dynamics. As we will show Galilean invariance relates
gmix to the modifications of ρ and vφ due to entrainment [9]. An analysis of these modifications in
the context of the neutron star crust due to the underlying interaction between neutrons and protons
was the original motivation for this study. In this case, the mixing coefficient gmix is relevant for heat
transport properties in the inner crust [10], and the eigenmodes of the coupled superfluid-solid system
could play a role in explaining the observed quasi-periodic oscillations in magnetars flares [11].

We will present a general proof that the functional form of the lowest-order Lagrangian is completely
specified by the thermodynamic pressure in the presence of constant external fields that couple to the

1The U(1) symmetry is related to particle number conservation and we will refer to this as a phase symmetry. Its
breaking simply refers to the choice of a ground state: total number is conserved and the continuity equation remains
valid.
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Only derivative terms are allowed. Lagrangian density for the phonon 
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scalar. Di↵erent symmetric traceless tensors break the ro-
tation group in di↵erent ways so there are several possible
3
P2 phases. Around the critical temperature one can rely on
BCS and strong coupling estimates of the parameters of the
Ginsburg-Landau free energy to conclude that the ground
state is of the form �0

ij

⇠ diag(1, 1,�2) (or, of course, any
rotation of this matrix)[3, 4]. The structure of the gap equa-
tions are such that, at least within the BCS framework, the
relative order of the di↵erent states is not changes as temper-
ature, density or microscopic interactions change [5] so it is
reasonable to assume that the ground state of neutron mat-
ter is in a phase characterized by the �0

ij

⇠ diag(1, 1,�2)
form of the condensate. This will be an assumption underly-
ing our analysis although many of our qualitative conclusions
are independent of it.

The presence of the condensate�0
ij

⇠ diag(1, 1,�2) breaks
spontaneously the symmetry of the system under rotations,
except for those around the z-axis. Thus, as first realized in
[1] we expect the presence of two gapless excitations above
the ground state, named “angulons”, corresponding to rota-
tions of the condensate around the x and y axis. Angulons
were then studied in more detail in [6] where, with mild as-
sumptions, their properties were quantitatively estimated.

These properties are succinctly encapsulated is the la-
grangian given by
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g

n

⇡ �1.91 is the neutron magnetic moment in units of the
nuclear Bohr magneton, B is the magnetic field, k

Fn

the neu-
tron Fermi momentum, M the nucleon mass, v

F

= k

Fn

/M is
the neutron fermi velocity, and e =

p
↵

em

/4⇡2 the electron
charge. The values in eq. (3) receive Fermi liquid corrections
not yet computed. The fields �1,2 are linear combinations of
the fields describing rotations of the condensate around the
x and y axis which mix among themselves; in terms of the
original fields the lagrangian is analytic at small momenta.

We now discuss the two remaining massless modes, these
now being associated with density fluctuations. The first
mode is one that would exist in a pure 3P2 ( and also a 1S0)

n

n

(fm�3) 0.08 0.16 0.20 0.24 0.32

x

p

0.024 0.043 0.050 0.057 0.070

v

2
p

0.029 0.049 0.060 0.072 0.104

v

2
n

0.015 0.070 0.128 0.210 0.430

v

2
np -0.034 -0.016 0.024 0.086 0.268

v1 0.12 0.21 0.23 0.25 0.28

v2 0.17 0.26 0.36 0.46 0.71

TABLE I. Ambient conditions, low energy constants and eigen-
mode velocities v1 and v2 in units of the velocity of light for the
equation of state from [11]

neutron superfluid and it corresponds to the fluctuations of
� - the overall isotropic phase of the condensate. The other
mode is related to density fluctuations of proton condensate
+ the electron gas and is denoted by the scalar field ⇠. The
general low energy e↵ective field theory of these scalar modes
is well studied [7–9] and the low energy Largrangian density
is given by
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where we have also included the coupling to the electron
field  

e

. The coe�cients of the leading order terms in the
derivative expansion are related to simple thermodynamic
derivates and can be obtained from the equation of state.
They are given by
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, n

p

) is the en-
ergy density of the neutron-proton system. The e↵ective
coupling between phonons in the ep system and electron-
hole states is calculated as in the jellium model and is given
by fep =

p
m

p

kFp/⇡
2 [10]. Enp arises solely due to nucleon-

nucleon interactions and its value depends on the density, the
equilibrium proton fraction and the equation of state model
chosen. The low energy constants calculated using a rep-
resentative microscopic equation of state from [11] and the
eigenmode velocities in units of the speed of light are shown
in Table I.

The propagation of angulons and superfluid phonons can
be damped by several processes. In the the following we es-
timate the mean free paths of phonons and angulons at low
temperature k

B

T ⌧ � to find that dominant decay mecha-
nism is due to the excitation of electron-hole states. First,
we analyze the mean free paths of the two longitudinal super-

Low energy coefficients are related to static properties and are obtained 
as derivatives of the equation of state. 
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Figure 8. Feynman diagram for the Umklapp process. The double dashed line represents
recoil-free momentum transfer ⌃Q=⌃k�⌃q to the lattice, and |⌃q|< qD lies in the first Brillouin
zone.

Ṽ (k) = FZ(k)/(k2 +k2
TFe) characterizes the screened electron-ion interaction in momentum

space where k2
TFe = 4e2k2

Fe/⇧ and FZ(k) is the charge form factor of the nucleus.
Pauli blocking restricts ⌥ ⇤ T ⇥ µe, and when S(⌥,k) contains most of its strength in

the region ⌥� 3T the conductivity can be expressed in terms of the static structure function
S(k) =

�
d⌥ S(k,⌥). However, S(⌥,k) has strength at⌥⇤⌥p and ⌅e cannot be calculated in

terms of S(k) when T < Tp. Here, the frequency dependence of the dynamic structure factor
is needed but this is generally difficult to calculate in strongly coupled quantum systems.
Fortunately, when T < TD phonons are the only relevant degrees of freedom and electron
scattering is dominated by the emission or absorption of phonons [29]. In this case, S(⌥,k)
is simpler and is characterized by discrete peaks at ⌥= vk associated with the excitation of
phonons with velocity v.

In the low-energy theory, the interaction between electron and phonons is described by
the Lagrangian density

Le�ph =
1

feph
 †

e e⌦i�i where feph =

⇧⌃ k2
D

4⇧Ze2 nI
(23)

is related to electron-phonon coupling constant [30],  e is the electron field and �i is the
ion displacement (phonon) field discussed in §3.. This form of the interaction applies to
normal processes, where the momentum transfer k < qD and displacements correspond to
excitation of longitudinal phonons. However, since kFe/qD = (Z/2)1/3 > 1 large angle
electron scattering with k > qD is possible. This Umklapp process is depicted in Fig. 8
where the electron simultaneously Bragg scatter off the lattice and excite a phonon. Elastic
Bragg scattering (without phonon emission) however does not contrbute because electrons
are eigenstates of the lattice potential. Further, unlike normal processes where only longi-
tudinal modes are involved, Umklapp scattering is dominated by the emission or absorption
of transverse phonons [28, 31].

The dynamic structure factor for single-phonon emission and absorption including
Umklapp shown in Fig. 8 is given by

S(⌥,k) = nI

MI
↵

i
↵
Q

(⌃k.⇤̂i)2

2 ⌥

�
⇥(⌥� vi q)

1� exp(��⌥) +
⇥(⌥+ vi q)

exp(��⌥)�1

⇥
⇥3(⌃k� ⌃Q�⌃q) , (24)

where the first and second terms in parenthesis represent phonon emission and absorption,
respectively [28] . The phonon momentum is restricted to the first Brillouin zone q < qD,

kFe
qD

=

✓
Z

2

◆1/3

> 1

Flowers & Itoh (1976)

Cirigliano, Reddy & Sharma (2011) 

Electron Bragg scatters and emits a transverse phonon.  

� =
1

3
Cv ⇥ v ⇥ ⇥
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of normal neutrons above the drip point, while models A1 and B1 predict a thick layer of
normal neutrons at the highest densities. Modifications to this simple picture of pairing in
uniform neutron matter due to the presence of the nuclei are discussed in this book in the
chapter by N. Sandulescu & J. Margueron [19]. Further, we briefly note that like in the
case of electrons, coherent Bragg scattering of neutrons by the lattice lead to band structure
effects that modify the shape of the Fermi surface, still Eq. 9 is an excellent approximation
to Cv in normal phase for reasons described in [20].

Elsewhere in the crust where T ⇥ Tc the relevant neutron contribution is from superfluid
phonons, i.e., collective instead of single particle excitations, and is given by

Csph
v =

2⇥2

15
T 3

v3
�

(11)

where

v� =

⇤
n f

mn f 2
�

�
with f 2

� =
⇤n f

⇤µn
, see §3.5.

⇥
(12)

is the superfluid phonon velocity, n f , µn and mn are the number density, chemical potential
and mass of the free neutrons, respectively. For weakly coupled systems v� = vF/

⇧
3 where

vF is the Fermi velocity. In most of the inner crust v� ⇤ vt (see Fig. 6) and hence their
contribution to the heat capacity is negligible except perhaps in a sliver where v� ⌅ vt and
T � Tc.
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Figure 5. Specific heat of ions, electrons, and for neutrons with (labelled nSF) and without
the effects of the superfluid gap (labelled nN) are shown for four representative tempera-
tures.

The specific heat due to these components is shown in Fig. 5. The ion contribution for
T � 0.1Tp varies as T 3 and is to very good approximation given by Clph

V , while electron
contribution is linear in T and dominates at low temperature. As mentioned earlier, the
neutron contribution is sensitive to the variation of the 1S0 gap. To illustrate this we show
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we discuss below the phonon contribution can become important in accreting neutron stars
where T ⌥ 108 �109 K. For T � TD the contribution from lattice phonons (lph) is given by

Clph
v =

2⇤2

15

�
T 3

v3
l
+

2 T 3

v3
t

⇥
, (4)

and vl and vt are velocities of the longitudinal, and transverse lattice phonons, respectively.
In a model where the strong interaction between the neutron superfluid and the ion lattice is
ignored it is simple to calculate these velocities. The speed of longitudinal lattice vibrations
is approximated as vl =

⇤
Kion�e/⌅ where Kion�e = ⌅(⌃(Pion+Pe)/⌃⌅) is the bulk-modulus

of the electron-ion system and the ion mass density ⌅ = Amn nI where A is the number of
bound nucleons in the ion. Since Pe ⌃ Pion, we can write

vl =

⇧
⌃Pe

⌃⌅
=

⇧p

kTFe
, (5)

which is usually referred to as the Bohm-Staver sound speed. The velocity of the transverse
lattice mode is related to µ, the shear modulus of the lattice, and is given by

vt =

⌅
µ
⌅
= ⇥

⇧p

qD
, (6)

where qD = (6⇤2nI)1/3 is the ion Debye momentum, and the constant ⇥ ⌥ 0.4 is obtained
by numerical calculations of Coulomb crystals [17]. Further, since

qD

kTFe
=

⌅
⇤

4e2

�
2
Z

⇥1/3

⌃ 1 (7)

we have vl ⌃ vt and the contribution from longitudinal modes to Cv in Eq. 4 in negligible.
Thus the lattice contribution can be written in the familiar form

Clph
v = ni

12⇤4

5

�
T
TD

⇥3

, (8)

where TD = (3/2)1/3vt qD ⌥ 0.45Tp is the Debye temperature of the ion lattice. This low
temperature form of the specific heat provides an excellent approximation in Coulomb
solids up to T ⇥ Tp/50 but fails when T ⇤ Tp/10 [18].

To calculate the neutron contribution to Cv we first note that there are two distinct
regimes. In the normal phase when T ⇤ Tc the neutron contribution is large and is given by

Cneutron
v =

1
3

mn kFn T (T > Tc) (9)

This normal contribution can become important in the vicinity of neutron drip where T > Tc,
and at the crust-core boundary. In the superfluid phase when T ⇧ Tc the neutron single
particle excitations are strongly suppressed and

Cneutron
v ⌅ 1

3
mn kFn T exp

�
��n

T

⇥
(T ⇧ Tc) . (10)

which is usually negligible. The four models for the gap in Fig. 4 allow us to explore the
effect of pairing on the neutron specific heat. In models A1 and A2 we have a thick shell

i
i

“PageReddy” — 2012/1/26 — 10:24 — page 7 — #7 i
i

i
i

i
i

7

T
  

(1
0

  
 K

)
c

9

ρLog    (g/cm  )3

B1 B2

A1 A2

10

15

13 1412

0.1 0.5 1.0

5

0

GMB

Fn

BCS

k    (fm   )−1

Figure 4. A sample of theoretical prediction for the neutron 1S0 superfluidity critical tem-
perature Tc.

In Fig. 4 model predictions for the critical temperature Tc = �n/1.76 are shown where
curves labelled "BCS" and "GMB" show the analytical results in the weak coupling valid
in the limit |akF |⇥ 1. In the Bardeen Cooper and Schrieffer (BCS) approximation �BCS =
(8/e2)exp(⇤/2a kF)EF , with a scattering length a=�18.5, fm. Corrections due to medium
polarization which appear at the same order reduce the gap to �GMB = 1/(4e)1/3�BCS from
[11]. Curves labelled "A1" and "A2" are examples of slowly growing Tc at low kF , from [12]
and [13], respectively. Curves "B1" and "B2" mimic behavior predicted by strong coupling
QMC calculations from [14] and [15] where the gap increases rapidly with density. In
models labelled "A1" and "B1" where gaps vanish at ⌅ ⇤ 1014 g/cm3. For more details on
the density and model dependence of the gap we refer the reader to the chapter by Gezerlis
and Carlson[16] in this book.

In the region where T < Tc collective excitations of the neutron fluid called superfluid
phonons, with a dispersion relation ⇧ = v⇥ q, are the relevant low energy degrees of free-
dom. This mode corresponds to fluctuations of the phase of the superfluid condensate (and
can be related to density fluctuations) and is the Goldstone mode associated with the spon-
taneous breaking of the global U(1) symmetry in superfluid ground state (the Hamiltonian
is invariant under arbitrary phase rotations of the fermion fields, but in the superfluid ground
state is preserved only by discrete rotations of ⇤/2).

3.4. Specific heat

The electron contribution the specific heat (hereafter Cv will represent the specific heat per
unit volume) is given by

Ce
v =

1
3

µ2
e T , (3)

at low temperature. Band structure affects only negligible as only small regions of the
Fermi surface are affected. At low-temperature when T ⇥ Tp electrons dominate, but as
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of normal neutrons above the drip point, while models A1 and B1 predict a thick layer of
normal neutrons at the highest densities. Modifications to this simple picture of pairing in
uniform neutron matter due to the presence of the nuclei are discussed in this book in the
chapter by N. Sandulescu & J. Margueron [19]. Further, we briefly note that like in the
case of electrons, coherent Bragg scattering of neutrons by the lattice lead to band structure
effects that modify the shape of the Fermi surface, still Eq. 9 is an excellent approximation
to Cv in normal phase for reasons described in [20].

Elsewhere in the crust where T ⇥ Tc the relevant neutron contribution is from superfluid
phonons, i.e., collective instead of single particle excitations, and is given by

Csph
v =

2⇥2

15
T 3

v3
�

(11)

where

v� =

⇤
n f

mn f 2
�

�
with f 2

� =
⇤n f

⇤µn
, see §3.5.

⇥
(12)

is the superfluid phonon velocity, n f , µn and mn are the number density, chemical potential
and mass of the free neutrons, respectively. For weakly coupled systems v� = vF/

⇧
3 where

vF is the Fermi velocity. In most of the inner crust v� ⇤ vt (see Fig. 6) and hence their
contribution to the heat capacity is negligible except perhaps in a sliver where v� ⌅ vt and
T � Tc.
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Figure 5. Specific heat of ions, electrons, and for neutrons with (labelled nSF) and without
the effects of the superfluid gap (labelled nN) are shown for four representative tempera-
tures.

The specific heat due to these components is shown in Fig. 5. The ion contribution for
T � 0.1Tp varies as T 3 and is to very good approximation given by Clph

V , while electron
contribution is linear in T and dominates at low temperature. As mentioned earlier, the
neutron contribution is sensitive to the variation of the 1S0 gap. To illustrate this we show
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we discuss below the phonon contribution can become important in accreting neutron stars
where T ⌥ 108 �109 K. For T � TD the contribution from lattice phonons (lph) is given by

Clph
v =

2⇤2

15

�
T 3

v3
l
+

2 T 3

v3
t

⇥
, (4)

and vl and vt are velocities of the longitudinal, and transverse lattice phonons, respectively.
In a model where the strong interaction between the neutron superfluid and the ion lattice is
ignored it is simple to calculate these velocities. The speed of longitudinal lattice vibrations
is approximated as vl =

⇤
Kion�e/⌅ where Kion�e = ⌅(⌃(Pion+Pe)/⌃⌅) is the bulk-modulus

of the electron-ion system and the ion mass density ⌅ = Amn nI where A is the number of
bound nucleons in the ion. Since Pe ⌃ Pion, we can write

vl =

⇧
⌃Pe

⌃⌅
=

⇧p

kTFe
, (5)

which is usually referred to as the Bohm-Staver sound speed. The velocity of the transverse
lattice mode is related to µ, the shear modulus of the lattice, and is given by

vt =

⌅
µ
⌅
= ⇥

⇧p

qD
, (6)

where qD = (6⇤2nI)1/3 is the ion Debye momentum, and the constant ⇥ ⌥ 0.4 is obtained
by numerical calculations of Coulomb crystals [17]. Further, since

qD

kTFe
=

⌅
⇤

4e2

�
2
Z

⇥1/3

⌃ 1 (7)

we have vl ⌃ vt and the contribution from longitudinal modes to Cv in Eq. 4 in negligible.
Thus the lattice contribution can be written in the familiar form

Clph
v = ni

12⇤4

5

�
T
TD

⇥3

, (8)

where TD = (3/2)1/3vt qD ⌥ 0.45Tp is the Debye temperature of the ion lattice. This low
temperature form of the specific heat provides an excellent approximation in Coulomb
solids up to T ⇥ Tp/50 but fails when T ⇤ Tp/10 [18].

To calculate the neutron contribution to Cv we first note that there are two distinct
regimes. In the normal phase when T ⇤ Tc the neutron contribution is large and is given by

Cneutron
v =

1
3

mn kFn T (T > Tc) (9)

This normal contribution can become important in the vicinity of neutron drip where T > Tc,
and at the crust-core boundary. In the superfluid phase when T ⇧ Tc the neutron single
particle excitations are strongly suppressed and

Cneutron
v ⌅ 1

3
mn kFn T exp

�
��n

T

⇥
(T ⇧ Tc) . (10)

which is usually negligible. The four models for the gap in Fig. 4 allow us to explore the
effect of pairing on the neutron specific heat. In models A1 and A2 we have a thick shell
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we discuss below the phonon contribution can become important in accreting neutron stars
where T ⌥ 108 �109 K. For T � TD the contribution from lattice phonons (lph) is given by

Clph
v =

2⇤2

15

�
T 3

v3
l
+

2 T 3

v3
t

⇥
, (4)

and vl and vt are velocities of the longitudinal, and transverse lattice phonons, respectively.
In a model where the strong interaction between the neutron superfluid and the ion lattice is
ignored it is simple to calculate these velocities. The speed of longitudinal lattice vibrations
is approximated as vl =

⇤
Kion�e/⌅ where Kion�e = ⌅(⌃(Pion+Pe)/⌃⌅) is the bulk-modulus

of the electron-ion system and the ion mass density ⌅ = Amn nI where A is the number of
bound nucleons in the ion. Since Pe ⌃ Pion, we can write

vl =

⇧
⌃Pe

⌃⌅
=

⇧p

kTFe
, (5)

which is usually referred to as the Bohm-Staver sound speed. The velocity of the transverse
lattice mode is related to µ, the shear modulus of the lattice, and is given by

vt =

⌅
µ
⌅
= ⇥

⇧p

qD
, (6)

where qD = (6⇤2nI)1/3 is the ion Debye momentum, and the constant ⇥ ⌥ 0.4 is obtained
by numerical calculations of Coulomb crystals [17]. Further, since

qD

kTFe
=

⌅
⇤

4e2

�
2
Z

⇥1/3

⌃ 1 (7)

we have vl ⌃ vt and the contribution from longitudinal modes to Cv in Eq. 4 in negligible.
Thus the lattice contribution can be written in the familiar form

Clph
v = ni

12⇤4

5

�
T
TD

⇥3

, (8)

where TD = (3/2)1/3vt qD ⌥ 0.45Tp is the Debye temperature of the ion lattice. This low
temperature form of the specific heat provides an excellent approximation in Coulomb
solids up to T ⇥ Tp/50 but fails when T ⇤ Tp/10 [18].

To calculate the neutron contribution to Cv we first note that there are two distinct
regimes. In the normal phase when T ⇤ Tc the neutron contribution is large and is given by

Cneutron
v =

1
3

mn kFn T (T > Tc) (9)

This normal contribution can become important in the vicinity of neutron drip where T > Tc,
and at the crust-core boundary. In the superfluid phase when T ⇧ Tc the neutron single
particle excitations are strongly suppressed and

Cneutron
v ⌅ 1

3
mn kFn T exp

�
��n

T

⇥
(T ⇧ Tc) . (10)

which is usually negligible. The four models for the gap in Fig. 4 allow us to explore the
effect of pairing on the neutron specific heat. In models A1 and A2 we have a thick shell
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we discuss below the phonon contribution can become important in accreting neutron stars
where T ⌥ 108 �109 K. For T � TD the contribution from lattice phonons (lph) is given by

Clph
v =

2⇤2

15

�
T 3

v3
l
+

2 T 3

v3
t

⇥
, (4)

and vl and vt are velocities of the longitudinal, and transverse lattice phonons, respectively.
In a model where the strong interaction between the neutron superfluid and the ion lattice is
ignored it is simple to calculate these velocities. The speed of longitudinal lattice vibrations
is approximated as vl =

⇤
Kion�e/⌅ where Kion�e = ⌅(⌃(Pion+Pe)/⌃⌅) is the bulk-modulus

of the electron-ion system and the ion mass density ⌅ = Amn nI where A is the number of
bound nucleons in the ion. Since Pe ⌃ Pion, we can write

vl =

⇧
⌃Pe

⌃⌅
=

⇧p

kTFe
, (5)

which is usually referred to as the Bohm-Staver sound speed. The velocity of the transverse
lattice mode is related to µ, the shear modulus of the lattice, and is given by

vt =

⌅
µ
⌅
= ⇥

⇧p

qD
, (6)

where qD = (6⇤2nI)1/3 is the ion Debye momentum, and the constant ⇥ ⌥ 0.4 is obtained
by numerical calculations of Coulomb crystals [17]. Further, since

qD

kTFe
=

⌅
⇤

4e2

�
2
Z

⇥1/3

⌃ 1 (7)

we have vl ⌃ vt and the contribution from longitudinal modes to Cv in Eq. 4 in negligible.
Thus the lattice contribution can be written in the familiar form

Clph
v = ni

12⇤4

5

�
T
TD

⇥3

, (8)

where TD = (3/2)1/3vt qD ⌥ 0.45Tp is the Debye temperature of the ion lattice. This low
temperature form of the specific heat provides an excellent approximation in Coulomb
solids up to T ⇥ Tp/50 but fails when T ⇤ Tp/10 [18].

To calculate the neutron contribution to Cv we first note that there are two distinct
regimes. In the normal phase when T ⇤ Tc the neutron contribution is large and is given by

Cneutron
v =

1
3

mn kFn T (T > Tc) (9)

This normal contribution can become important in the vicinity of neutron drip where T > Tc,
and at the crust-core boundary. In the superfluid phase when T ⇧ Tc the neutron single
particle excitations are strongly suppressed and

Cneutron
v ⌅ 1

3
mn kFn T exp

�
��n

T

⇥
(T ⇧ Tc) . (10)

which is usually negligible. The four models for the gap in Fig. 4 allow us to explore the
effect of pairing on the neutron specific heat. In models A1 and A2 we have a thick shell
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of normal neutrons above the drip point, while models A1 and B1 predict a thick layer of
normal neutrons at the highest densities. Modifications to this simple picture of pairing in
uniform neutron matter due to the presence of the nuclei are discussed in this book in the
chapter by N. Sandulescu & J. Margueron [19]. Further, we briefly note that like in the
case of electrons, coherent Bragg scattering of neutrons by the lattice lead to band structure
effects that modify the shape of the Fermi surface, still Eq. 9 is an excellent approximation
to Cv in normal phase for reasons described in [20].

Elsewhere in the crust where T ⇥ Tc the relevant neutron contribution is from superfluid
phonons, i.e., collective instead of single particle excitations, and is given by

Csph
v =

2⇥2

15
T 3

v3
�

(11)

where

v� =

⇤
n f

mn f 2
�

�
with f 2

� =
⇤n f

⇤µn
, see §3.5.

⇥
(12)

is the superfluid phonon velocity, n f , µn and mn are the number density, chemical potential
and mass of the free neutrons, respectively. For weakly coupled systems v� = vF/

⇧
3 where

vF is the Fermi velocity. In most of the inner crust v� ⇤ vt (see Fig. 6) and hence their
contribution to the heat capacity is negligible except perhaps in a sliver where v� ⌅ vt and
T � Tc.
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Figure 5. Specific heat of ions, electrons, and for neutrons with (labelled nSF) and without
the effects of the superfluid gap (labelled nN) are shown for four representative tempera-
tures.

The specific heat due to these components is shown in Fig. 5. The ion contribution for
T � 0.1Tp varies as T 3 and is to very good approximation given by Clph

V , while electron
contribution is linear in T and dominates at low temperature. As mentioned earlier, the
neutron contribution is sensitive to the variation of the 1S0 gap. To illustrate this we show
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Revealing the Inner Crust

•Late time signal is sensitive to inner crust thermal and transport  
properties. 

•Data favors relatively high thermal conductivity and low specific heat.  

•Inner crust is crystalline, not too dirty, and neutrons must be in a 
superfluid state.   

Shternin & Yakovlev (2007), Brown & Cumming (2009), Page & Reddy (2012,2014)
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FIG. 1. The “neutron star crust landscape”. Left panel: color plot of the specific heat C
V

, in erg K�1cm�3, with (blue) contour
lines labelled by log10CV

. Central panel: color plot of thermal conductivity , in erg K�1cm�1s�1, with (blue) contour lines
labelled by log10. Right panel: color plot of ⌧th = C

V

/ in time/(length)2 with (blue) contour lines at 3, 10, 30, 100, and 300
days per (100 m)2. In all three panels Qlo ⇢

imp = 20 at ⇢ below 1012 g cm�3 and Qhi ⇢
imp = 4 above 1013 g cm�3, with a smooth

transition inbetween. The neutron 1S0 gap is from [19] which has a layer of unpaired neutron only just above neutron drip: its
T
c

is shown. Also plotted on each panel is the ion melting temperature, Tm [20], the Debye temperature ⇥
D

' 0.45T
P

[21],
and 0.1TP, TP being the ion plasma temperature. In the C

V

and ⌧th panels, the two (red) dash-triple dot lines demarks the
boundaries between which C

V

is dominated by the ions.

eters: (i) the local e↵ective ion-plasma frequency !
P

=
(4⇡Z2e2 n

ion

/M⇤
ion

)1/2, where n
ion

is the total ion density
and M⇤

ion

is the ion e↵ective mass which incorporates ef-
fects due to entrainment in the inner crust [22], Ze being
the ion electric charge; (ii) the transition temperature T

c

for neutron superfluidity in the inner crust and (iii) the
impurity parameter Q

imp

=
P

i ni(Zi�hZi)2/n
ion

where
ni is the number density of the impurity species ”i” of
charge Zie, hZie being the average ion charge. Nuclear
reactions that generate heat have been also studied and
here we employ the heating rates from electron capture
and pycno-nuclear reactions from [11, 12]. Despite large
uncertainties in the pycno-nuclear reaction rates, the net
heating is rather well constrained by global energetics
[12].

Due to its high thermal conductivity the core temper-
ature remains nearly uniform and its evolution is slow
due to the high specific heat. Consequently, the thermal
time-scale is largely set by the crust. A simples estimate
gives

⌧
th

⇠ CV


(�r)2 (2)

where �r is the thickness of the evolving layer. An ex-
ample of the variation of CV ,  and the ratio CV / are
shown in the left, middle and right panels of Fig. 1, re-
spectively. We will now briefly discuss the main sources
of uncertainty for CV and  and the range of their vari-
ability that we will employ in our simulations.

The ions form a quantum Coulomb crystal at low
temperature when T < 0.1 T

P

where T
P

= h̄!
P

/kB
is the ion plasma temperature. At these low tempera-
tures, the ion component specific heat is dominated by

the transverse phonons contribution and C ion

V / T 3/v3t
where vt / !

P

/q
D

is the transverse phonon velocity and
q
D

= (6⇡2 n
ion

)1/3 the Debye momentum. The veloc-
ity of phonon modes remains somewhat uncertain be-
cause coupling between dynamics of the neutron super-
fluid and the lattice is not known precisely and results
in significant variation of C ion

V [22, 23]. We incorporate
this uncertainty by considering, at each depth in the in-
ner crust, a range of possible ion e↵ective mass M⇤

ion

,
and hence a range of !

P

, from Amn to A
cell

mn, where
A

cell

= A+A
drip

, A being the ion mass number and A
drip

the number of dripped neutron in the Wigner-Seitz cell.
When ⇥

D

<⇠ T <⇠ T
m

, T
m

being the ion melting temper-
ature, the ion specific heat C ion

V is almost T -independent
and ' 3kB while it slowly decreases in the liquid phase.
In contrast, the electron component is well approximated
by a degenerate ultra-relativistic Fermi-Dirac gas so that
the electron specific heat is simply Ce

V = Tp2
Fe

(k2B/3h̄
2c),

where p
Fe

is the electron Fermi momentum. For T ⌧ T
P

electrons dominate since Ce

V / T but with increasing
T ions take over, since C ion

V / T 3. In the inner crust,
neutrons are superfluid below a critical temperature de-
noted by Tc and their contribution to CV is suppressed
by the factor / exp (�T/Tc) for T ⌧ Tc, and somewhat
enhanced near T ' Tc [24]. Generically, in a thin layer
from the neutron drip point ⇢

drip

' 6⇥1011 g cm�3 up to
⇠ 1012 g cm�3, where T >⇠ Tc, the neutron contribution
is large and accounts for the CV barrier seen in the left
and right panels of Fig. 1.

Electrons dominate thermal conduction and their con-
tribution is given by 

e

= Ce

V c2/(3 ⌫e) where ⌫e is the
electron scattering rate. When T <⇠ T

P

the scattering



Summary & Outlook
• Three nucleon forces are key to to understanding the EOS 

for neutron stars and supernova.


• If small NS radii are confirmed, we need to a mechanism 
to stiffen the equation of state rapidly and must persist to 
high density.


• Properties of matter at densities accessible to nuclear 
many-body theory has wide ranging implications for 
astrophysics - mergers, supernovae, and nucleosynthesis.


• Thermal evolution of accreting neutron stars is providing 
new insights about thermal and transport properties of the 
crust - revealing its phase structure


• The core remains even more mysterious.  



“So what does all this have to do with short-
range correlations ? ” 

I do not know. As a first step it would be useful to ask if electron-nucleus 
scattering data can constrain the two-body potential at high momentum. 
Disentangling the probe dependent two-body current from the two-body 
nucleon-nucleon potential is model and resolution scale dependent.   

itly calculating the emissivity due to NN → NNνν̄. The
νν̄ coupling to non-relativistic baryons at low energies is
given by the Lagrange density

LW = −
GF

2
√

2
lµ N † (cvδµ,0 − caδµ,iσi)N , (2)

where lµ = ν̄γµ(1 − γ5)ν is the leptonic current, GF =
1.166×10−5 GeV−2, N is the nucleon field, and cv and ca

are the nucleon neutral-current vector and axial-vector
coupling constants. Some Feynman diagrams for the
bremsstrahlung process are shown in Fig. 1.
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FIG. 1. Feynman diagrams for the bremsstrahlung process.
The radiation is represented by the dashed line, and nucleons
by solid lines. TNN is the NN transition matrix and J(2)

µ5 is
a two-body axial current.

The incoming (outgoing) nucleon momenta are labeled
p1,p2 (p3,p4). The dashed line represents radiation—
a neutrino-anti-neutrino pair in this case—which carries
energy ω and momentum q. In general we are interested
in cases where the radiated energy is small compared
to the incoming nucleon energy. In the limit ω → 0 the
amplitudes corresponding to diagrams (a) and (b) in Fig.
1 are dominant, as they contain pieces proportional to
1/ω. On the other hand, the contributions from the re-
scattering diagram Fig. 1(c), and from meson-exchange
currents such as Fig. 1(d), remain finite in the ω → 0
limit. Thus, for the reaction nn → nnνν̄ the matrix
element can be written as

M = 2
GF

2
√

2

1

ω
lµ⟨p′|[TNN , Γµ]|p⟩ + O(ω0) , (3)

where p (p′) is the initial (final) relative momentum of
the two-nucleon system. We refer to results which retain
only this leading term, of O(ω−1), in M as “true in the
soft-neutrino approximation (SNA)”. In general the NN
T-matrix appearing in Eq. (3), TNN , will be half off-
shell 1. But, in the SNA we can take TNN to be the on-

1As used here, it should involve a sum over the allowed
partial-waves of the NN system. This, together with the
factor of two in front of the matrix element, accounts for the
exchange graphs which must be included in M.

shell NN amplitude. We can also neglect the difference
between the magnitude of the initial and final-state rela-
tive momenta. We expect these approximations to break
down when ω ∼ mπ, since mπ sets the scale for varia-
tions of TNN in the off-shell direction 2. So, in the SNA,
the NN interaction is described by the on-shell T-matrix
TNN , evaluated at a center-of-mass energy which, for
reasons of symmetry, is chosen to be (p2 +p′2)/(2M) (M
is the nucleon mass). This T-matrix can be constructed
from phase shifts deduced from NN scattering data [12].
Note that the OPE approximation used in most previous
calculations involves substituting VOPE , the one-pion-
exchange potential, for TNN in Eq. (3). Meanwhile, Γµ

is the vertex which couples the radiation to the nucleons.
For νν̄ radiation Γµ follows straight from Eq. (2). Only
its three-vector part contributes to M at O(ω−1). Equa-
tion (3) then gives us a model-independent result for M,
which is correct in the SNA.

If only two-body collisions are taken into account then
the neutrino emissivity from a neutron gas is given by
Fermi’s golden rule

Eνν̄ =

!

d3q1

(2π)32ω1

d3q2

(2π)32ω2
(2π)4δ(Ein − Efn)

ω δ3(pin − pfn)

!

"

#

i=1..4

d3pi

(2π)3

$

F
1

s

%

spin

|M|2 , (4)

where F = f1f2(1 − f3)(1 − f4), with fi = 1/(1 +
exp (Ei − µi)/T ) being the Fermi-Dirac distribution
function for the nucleons, and s = 4 the symmetry fac-
tor accounting for identical nucleons. The spin-summed
square of the matrix element can be factored into leptonic
and hadronic tensors, and then represented by

%

spin

|M|2 =
G2

F c2
a

8
Tr (lilj) Hi,j . (5)

The trace over the lepton tensor is easily evaluated. Fur-
ther, since we are interested in soft radiation, we may
safely ignore q⃗ in the momentum delta function [3]. This
allows us to directly integrate the leptonic trace over neu-
trino angles to obtain

!

dΩ1

!

dΩ2Tr (lilj) = 8 (4π)2ω1ω2 δi,j . (6)

Therefore, only the trace of the hadronic tensor Hij con-
tributes to the emissivity, and so we define a scalar func-
tion,

2At very low relative momenta the scale of breakdown is set
by the NN scattering length, since that gives the variation in
the on-shell direction. However, aNN does not really play a
role here, since typical nucleon momenta in neutron stars are
at least 100 MeV.
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