
Fluctuations and the Phase 
structure of QCD

• The Phase(s) of QCD 
• Remarks on the Phase diagram 
• Fluctuations and correlations (Theory vs. Exp)
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Lots of Phases ….
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At least theoretically……



The Face of the QGP
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The QCD Phase diagram
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What we know about the Phase 
Diagram
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T

µ~920 MeV

Lattice QCD: 
Tc ~ 155 MeV 
pseudo-critical line up to O(µ2) 
pressure (EoS) up to O(µ4)

Theory 
Measurements 

155MeV

Nuclear  
Liquid-Gas



What we know: 
Chemical freeze out

6

Connection to the phase diagram of QCD
6 A.Andronic@GSI.de

0

20

40

60

80

100

120

140

160

180

200

1 10 10
2

10
3

µB (MeV)

T 
(M

eV
)

Thermal fits (central collisions)
Cleymans et al.

Manninen, Becattini
Andronic et al.

STAR
ALICE (prelim., QM 2014)

Kaczmarek et al., Bazavov et al.
Borsanyi et al.

Lattice QCD

(as T → Tlim) is chemical freeze-
out a determination of the phase
boundary?

Lattice QCD (µB = 0)
crossover, T=145-165 MeV
curvature for µB > 0

BW, JHEP 1009 (2010) 073; 1208 (2012) 053

HotQCD, arXiv:1407.6387; PRD 83 (2011) 014504

see discussions in

PBM, Stachel, Wetterich, PLB 596 (2004) 61
McLerran, Pisarski, NPA 796 (2007) 83
AA et al., NPA 837 (2010) 65
Floerchinger, Wetterich, NPA 890 (2012) 11

A. Andronic, Trento 2015



What we “hope” for

7

T

µ~920 MeV

Cross over transition155MeV

Nuclear  
Liquid-Gas



Is there a critical point?
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Is there a critical point?
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Going DOWN in energy

Models

Lattice

Strategy:
explore: RHIC low energy run

quantify: CBM@FAIR
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Going DOWN in energy

Models

Lattice

Strategy:
explore: RHIC low energy run

quantify: CBM@FAIR

Lots of them!



Remarks on Phase diagram
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Liquid-Gas 
Water, nuclear matter, ...

T

µ

1 
“gas”

2 
“liquid”

T

µ
“QCD”

1 
“hadron gas”

2 
“QGP-liquid”

Steinheimer et al, Phys.Rev. C89 (2014) 034901
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Liquid-gas

Pressure

Temperature

“QCD”

1 
“hadron gas”

2 
“QGP-liquid”

T

µ

1 
“hadron gas”

2 
“QGP-liquid”

“QCD”
T

µ

2 
“liquid”

1 
“gas”

Pressure

Liquid-gas

Temperature

1 
“gas” 2 

“liquid”



Liquid Gas vs QCD PT

12See e.g. Hempel et al, arXiv:1302.2835

Clausius-Clapeyron: 

Pressure

Temperature

“QCD”

1 
“hadron gas”

2 
“QGP-liquid”

Pressure

Liquid-gas

Temperature

1 
“gas” 2 

“liquid”

dP

dT
=

S1/B1 � S2/B2

1/⇢1 � 1/⇢2
⇢2 > ⇢1 ! (1/⇢1 � 1/⇢2) > 0

dP

dT
> 0 ! S1/B1 > S2/B2

dP

dT
< 0 ! S1/B1 < S2/B2

✓
S

B

◆

gas

>

✓
S

B

◆

liquid

✓
S

B

◆

hadron�gas

<

✓
S

B

◆

QGP�liquid



Liquid-gas vs QCD
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QCD: p(T=Tc, ρ =0) ~ p(T=0,ρ ~ 2.5 ρ0)

If T=0 phase transition happens 
above  2.5 ρ0   →

Note: virtually ALL models predicting  
a QCD critical point have 

Steinheimer et al,  
Phys.Rev. C89 (2014) 034901

dP

dT
> 0

dP

dT
< 0

Lattice QCD: Slope of pressure along pseudo-critical line:

Sign depends on definition of  
pseudo-critical line



Liquid-gas vs QCD
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T

P(T=0)co-exist >> 0

T

P(T=0)co-exist = 0

Droplets are stable in vacuum No stable droplets in vacuum
µ µ

Liquid-Gas “QCD”

✓
S

B

◆

gas

>

✓
S

B

◆

liquid

✓
S

B

◆

hadron�gas

>

✓
S

B

◆

QGP�liquid

dP

dT
> 0

dP

dT
< 0
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Hydrogen



Most models are of liquid-gas type
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Not clear how useful the are
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Going DOWN in energy

Models

Lattice

Strategy:
explore: RHIC low energy run

quantify: CBM@FAIR



Guidance from Theory 
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The Lattice EOS
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What we always see.... What it really means....

“Tc” ~ 160 MeV



Derivatives
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Tc Tc

1st order 5th order

3th order0th order



How to measure derivatives
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At µ = 0:

Cumulants of Energy measure the temperature derivatives of the EOS

Z = tr e�Ê/T+µ/TN̂B

h(�E)2i = hE2i � hEi2 =

✓
� @

@1/T

◆2

ln(Z) =

✓
� @

@1/T

◆
hEi

h(�E)ni =
✓
� @

@1/T

◆n�1

hEi

hEi = 1

Z
tr Ê e�Ê/T+µ/TN̂B = � @

@1/T
ln(Z)



Another way
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T

µ

a ~ curvature of critical line

Baryon number cumulants give same info.  
Less problem with flow etc.  
Needs higher order cumulants (derivatives)  
at µ ~ 0

@2
µF (T, µ)µ=0 =

a

T
@TF (T, 0)

@2
µF (T, µ)µ=0 = 3

a3

T

�
T@2

T � @T
�
F (T, 0)

F = F (r), r =
p

T 2 + aµ2



Cumulants
• High sensitivity to critical point 
• Sensitive to any “wiggles” in 

the EoS. Also at µ=0 
• Used to connect Lattice with 

data 
- freeze out parameters 

(HotQCD and Wuppertal/
Budapest) 

• …
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STAR, Phys.Rev.Lett. 112 (2014) 032302



Things to consider

● Fluctuations of conserved charges ?! 
● Higher cumulants probe the tails. Statistics! 
● The detector “fluctuates” !  
● Net-protons different from net-baryons 

− Isospin fluctuations 

● Correlation length? 
● “Stopping” Fluctuation

23



Detector induced Fluctuations 
a..k.a finite efficiency  

A. Bzdak, VK; Phys.Rev. C86 (2012) 044904

Model with binomial distribution: p1,2 = probability to see particle, antiparticle 

True distribution



Finite efficiency

True

Measured

Due to efficiency not only Cumulants of the the true distribution enter

8

in this case acceptance corrections are considerably smaller than for the net-baryon distribution. This may allow for
a more reliable extraction of the true cumulants via the methods presented in this paper.
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Appendix A: GENERAL RELATIONS

Here we present the general relations between cumulants Kn characterized by the “required acceptance”, and the
measurable factorial moments at a given acceptance parameters p1 and p2. As seen in Eqs. (??-??) it is not possible
to express cumulants Kn solely by cumulants cm but also factorial moments fik appear. Therefore, here we express
Kn solely by the factorial moments fik. This significantly simplifies our notation but makes no difference for an
experimental application. We obtain

K1 = hN1i � hN2i , (A1)
K2 = N �K2

1 + F02 � 2F11 + F20, (A2)
K3 = K1 + 2K3

1 � F03 � 3F02 + 3F12 + 3F20 � 3F21 + F30

� 3K1(N + F02 � 2F11 + F20), (A3)
K4 = N � 6K4

1 + F04 + 6F03 + 7F02 � 2F11 � 6F12 � 4F13

+ 7F20 � 6F21 + 6F22 + 6F30 � 4F31 + F40

+ 12K2
1 (N + F02 � 2F11 + F20)� 3(N + F02 � 2F11 + F20)

2

� 4K1(K1 � F03 � 3F02 + 3F12 + 3F20 � 3F21 + F30), (A4)

and K5 and K6 are more complicated

K5 = K1 + 24K5
1 � F05 � 10F04 � 25F03 � 15F02 + 15F12 + 20F13 + 5F14

+ 15F20 � 15F21 � 10F23 + 25F30 � 20F31 + 10F32 + 10F40 � 5F41 + F50

� 60K3
1 (N + F02 � 2F11 + F20) + 30K1(N + F02 � 2F11 + F20)

2

+ 20K2
1 (K1 � F03 � 3F02 + 3F12 + 3F20 � 3F21 + F30)

� 10(N + F02 � 2F11 + F20)(K1 � F03 � 3F02 + 3F12 + 3F20 � 3F21 + F30)

� 5K1(N + F04 + 6F03 + 7F02 � 2F11 � 6F12 � 4F13 + 7F20 � 6F21 + 6F22

+ 6F30 � 4F31 + F40), (A5)

Unfolding is possible!



Finite efficiency

K4/K2=5
STAR  

acceptance 
(protons)

Fraction of BARYONS 
observed

K4/K2=1

K4/K2=-1

K4/K2=-5

Unfolding needed if we want to know what the true cumulants are 
Increases Errors!
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Latest STAR result
Energy Dependence of Moments of Net-Proton and Net-Charge Multiplicity Distributions at STAR
Xiaofeng Luo
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Figure 3: (Color online) Energy dependence of efficiency corrected cumulant ratios κσ2 = C4/C2 and
Sσ =C3/C2 of net-proton distributions in Au+Au collisions at different centralities (0∼ 5%,5∼ 10%,30∼
40%,70∼ 80%).

unity at 7.7 GeV. The Sσ at 0∼ 5% centrality bin shows a large drop at 7.7 GeV. One may note that
we only have statistical errors shown in the figure, which are still large due to limited statistics. The
systematical errors, which are dominated by the efficiency correction and the particle identification,
are being studied.

Large acceptance is crucial for fluctuations of conserved quantities in heavy-ion collisions
to probe the QCD phase transition and critical point. The signals for the phase transition and/or
CP will be suppressed with small acceptance. In the Fig. 4, we show the energy dependence
of efficiency corrected κσ 2 =C4/C2 and Sσ /Skellam of net-proton distributions with various pT
and rapidity range for 0 ∼ 5% most central Au+Au collisions. The Skellam baseline assumes the
protons and anti-protons distribute as independent Poisson distributions. It is constructed from the
efficiency-corrected mean values of the protons and anti-protons. It is expected to represent the
thermal statistical fluctuations of the net-proton number [24]. The κσ 2 and Sσ /Skellam are to be
unity for Skellam baseline as well as in the Hadron Resonance Gas model. In the two upper panels
of Fig. 4, when we gradually enlarge the pT or rapidity acceptance, the values of κσ 2 show a small
changes close to unity at energies above 39 GeV, while below 39 GeV, more pronounced structure
is observed for a larger pT or rapidity acceptance. In the two lower panels of Fig. 4, when we
enlarge the pT or rapidity acceptance, the Sσ /Skellam shows strong suppression with respect to
unity and monotonically decrease with energy. In contrast to κσ 2, the significantly increase above
unity at 7.7 GeV is not observed in Sσ /Skellam, but shows strong suppression below unity. The
published results are shown as solid red triangles in the figure.

The efficiency-corrected net-charge results are shown in Fig. 5. We did not observe non-
monotonic behavior for Sσ and κσ 2 within current statistics for net-charge. The expectations from

7

X. Luo, arXiv:1503.02558

Energy Dependence of Moments of Net-Proton and Net-Charge Multiplicity Distributions at STAR
Xiaofeng Luo
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Figure 2: (Color online) Centrality dependence of various order efficiency corrected cumulants (C1∼C4) for
net-proton, proton and anti-proton distributions in Au+Au collisions at √sNN=7.7 , 11.5, 19.6, 27, 39, 62.4
and 200 GeV. Error bars in the figure are statistical errors only. Blue empty circles represent the efficiency
uncorrected cumulants of net-proton distributions.

proton and anti-proton distributions show a linear dependence on the average number of participant
nucleons (< Npart >). The proton cumulants are always larger than the anti-proton cumulants and
the difference between proton and anti-proton cumulants are larger in low energies than in high
energies. The cumulants of net-proton distributions closely follow the proton cumulants when
the colliding energy decreases. These observations can be explained as the interplay between the
baryon stopping and pair production of protons and anti-protons. At high energies, protons and
anti-protons mainly come from the pair production and the number of protons and anti-protons are
very similar. At low energies, the production of protons is dominated by initial baryon stopping and
the number of protons is far higher than the number of anti-protons. The values of the forth order
cumulant (C4) at 7.7 and 11.5 GeV significantly increase in the 0 ∼ 5% and 5 ∼ 10% centrality
bins with respect to the efficiency uncorrected results. The efficiency correction not only affects
the values but also lead to larger statistical errors, as error(Cn)∼ σ n/εα , where the σ in numerator
is the standard deviation of the particle distributions and the denominator ε is the efficiency number,
α is a positive real number [20].

In Fig. 3, we present the energy dependence of efficiency-corrected cumulant ratios κσ 2 =
C4/C2 and Sσ = C3/C2 of net-proton distributions in Au+Au collisions at different centralities
(0∼ 5%,5∼ 10%,30 ∼ 40%,70 ∼ 80%). For peripheral (70 ∼ 80%) and mid-central (30∼ 40%)
collisions, the κσ 2 values are close to unity and the Sσ show strong monotonic increase when
the energy decreases. For 0 ∼ 5% most-central collisions, the values of κσ 2 are close to unity at
energies above 39 GeV, while below 39 GeV, they start to deviate from unity and show significant
deviation below unity around 19.6 and 27 GeV. Finally, they shows a strong increase and stay above

6

Unfolding makes huge difference in new STAR data!



“Stopping” Fluctuations

28

At low energy most of the baryon number (isospin) is brought in from  
the colliding nuclei.   
Need to control the fluctuations to due baryon stopping 

Y

DN/dY

Y

DN/dY

These fluctuations may also be biased by multiplicity selection.



Dependence on Rapidity window

29

Xiaofeng Luo  18 / 26          RBRC Workshop, BNL, USA, Feb. 26 - 27, 2015 �

Acceptance Study (II): Rapidity�

!  The smaller the rapidity window the closer to the Poisson values. 

!  The acceptance needs to be large enough to capture the dynamical 
fluctuations. The related systematic errors should be carefully addressed.�

• Kurtosis depends strongly 
on Rapidity window 

• Comparison with Lattice: 
- Lattice catches the full 

correlation length 
- need to expand rapidity 

window until signal 
saturates

X. Luo, RBRC Workshop, Feb. 2015
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Correlations: Lattice vs Data

⟨(δN )2⟩
⟨N ⟩

=1+⟨N ⟩∫Δ/2

Δ/2
C ( y 1, y 2)dy 1 dy2

⟨n( y1)( n( y2)−δ( y1− y2) )⟩=⟨n( y1)⟩⟨n( y2)⟩ (1+C ( y1 , y2))

⟨(δN )2⟩
⟨N ⟩

Δ
σ

“Charge conservation”

“Lattice result”

C ( y1, y2)∼exp(
−( y1− y2)

2

2σ2
)

Dh Dependence @ ALICE  
ALICE

PRL 2013

t

z

Dh

rapidity window

Same information as
� 2 particle corr.:
� Balance function

Alice Charge Flucts



Co-existence region

31

T

ρ

Spinodal 
Region

System should spent long time 
in spinodal region

Spinodal instability: 
Mechanical instability

Exponential growth of clumping 

Non-equilibrium phenomenon!

@p

@✏
< 0
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Phase-transition dynamics: Density clumping

With phase transition: Without phase transition: Density enhancement:

Evolution of density moments

Insert the modified pressure into existing 
ideal finite-density fluid dynamics code

Use UrQMD for pre-equilibrium stage 
to obtain fluctuating initial conditions

Simulate central Pb+Pb collisions at ≈3 GeV/A beam kinetic energy on fixed target, 
using an Equation of State either with a phase transition or without (Maxwell partner):

Phase  
transition 

Phase coexistence:  surface tension Introduce a gradient term:

Phase separation: instabilities
=>

J. Steinheimer & J. Randrup,  
 PRL 109, 212301(2012) 
 PRC 87, 054903 (2013) ELab=3 GeV
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19

Phase trajectories
(J. Randrup et al )

 SIS 100 territory 

10 AGeV!!!!!



Consider two Equations of State

34

Steinheimer et al,  
Phys.Rev. C89 (2014) 034901
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PQM (“liquid-gas”) “QCD” 
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Time evolution

Higher pressure leads to faster evolution of “QCD” EoS.

Oscillation of nearly 
stable droplets for  
“liquid-gas” EoS

Steinheimer et al,  
Phys.Rev. C89 (2014) 034901



Cluster a.k.a. nuclei

Even if total baryon number does 
not fluctuate the baryon density does

Therefore measure production of NUCLEI: d, 3He, 4He, 7Li....

Extracts higher moments of the baryon density at freeze out

Nice Idea, but...  

�3He� � ��3� �7Li� � ��7��d� � ��2�
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“Cluster” formation

Clumping in coordinate space is compensated by dilution in  
momentum space  → tiny effect

“QCD” EoS

(SB)hadron− gas<(SB)QGP− liquid

Steinheimer et al,  
Phys.Rev. C89 (2014) 034901



Summary
• Fluctuations sensitive to phase structure:  

- measure “derivatives” of EOS 
• Phase diagram well known for small µ (Lattice) 

- No sign of phase transition there 
• Little guidance from theory for large µ 

- most models predict phase co-existence between QM and 
vacuum 

• BES I shows some very interesting results 
- better statistics (BES II) 
- need measurement at lower energies: SPS, SIS100, AGS? 
- other effects:  

•stopping fluctuations…

39



Summary

• Strong density fluctuations due to spinodal instability 
- So far no observable which is sensitive 

40
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Happy 40th, Johanna! 


