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Motivations

I QCD contains both perturbative (asymptotic freedom)
[Wilczek, Gross, PRL (1973), Politzer, PRL (1973)] and non-perturbative aspects
(confinement) [Wilson, PRD (1974)]

I Two aspects of physics to be treated separately

I Frameworks of EFT enable to do so

I Variety of EFTs for QCD depending on physical processes
(HQET, NRQCD, pNRQCD, SCET)

I Focus on a pair of heavy quark and antiquark bound state
(e.g, bottomonium, charmonium)
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Heavy quark-antiquark pair

Non-relativistic QCD (NRQCD)
[Caswell, Lepage, Phys. Lett. B (1986), Bodowin, Braaten, Lepage PRD (1995)]

I An EFT suitable for quarkonium productions or decays

I Hierarchy of scale: M � Mv ,ΛQCD (M: heavy
quark/antiquark mass, Mv : momentum transfer between
heavy quark and antiquark)

I 1/M expansion in QCD Lagrangian

I DOF: Heavy quark and antiquark, light quark, soft gluon

I Limitation: not the most useful theory for bound states
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From NRQCD to pNRQCD

Potential NRQCD [Pineda, Soto, PRD (1998), Brambilla, Pineda, Soto, Vairo, Nucl. Phys. B (2000)]:
a nice theoretical tool for describing the mass spectra of heavy
quark-antiquark bound system

I Hierarchy of scales: M � Mv � Mv2

(Mv2: relative kinetic energy)

I Multipole expansion in r (Mv ∼ 1/r)

I DOF: Quark-antiquark colour singlet and octet, light quarks,
and ultra-soft gluons

I Proliferation of operators

I Operators with Wilson coefficients
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Wilson coefficients in EFT

Wilson coefficients cn: undetermined scalar functions in front of
the series of operators in EFT (e.g., HQET/NRQCD):

LNRQCD =
∑
n

cn
On

Mdn−4
, where [On] = dn

I On consist of effective DOF

I cn contain the information of the UV theory, determined by
matching

I Benefits from symmetry: reduce the matching calculation

I Poincaré invariance from its UV theory is the symmetry used
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Outline

A road map to derive constraints of the Wilson coefficients in
NRQCD and pNRQCD:

I Brief introduction to the boost transformation of the
non-relativistic fields

I Lagrangian structure of NRQCD and implications of its
invariance under boost transformation

I Lagrangian structure of pNRQCD and field transformations

I Field redefinitions and constraints in pNRQCD

I Outlook (Effective String Theory)
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Relativistic field under spatial boost

Field transformation: ψa →M(Λ)abψb(Λ−1x) with M(Λ) a
representation of the Poincaré group

I Generic field under the spatial boost B:

ψa(x)→ (e∓η·Σ)abψb(B−1x)

I Massive field [Heinonen, Hill, Solon, PRD (2012)]:

ψa(x)→ exp
[
∓η ·

( Σ× ∂
M +

√
M2 − ∂2

)]
ab
ψb(B−1x),

with reference frame chosen v = (1, 0, 0, 0) (e.g., rest frame of

heavy particle)
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NR field under spatial boost

I Non-relativistic expansion [Heinonen, Hill, Solon, PRD (2012)]:

ψa(x)→
{

1 + iMη · x− iη · ∂
2M

− iη · ∂∂2

4M3

+
(Σ× η) · ∂

2M

[
1 +

∂2

4M2

]
+O(1/M4)

}
ψa(B−1x)

I Boost of the interacting field with symmetries under C , P, T ,
and rotation [Berwein, Brambilla, Hwang, Vairo, TUM-EFT 74/15]:

ψa(x)→
{

1 + iMη · x− ik1η ·D
2M

+
k2(Σ× η) ·D

2M
− ik3η ·DD2

4M3

+
k4(Σ× η) ·D

2M

D2

4M2
+O(g , 1/M4)

}
ψa(B−1x)
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NRQCD Lagrangian [Caswell, Lepage, Phys. Lett. B (1986)]

Bilinear sector of the NRQCD Lagrangian up to 1/M2:

LNRQCD 3 ψ†
{
iD0 + c1

D2

2M
+ c2

D4

8M3
+ cFg

σ · B
2M

+cDg
[D·,E]

8M2
+ icsg

σ · [D×,E]

8M2

}
ψ

+χ†
{
iD0 − c1

D2

2M
− c2

D4

8M3
− cFg

σ · B
2M

+cDg
[D·,E]

8M2
+ icsg

σ · [D×,E]

8M2

}
χ

I ψ annihilates heavy quark

I χ creates heavy antiquark
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Heavy quark field transformation
I Quark and antiquark field transformations (x ′ = B−1x):

ψ(x) →
{

1 + iMη · x− ik1

2M
η ·D +

k2

4M
η · (D× σ)

+O(g ,M−2)
}
ψ(x ′)

χ(x) →
{

1− iMη · x +
ik1

2M
η ·D− k2

4M
η · (D× σ)

+O(g ,M−2)
}
χ(x ′)

I Extra terms in the Lagrangian up to 1/M :

δL2ψ = ψ†
[
i(1− c1)η ·D− 1

2M
(k1 − c1){D0,η ·D}

+
1

4M
(1− 2cF + cs)η · (gE× σ)

]
ψ
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Constraints in NRQCD

Invariance of the Lagrangian, δL2ψ = 0 up to 1/M

I c1 = 1, cs = 2cF − 1, k1 = 1

I Commutation relations between boost generators constrain
the boost coefficient, k2 = 1 (coincides with
[Heinonen, Hill, Solon, PRD (2012)])

I Confirms the values from literature
[Brambilla, Gromes, Vairo, Phys. Lett. B (2003)], but calculation simpler

I Relations valid at higher loop matching calculations

I Similar calculations performed also for the 4-quark operators,
and matches to the known results. [Brambilla, Vairo, Mereghetti, PRD (2009)]

Full results to be submitted [Berwein, Brambilla, Hwang, Vairo, TUM-EFT 74/15]
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pNRQCD: power counting and field contents

Potential non-relativistic QCD (pNRQCD): by integrating out the
relative momentum, Mv ∼1/r, from NRQCD

I Coordinates: R ≡ (x1 + x2)/2, r ≡ x1 − x2, t

I Power counting:

∇r ,
1

r
∼ Mv

∂0,∇R ,Aµ ∼ Mv2

E,B ∼ M2v4

I Quark-antiquark color singlet S(t,R, r) and octet Oa(t,R, r)

I Multipole expanded ultra-soft gluon Aa
µ(t,R)
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∼ Mv

∂0,∇R ,Aµ ∼ Mv2

E,B ∼ M2v4

I Quark-antiquark color singlet S(t,R, r) and octet Oa(t,R, r)

I Multipole expanded ultra-soft gluon Aa
µ(t,R)
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pNRQCD: Lagrangian

Schematic form of the Lagrangian bilinear in singlet and octet:

LpNRQCD 3
∫

d3rTr
{
S†KSSS + O†KOOO + [S†KSOO + H.C.]

}
− 1

4
F a
µνF

a,µν(R, t)

I Integration over relative distance r

I H.C. denotes hermitian conjugate

I K includes charge conjuate terms

I F 2: Field strength for ultra-soft gluons

I Focus on S†KSSS for the simplicity here
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Bilinear in singlet up to 1/M2
[Brambilla, Gromes, Vairo, Phys. Lett. B (2003)]

S†KSSS = S†
(
i∂0 +

1

2M

{
c(1,−2)
s ,∇2

r

}
+

c
(1,0)
s

4M
∇2

R − V
(0)
S

−
V

(1)
S

M
+

Vp2Sa

8M2
∇2

R +
1

2M2

{
∇2

r ,Vp2Sb

}
+

VL2Sa

4M2r2
(r ×∇R)2

+
VL2Sb

4M2r2
(r ×∇r )

2 − VS12S

M2r2

(
3(r · σ(1))(r · σ(2))− r2σ(1) · σ(2)

)
−VS2S

4M2
σ(1) · σ(2) +

iVLSSa

4M2
(r ×∇R) · (σ(1) − σ(2))

+
VLSSb

4M2
(r ×∇r ) · (σ(1) + σ(2))

)
S

I (a, b): a denotes order of 1/M, b denotes order of r

I σ(1/2): spin matrix for quark/antiquark

I c ,V : Wilson coefficients.
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Minimal requirements of symmetry

Construct the most generalised form of the spatial boost k for the
singlet field with following criteria

I Transformations under C ,P,T

k
P−→ −k, k

C−→ −σ2k∗σ2, k
T−→ σ2kσ2

I Proper order of truncation: up to 1/M and r

I Same criteria apply to octet field
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Generalised boost

S′(t,R, r) =

1− 2iMη · R +
ik

(1,0)
D

4M
η ·∇R +

i

4M

{
k

(1,0)

a′ η · r,∇R ·∇r

}

+
i

4M

{
k

(1,0)

a′′ r ·∇R ,η ·∇r

}
+

i

4M

{
k

(1,0)

a′′′ r·,∇r (η ·∇R )
}

+
i

4M

 k
(1,0)
b

r2
(η · r)(r ·∇R )r·,∇r


−

k
(1,0)
c

8M
η ·∇R ×

(
σ

(1) + σ
(2)
)

+
k

(1,0)

d′

8Mr2
(η · r ×∇R )

(
r ·
(
σ

(1) + σ
(2)
))

−
k

(1,0)

d′′

8Mr2

(
η · r ×

(
σ

(1) + σ
(2)
))

(r ·∇R )−
1

8M

{
k(1,−1)
a ,η ·∇r ×

(
σ

(1) − σ
(2)
)}

+
1

8M

 k
(1,−1)

b′

r2

(
r ·
(
σ

(1) − σ
(2)
))

(η × r) ·,∇r


−

1

8M

 k
(1,−1)

b′′

r2

(
η · r ×

(
σ

(1) − σ
(2)
))

r·,∇r


 S(t′,R′, r ′)

I More undetermined coefficients, k’s → more problems?

I Coefficients removed by field redefinition
I Field redefinition by unitary transformation
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Poincaré invariance in low-energy EFTs for QCD 16 / 25



Field redefinition

Define new singlet via unitary transformation: S = US S̃
I US : unitary operator for singlet

I Natural choice for unitary operator: exponential function with
operators on the exponents

I Exponents to be anti-hermitian

I Order of 1/M expansion on the exponents?
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Boost transformation of the “new” field

I Boost transformation of the new field S̃ determines the order
of 1/M expansions of the unitary operator

I Exponents of the unitary operator in the order of 1/M2

I US = exp
[
− 1

4M2

{
q

(1,0)

a′ r ·∇R ,∇r ·∇R

}
− 1

4M2

{
q

(1,0)

a′′ r ·∇R ,∇r ·∇R

}
+ · · ·

]
I q’s are free parameters

I Boost coefficients are shifted:
k

(1,0)
a′ → k

(1,0)
a′ − 2q

(1,0)
a′ − 2q

(1,0)
a′′ ,

k
(1,0)
a′′ → k

(1,0)
a′′ − 2q

(1,0)
a′′ − 2q

(1,0)
a′ ,

k
(1,0)
a′′′ → k

(1,0)
a′′′ − 4q

(1,0)
a′′′ ,

· · ·
I Eliminate as many terms as possible to simplify the

generalised expression of the boost
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Intermezzo

Dropping tilde notation on singlet

S′ =

1− 2iMη · R +
ik

(1,0)
D

4M
η ·∇R +

i

4M

{
k

(1,0)

a′ η · r,∇r ·∇R

}

−
k

(1,0)
c

8M
η ·∇R ×

(
σ

(1) + σ
(2)
)

+
k

(1,0)

d′

8Mr2
(η · r ×∇R )

(
r ·
(
σ

(1) − σ
(2)
))

−
k

(1,0)

d′′

8Mr2

(
η · r ×

(
σ

(1) + σ
(2)
))

(r ·∇R )−
1

4M
η ·∇r ×

(
σ

(1) − σ
(2)
) S(t,R′, r ′)

≡(1− iη · k)S

I 5 coefficients to be determined

I Any other constraints to impose?
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1st constraint: commutation relation

I Commutation relation between boost generators k

[1− iξ · k , 1− iη · k]S
!

= i(ξ × η) · jS

fixes coefficients: k
(1,0)
a′ = k

(1,0)
c = 1 and k

(1,0)
d ′ = k

(1,0)
d ′′ = 0

I Boost simplified further:

S′ =

1− 2iMη · R +
ik

(1,0)
D

4M
η ·∇R +

i

4M
{η · r,∇r ·∇R}

−
1

8M
η ·∇R ×

(
σ

(1) + σ
(2)
)
−

1

4M
η ·∇r ×

(
σ

(1) − σ
(2)
))

S

I k
(1,0)
D remains to be constrained
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2nd constraint: Lorentz invariance
I Boost transformation of the Lagrangian

δL2S = S†
(
i
(

1− c
(1,0)
S

)
η ·∇R −

1

2M

(
k

(1,0)
D − c

(1,0)
S

)
η ·∇R∂0

− i

M

(
Vp2Sa + VL2Sa +

1

2
V

(0)
S

)
η ·∇R

+
i

Mr2

(
VL2Sa +

r

2
∂rV

(0)
S

)
(η · r)(r ·∇R)

+
1

2M

(
VLSSa +

1

2r
∂rV

(0)
S

)
η · (σ(1) − σ(2))× r

)
S

I Constraints on the boost/Wilson coefficients:

k
(1,0)
D = c

(1,0)
S = 1, Vp2Sa + VL2Sa +

1

2
V

(0)
S = 0,

VL2Sa = − r

2
∂rV

(0)
S , VLSSa = − 1

2r
∂rV

(0)
S
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Coda [Berwein, Brambilla, Hwang, Vairo, TUM-EFT 74/15]

Final version of the boost after parameters fixed

S ′(t,R, r) =
(

1− 2iMη · R +
i

4M
η ·∇R +

i

4M
{η · r,∇R ·∇r}

− 1

8M
η ·∇R × (σ(1) + σ(2))− 1

4M
η ·∇r × (σ(1) − σ(2))

+O(1/M2)
)
S(t ′,R′, r′)

I Agrees with the expression from induced representation of
Wigner’s little group formalism
[Wigner, Annals Math. 40, 149 (1939), Heinonen, Hill, Solon, PRD (2012)]

I Bottomline: a particular choice in the non-interacting theory
and simplest

I Similar procedures in the octet-octet sector
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Outlook: non-perturbative regime

Effective String Theory (EST) [Nambu, Phys. Lett. B (1979)]

I Heavy quark-antiquark bound system with long distance separation
rΛQCD � 1 [Kogut, Parisi, Phys. Rev. Lett. (1981)]

I DOF: transversal excitation of the long string with its two ends fixed

I Potentials from pNRQCD related to Wilson loops in NRQCD
[Brambilla, Pineda, Soto, Vairo, PRD (2000)]

I Wilson loops in NRQCD related to EST at long distance scale
[Perez-Nadal, Soto, PRD (2009), Brambilla, Groher, Martinez, Vairo PRD (2014)]

I Poincaré invariance in pNRQCD reduces parameters of EST
[Brambilla, Groher, Martinez, Vairo PRD (2014)]

I Work in progress: employ EFT systematics in EST to include higher
order terms
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Poincaré invariance in low-energy EFTs for QCD 23 / 25



Outlook: non-perturbative regime

Effective String Theory (EST) [Nambu, Phys. Lett. B (1979)]

I Heavy quark-antiquark bound system with long distance separation
rΛQCD � 1 [Kogut, Parisi, Phys. Rev. Lett. (1981)]

I DOF: transversal excitation of the long string with its two ends fixed

I Potentials from pNRQCD related to Wilson loops in NRQCD
[Brambilla, Pineda, Soto, Vairo, PRD (2000)]

I Wilson loops in NRQCD related to EST at long distance scale
[Perez-Nadal, Soto, PRD (2009), Brambilla, Groher, Martinez, Vairo PRD (2014)]
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Summary and Outlook

Summary

I Implementation of boost in NRQCD

I Lagrangian structure of pNRQCD

I Boost transformations in pNRQCD and field redefinition

I Constraints in Wilson coefficients of pNRQCD

Outlook

I Effective String Theory

I Dark matter direct detection (bottom-up approach in EFT)
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Thank you for your attention!
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Little group element

I L(p) a rotation in the plane of k/M ≡ w and p/M ≡ v :

L(w , v)µν = gµν −
1

1 + v · w
(wµwν + vµvν) + wµvν − vµwν

I For Λ = B(η), B(η)v = v + η, and explicit form of the boost:

B(η)µν = gµν − (vµην − ηµvν) +O(η2)

I Little group element for the infinitesimal boost:

W (B(η), p) = 1 +
i

2

[ 1

M + v · p
(ηαpβ⊥ − pα⊥η

β)Jαβ
]

+O(η2)

where pβ⊥ ≡ pβ − (v · p)vβ and (J αβ)µν = i(gαµ g
β
ν − gβµ gαν )

S. Hwang in collaboration with N. Brambilla, M. Berwein, A. Vairo TU München
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Unitary operator: octet-octet

I Unitary operator for the octet - octet sector

Uo = exp
[ i

2M
(−iDR · (k̃

(0,2)
oo + k̃

(1,−1)
oo + k̃

(1,0)
oo ) + h.c .

]
I Boost on the octet after the field redefinition:

Õ ′ =
(

1− iη · k− i

8
k̃

(0,2)
a (r · gE)(r · η)− i

8
k̃

(0,2)
b r2(η · gE)

− i

2M
{k̃(1,0)

a′ η · r,∇r ·DR} −
i

2M
{k̃(1,0)

a′′ r ·DR ,η ·∇r}

+ · · ·+O
( 1

M2

))
Õ

I Similar shift in the parameters
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Constraints: octet-octet sector (1/2)

Octet - octet sector includes:

L2O 3 O†
( i

8M
V

(1,0)
OOa (r){∇r ·, r × gB}

+
1

16M2
{(∇r ·DR),V

(2,0)
OOc ′(r)(r · gE)}

+
1

16M2
{∇i

rD
j
R ,V

(2,0)
OOc ′′(r)rjgEi}

+
1

16M2
{∇i

rD
j
R ,V

(2,0)
OOc ′′′(r)rigEj}

+
1

16M2
{∇i

rD
j
R ,

V
(2,0)
OOd (r)

r2
ri rj(r · E)}

)
O + C .C .
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Constraints: octet-octet sector (2/2)

Constraints under the little group:

V
(1,0)
OOa + V

(2,0)
OOc ′ = 0

V
(1,0)
OOa − V

(2,0)
OOc ′′ = 2

rV
(2,0)
OOc ′′′ = 0

V
(2,0)
OOd = 0 (1)
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