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The qUark-gluon plasma is a unique 
many-body system:

- color particles

- long range forces

- special interactions

- confinement/deconfinement



Hard probes (jets, quarkonia,etc)

- they are special

- they share common features 

- they play the role of 'test' particles

- they Can help understand  transport 
properties of the QGP 



Outline

A very nice idea

A considerable experimental effort

A difficult many-body problem !

…but some recent progress



A very nice idea



The quarkonium is a « non relativistic » system

mQ ≫ ΛQCDmb ≃ 5GeV mc ≃ 1.5GeV 

Well suited for application of effective field theory
[Brambilla, Ghiglieri, Petreczky, Vairo, Escobedo, Soto]

Heavy quarks are "heavy"

Hierarchy of scales

v2
c ⇠ 0.3 v2

b ⇠ 0.1 mv ⇠ 1/r

m ⌧ mv ⌧ mv2 v ⌧ 1



Heavy quarks free energy from lattice calculations



Screening of binding forces in a quark-gluon plasma 

Screened potential

Bound state exists for  

that is, for



Melting temperature depends on size of bound state

(from H. Satz, hep-ph/0602245)



A considerable experimental effort



Summary of early measurements (NA38,NA50)

(CERN, 2000)



What about RHIC ?



Y suppression

excited states are more ‘fragile’….


findings in line with expectations….



new results from ALICE

much improved statistics at forward rapidity and first results at 
mid-rapidity

indication of increase at midrapidity for very central collisions



A difficult many-body problem



Which problem do we need to solve ?

a large variety of theoretical approaches 

-potential models


-spectral functions


-Euclidean correlators (lattice), maximum entropy techniques


-coupled channels


-path integrals


-open quantum systems


-effective field theory, non relativistic heavy quark effective theory


-strong coupling techniques


-etc

-full dynamics, including plasma expansion


-dynamics of bound state formation (stationary states are not enough)


-dynamics of dissociation and recombination

TIME SCALES MATTER!



Our goals:

- provide unifying perspective and clarify the 
relations between different approaches

- address full dynamics, keeping consistency 
between different processes

- deepen connection between energy loss, 
momentum broadening and quarkonium 
dynamics



Note: we may not have to worry about the 
dynamics, all is "thermal"

"principle" of statistical hadronization 
PBM and JS [PLB490 (2000)196]

Heavy quarks hadronize  
statistically  

at the 'phase boundary'



Results presented are based on  
A. Beraudo, JPB, C. Ratti, NPA 806 (2008) 312 [arXiv: 0712.4394] 
A. Beraudo, JPB, P. Faccioli and G. Garberoglio [arXiv: 1005.1245] 
JPB, D. de Boni, P. Faccioli and G. Garberoglio, [arXiv:1503.03857]  
WORK IN PROGRESS ! 

Similar effort by Y. Akamatsu, A. Rothkopf and others  
('open quantum systems')

some recent progress



Dynamics

Heavy quark

linearly coupled to gauge field

The hot plasma

(Abelian approximation)
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It is convenient to rewrite the integral over A
0

as the exponential of an effective
action, the so-called Feynman-Vernon (FV) influence functional [10]
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The exponential of the FV functional is the thermal average over the A
0

fluctuations
of the exponential factor that contains the linear interaction g⇢A

0

between the heavy
particles and the gauge field. This particular structure is a consequence of the fact
that the heavy quark is linearly coupled to the total field A

0

.
The path integral representation (2.14) follows directly from the Hamiltonian,

without any further approximation. On the other hand, the action S
2

contains a non-
local term describing the coupling between light fermions and photons. Its expansion
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in powers of A
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gives rise to effective couplings to all orders in the coupling constant
g. In order to be able to compute the influence functional we need to introduce some
approximations. We do so by retaining only the terms up to quadratic order in the
coupling g in such expansion. The quadratic approximation is consistent with the
hard thermal loop (HTL) approximation that we are going to perform later on. In
this limit, the path integral over A
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Physical content of the influence functional

Heavy quark potential (complex)

collisions

friction 
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(first observed by M. Laine et al hep-ph/ 0611300)
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Non trivial noise (depends on the 
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Low frequency expansion yields 
Langevin equation 



Selected results







Fixing a few "details"
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Regularized Coulomb potential
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Diffusion constant
D = T

M�



tends to reduce its well). Therefore, a significant increase of the temperature would
bring to a great increment of the strength of the interactions between the heavy par-
ticles inside the Debye radius. This behaviour would be quite unexpected, therefore
we fix a T -independent cut-off, ⇤ = 4GeV, so that the only T -dependence of the
potential is hidden in the Debye mass. In Fig.5 and Fig.6 we show respectively the
T -dependence of the viscosity and the qq̄ potential energy.
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Figure 6: The potential energy of a qq̄ pair as a function of the q-q̄ distance x for three different
temperatures and with ⇤ = 4 GeV.

4.2. One heavy quark-antiquark pair

Simulation of heavy quarks were already performed [28],[29] using first PYTHIA
pQCD event generation and Monte-Carlo Glauber calculation to initially produce
qq̄ pairs randomly placed in the QGP, and then the standard Langevin equation for
simulating the time evolution of the pairs.
Here we use a different procedure:

1. we randomly place the qq̄ pair in the thermal medium and the qq̄ radius is
randomly taken between 0 and the Debye radius rD . The relative initial velocity
of the quark and the antiquark is taken from a Maxwell distribution centered

23

Potential (real part) - charmonium



One  quark-antiquark pair in the plasma



As a first check of the Langevin dynamics, we consider a cc̄ pair at a temperature
T = 200 MeV. At this temperature, and for the parameters that we have chosen, all cc̄
bound states eventually dissociate in the plasma. This is what the plot on the left of Fig. 4
indeed shows. After an initial transient period of time, the two consituents of the pair
follow independent Brownian motions, with the average distance squared growing linearly
with time, in agreement with the analytical result, Eq. (4.72). Moreover, the right panel
of Fig. 4 shows that the constituents indeed thermalize, the energy per quark reaching the
value (3/2)T , in agreement with the equipartition theorem.
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Figure 5: On the left: Average c-c̄ distance squared as a function of time. This follows the predicted long-
time Brownian behavior with the diffusion constant given by D · 2⇡T ⇡ 4. On the right: Average energy
(in 200 MeV units) per quark as a function of time compared with the energy at equilibrium (horizontal
line). In both graphs we used T = 200 MeV and ⇤ = 4 GeV. Statistical errors are to small to be plotted.

energy of a pair in its center of mass frame11 and select the pairs according to the values of
their initial radius r

0

, and their binding energy �E . Depending on these values, we call a
pair by the name of the closest bound state it would correspond to in a complete quantum
treatment. The specific criteria that we use to attribute a charmonium state to a given pair
are the following

•  0 : 0 < �E < 100 MeV and r
0

� 0.35 fm,

• �c : 100  �E  300 MeV and r
0

� 0.25 fm,

• J/ : �E � 550 MeV and r
0

� 0.10 fm,

• ⌥ : �E � 700 MeV.

For the bottomonium, as already mentioned, we do not attempt to discriminate between
the various bound states, and the requirement of a large binding energy automatically
selects small sizes. In the case of charmonia, the constraint on the radius discriminates
form instance a cc̄ pair with the binding energy of a  0 but the radius of a �c, and so
forth. For the J/ the minimum radius r

0

= 0.1 fm eliminates too high values of the
binding energy. Such requirements do not apply to the ⌥ , the binding energy being in this

11The binding energy is known at each time step of the simulation, since we follow both the velocities
and the positions of the particles.
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Figure 4: On the left: Average c-c̄ distance squared as a function of time. This follows the predicted long-
time Brownian behavior with the diffusion constant given by D · 2⇡T ⇡ 4. On the right: Average energy
(in 200 MeV units) per quark as a function of time compared with the energy at equilibrium (horizontal
line). In both graphs we used T = 200 MeV and ⇤ = 4 GeV. Statistical errors are to small to be plotted.

However, the very long time, where the heavy quarks eventually thermalize with the
surrounding plasma, is not our main concern here. We want to understand the dynamics
over shorter time scales, in particular because the plasma produced in a nucleus-nucleus
collisions has a finite lifetime. To be specific, we shall take this lifetime to be ⌧

qgp

⇠ 10 fm/c,
and accordingly our main focus will be to understand the dynamics of the heavy quarks
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If T high enough, heavy quarks thermalize
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Figure 8: Average quarkonia (charmonia and bottomonia) radius as a function of time. The shaded
part indicates the region in which the charmonia radii are smaller than the Debye radius rD .
Statistical errors are too small to be plotted.

not have an initial J/ with �E � 550 MeV. This is due to the fact that the depth
of the q-q̄ potential decreases when the temperature goes up (see Fig.6), therefore in
the next section we will estimate the melting temperature of J/ by using a different
procedure.
In the last graph of Fig.8 we also compare the �c , J/ and ⌥ behaviours at T = 280

MeV. We see that the average b¯b pair is far more strongly correlated than the cc̄ pair,
and the ⌥ radius remains small ( h r

⌥

i  rD ) for a relatively long time (as compared
to ⌧qgp ). Infact, we will see in the next section that the melting temperature of the
⌥ ( 1S) state is T > 600 MeV, as predicted from lattice potential model studies. It is
evident from the curves representing the �c state that initially this charmonium state
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"Sequential" suppression
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Figure 9: On the left: Comparison between h rcc̄ i of �c states that become J/ (⇡ 41% ) and those
that do not decay (⇡ 59% ). On the right: Same comparison for  0 .

Charmonia lifetimes (fm/c) without feed-down

T (MeV) 160 190 220 280

J/ & ⌧qgp & ⌧qgp 4.9± 0.2 2.8± 0.2

�c 1.6± 0.1 1.6± 0.1 1.5± 0.1 1.6± 0.1

 

0 0.7± 0.1 0.5± 0.1 0.1± 0.1 0

Table 3: Average charmonia lifetime in the quark-gluon plasma. We did not take into account the
contributions to �c and  0 lifetimes from their feed-down process. We also write ⌧J/ & ⌧qgp when
the J/ survives for a time interval longer than the duration of the QGP.
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Table 3: Average charmonia lifetime in the quark-gluon plasma. We did not take into account the
contributions to �c and  0 lifetimes from their feed-down process. We also write ⌧J/ & ⌧qgp when
the J/ survives for a time interval longer than the duration of the QGP.
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Effective feed down from excited states!



Many pairs in the plasma
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Figure 10: Average total energy of a system of 10 charm and anticharm in thermal equilibrium as
a function of temperature. Simulations were performed in a periodic cubic box of side 4 fm and
statistical errors are again too small to be plotted.

quark as a function of their distance.
The nearest antiquark distribution of an ideal gas of N quarks and antiquarks is

P ideal
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gas distribution for N = 10 is at r
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= (
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29

)

1/3a ⇡ 1.15 fm.
We notice that this peak appears also in the distribution Pqq̄ of our interacting sys-
tem in Fig.11. Nevertheless, at low tempeartures, there is also a relevant peak at
shorter distance, pointing out the presence of highly correlated states. As expected
from Fig.10, the last peak disappears at T > 280 MeV.
From Fig.11 we can also infer that a correlated cc̄ pair has a maximum radius of

approximately 0.3 fm, which is indeed similar to the values of the Debye screening
length in this range of temperature.

So far we have discussed the correlations between particles for different values of
temperature, but what happens when the pair dissociates? Does regeneration of
charmonium occur, as suggested from LHC and RHIC data? If regeneration takes
place, do particles recombine more easily at low or high temperature?
To address these questions we evaluate the recombination times for the pairs as a
function of the temperature, that is the average time needed for a quark (antiquark)
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Charmonia lifetimes (fm/c) without feed-down

T (MeV) 160 190 220 280

J/ & ⌧qgp & ⌧qgp 4.9± 0.2 2.8± 0.2

�c 1.6± 0.1 1.6± 0.1 1.5± 0.1 1.6± 0.1

 

0 0.7± 0.1 0.5± 0.1 0.1± 0.1 0

Table 2: Average charmonia lifetime in the quark-gluon plasma. We did not take into account the
contributions to �c and  0 lifetimes from their feed-down process. We also write ⌧J/ & ⌧qgp when
the J/ survives for a time interval longer than the duration of the QGP.

4.3. Many heavy quark-antiquark pairs

Now we consider a system of N > 1 heavy quarks and antiquarks and study the
following quantities:

• the average energy of the system as a function of the temperature;

• the probability distribution Pqq̄ of the nearest antiquark from a given quark as
a function of the quark-antiquark distance;

• the recombination times of the qq̄ pairs as a function of the temperature and
of the number of pairs;

• the probability distribution of the recombination times for some values of the
temperature;

• the fraction of surviving pairs as a function of time for some values of temper-
ature and number of initial pairs.

We saw that for the N = 1 case the heavy quark and antiquark pair is more
correlated at low temperatures and, as temperature increases, we obtain a sequential
charmonia suppression. Accordingly, Fig.10 shows that the average energy in thermal
equilibrium of a system of many charm and anticharm ( 10 in this case) tends to the
one of the ideal monoatomic gas

E
gas

=

3

2

(2N)KBT , (4.87)
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10 pairs in plasma
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Figure 11: The figure shows the nearest antiquark distribution as a function of the quark-antiquark
distance. This probability is computed in the following way: one looks at some intermediate
time (once thermal equilibrium is reached), then from each quark one computes the distance from
each antiquark and select the nearest one. The distance from such an antiquark will be binned.
Simulations were performed for a system of 10 cc̄ pairs in a cubic box of side 4 fm, with periodic
boundary conditions.

to form a pair, once the quark (antiquark) moves away from the previous antiquark
(quark) partner. In this calculation we did not take into account the contribution
coming from the “non-interacting” events, that is a quark passing close to an anti-
quark without forming an actual pair. In order to do that, we performed simulations
of a non-interacting system with a constant (space-independent) viscosity (the one-
particle viscosity) and calculated the normalized distribution P

free

(t) of the time
intervals t in which a charm and an anticharm stay inside a sphere of radius 0.3 fm.
Then, for each temperature, the minimum lifetime of a real pair in the interacting
system has been chosen to be the time ⌧ for which the sum from ⌧ to infinity of the
probability distribution of the “pair” lifetimes in the non-interacting system is less
than 1% :

X

t�⌧

P
free

(t) < 1% . (4.88)

This way only real pairs, that is pairs formed because of the interactions, contribute
to the recombination times. Moreover, since the small lifetimes typical of �c and
 

0 are automatically discarded by this procedure, we implicitly consider only J/ 
regeneration. Nevertheless, here we are not interested in discriminating different
bound states, we want to focus just on the mechanism of charmonium regeneration.
As one can see on the left of Fig.12, the outcome for a system of 10 charm and
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approximately when T > 280 MeV, being hEcc̄i � E
gas

. 200 MeV (typical binding
energy of �c ) at T = 280 MeV. This points out that the interactions betweeen charm-
anticharm particles become negligible in the region T > 280 MeV, and therefore
practically no cc̄ pairs are present on average in thermal equilibrium. On the other
hand, the interactions between the particles become important at lower temperatures
and, as a consequence, the average energy of the system is lower than the ideal gas
one at the same temperature.
This result can be interpreted in the following way: the forces between the particles
are screened over the Debye screening length, therefore the interactions between
particles come into play only when particles are close to each other ( rqq̄ < rD ), and
one expects particles to be closer at low temperatures, for which the thermal energy
could be not enough to dissociate a cc̄ pair. This interpretation is also confirmed by

Figure 8: Average total energy of a system of 10 charm and anticharm in thermal equilibrium as
a function of temperature. Simulations were performed in a periodic cubic box of side 4 fm and
statistical errors are again too small to be plotted.

the analysis of the probability distribution Pqq̄ of the nearest antiquark from a given
quark as a function of their distance.
The nearest antiquark distribution of an ideal gas of N quarks and antiquarks is
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Probability distribution of distance to nearest neighbor



anticharm is that the recombination time increases almost linearly with the temper-
ature, starting from a value of t

rec

= (62.9 ± 2.5) fm at T = 160 MeV and reaching
a value of t

rec

= (185.5± 6.8) fm at T = 280 MeV.
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Figure 12: On the left: Average recombination time as a function of temperature. On the right:
Probability of recombination times for three values of temperatures. The quark-antiquark distance
has been chosen to be less or equal to 0.3 fm for the quark-antiquark configuration to be considered
a pair. Both simulations were performed with a system of 10 cc̄ pairs in a cubic box of side 4 fm,
with periodic boundary conditions.

Therefore, one deduces that a greater number of “collisions” between quarks and
antiquarks is needed at high temperatures than at low temperatures before forming
a pair.
Another important result comes out from the graph on the right of Fig.12. We no-
tice that, for the relevant time scale of the quark-gluon plasma ( ⌧

qgp

⇠ 10 fm/c),
recombinations occur with the same frequency at each time, i.e. there is not any
characteristic time scale for recombinations.
Because of this important fact, even if the standard errors of the graph on the left
of Fig.12 are small (because of the large statistics), the standard deviations are of
the same order of the recombination times, pointing out that regenerations of pairs
appear at any time scale. In an expanding system, like the real QGP, this result
could likely change, since particles increase their mutual distances while the system
is expanding.
However, in both an expanding or a constant-volume system one expects the recom-
bination time to go up when the number of particles decreases. This is indeed the
pattern shown in Fig.13, in which we see that the average recombination time is in
good approximation inversely proportional to the number of charm and anticharm.
In order to quantify the recombination and suppression effects occuring in the sys-
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Recombination time
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recombinations occur with the same frequency at each time, i.e. there is not any
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the same order of the recombination times, pointing out that regenerations of pairs
appear at any time scale. In an expanding system, like the real QGP, this result
could likely change, since particles increase their mutual distances while the system
is expanding.
However, in both an expanding or a constant-volume system one expects the recom-
bination time to go up when the number of particles decreases. This is indeed the
pattern shown in Fig.13, in which we see that the average recombination time is in
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Distribution of recombination times
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Figure 13: Average recombination time as a function of the number N of charm and anticharm
in the usual cubic box for two values of temperature. We see that trecN ⇡ ⇣

�1 , where ⇣ is the
temperature-dependent recombination rate. We want to stress again that these are average values
with relatively small standard errors (because of the large statistics). The standard deviations
from the average values are of the same order of the recombination times though, indicating that
recombinations take place both at short and long times.

tem, we studied the fraction of surviving J/ (and ⌥) particles as a function of time.
From Fig.14 one notices that, as predicted by Fig.13, recombination events are more
frequent in a system with a great number of q-q̄ particles.
This is because the fraction of surviving pairs grows with the number of particles,
being the decay and regeneration rates of the qq̄ pairs independent of the number of
particles.
We also see that, on average, there are more surviving pairs in a low temperature
system. This is due to the fact that the decay rate � decreases along with the temper-
ature, whereas the recombination rate ⇣ increases. Moreover, an equilibrium value of
the number of surviving pairs is reached more quickly in a high temperature system
with many heavy quarks and antiquarks. The fact that we reach an equilibrium
value for the number of qq̄ survivors at long times means that there is a chemical
potential associated to the number of heavy pairs.

The rate equation describing the time evolution of the number of surviving qq̄ pairs
N(t) is (see also [27])

dN(t)

dt
= ��N(t) + ⇣Nq(t)Nq̄(t) , (4.89)

where ⇣ = ⇣(T ) is the recombination rate, � = �(T ) is the decay rate (or ther-
mal width) and Nq (Nq̄ ) is the number of free heavy quarks (antiquarks) in the
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Figure 14: Fraction of surving pairs as a function of time for three different temperatures. At t = 0
all the qq̄ pairs ( 2, 10 or 50 ) are formed. Bottom right: Comparison between the fraction of surving
J/ and ⌥ for a system of 10 c-c̄ and b-b̄ respectively. Simulations were performed in a periodic
cubic box of side 4 fm.
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Figure 14: Fraction of surving pairs as a function of time for three different temperatures. At t = 0
all the qq̄ pairs ( 2, 10 or 50 ) are formed. Bottom right: Comparison between the fraction of surving
J/ and ⌥ for a system of 10 c-c̄ and b-b̄ respectively. Simulations were performed in a periodic
cubic box of side 4 fm.
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Dissociation/recombination
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Figure 15: On the left: Fit of the solution (4.92) of the rate equation for a system of 10 initial
J/ at three different temperatures. We notice that eq.(4.92) fits the curves very well with the
recombination rates ⇣ equal to the ones derived in Fig.12. On the right: High temperature behaviour
of charmonium and bottomonium.
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Evolution of population of bound states 
 is well described by a simple rate equation

rates since the pairs with too short lifetimes are eliminated by the procedure with which
we identify bound pairs.

One may understand quantitatively the behaviors identified in Fig. 10 from a simple rate
equation. Let us denote by �D(T ) the dissociation rate and by �R(T ) the recombination
rate. Both are functions of the temperature. The rate equation describing the time evolution

Figure 10: Fraction of surviving pairs as a function of time for three different temperatures. The N pairs
(N = 2, 10, 50) are prepared at t = 0 as bound states as indicate earlier in the text. The short time behavior
is dominated by dissociation. The process starts however only after some small delay t0 . 1 fm/c. This
delay is much longer the the bottomonium, as revealed by the comparison displayed in the bottom-right
panel: fraction of surviving J/ and ⌥, for a system of N = 10 c-c̄ or b-b̄ pairs. Simulations were performed
in a periodic cubic box of side 4 fm.

of the number of surviving Q ¯Q pairs N(t) is (see also [10])
dN(t)

dt
= ��DN(t) + �RNq(t)Nq̄(t) , (5.83)

where Nq = Nq̄ is the number of free heavy quarks (or antiquarks) in the plasma. Equation
(5.83) together with the initial condition N(t = t

0

) = N
0

, Nq̄(t0) = Nq(t0) = 0 can be
analytically solved for the fraction of surviving pairs:

N(t)

N
0

=

1 � �
D

⌦

tanh

�
⌦

2

(t � t
0

)

�

1 +

�
D

⌦

tanh

�
⌦

2

(t � t
0

)

� , t � t
0

, (5.84)
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in agreement with previous works



Summary

• first steps in an effort to describe the full dynamics of heavy 

quarks in a quark-gluon plasma, including bound state formation



• consistent treatment of various physical effects (screening, 

collisions, etc)



• systematic improvements are possible at many places (relax 

the abelian approximation, move from classical Langevin to 

quantum Schroedinger equation, etc)



• and, of course, comparison with data should be done…. after 

everything is under control


