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The (lattice) calculable region of the QCD phase diagram

u

@ Sign problem prohibits direct simulation, circumvented by approximate methods:
reweigthing, Taylor expansion, imaginary chem. pot,need u/T<1 (= up/3)

@ No critical point in the controllable region

@ Complex Langevin: lots of progress, but not in all parameter space, no “guarantees”



The effective lattice theory approach |

Two-step treatment:

|. Calculate effective theory analytically
ll. Simulate effective theory

Step |.: split temporal and spatial link integrations:
7 = / DUyDU; det Q e®sV) = / DUge%es#100) = / DL e SessH]

Spatial integration after analytic strong coupling and hopping expansion

Result: 3d spin model of QCD, infinitely many couplings, ordered parametrically
Truncation: valid for heavy quarks, sufficiently close to the continuum
Step Il: sign problem milder: Monte Carlo, complex Langevin

Numerical simulations in 3d without fermion matrix inversion, very cheap!



Starting point: Wilson’s lattice Yang-Mills action

Partition function; link variables as degrees of freedom
7 = /HdU(x;,u)exp(—SYM) — /DUexp(—SYM)
X,

Wilson's gauge action
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m Leading order graph in case of N, = 4:

< < < < < J
4L 4L 4 L S , -
Figure: 4 plaquettes in fundamental representation lead to a 2
Polyakov loop interaction term

m Integration of spatial link variables leads to

~Sp=uM )t Witr W
(i)

Expansion parameter: u=a/(3)=/5/18+"--

m Possible generalizations: larger distance, higher dimensional
representations, larger number of loops involved, ...

m Here: Decorate LO graph with additional spatial and temporal
plaquettes



Effective one-coupling theory for SU(3) YM

(L=Tr W)

7 = /[dL] exp [—51 VSU(3)]
- /[dL]H -1+2)\1Re<L,-L}‘)- +
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First order phase transition for SU(3):

Abundance
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Mapping back to 4d finite T Yang-Mills

Inverting

A (Nr, ) = Be(Are, Nr) ...points at reasonable convergence
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% deviation

Comparison with 4d Monte Carlo

Relative accuracy for 8. compared to the full theory

Note: influence of additional couplings checked explicitly!
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Continuum limit feasible!

800 _—
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300 ’ "One-coupling effective theory
..,-’.". ------------------ 270 MeV -
Linear fit: T, = 250(14) MeV oo
200 I ' L L L
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T

-error bars: difference between last two orders in strong coupling exp.
-using non-perturbative beta-function (4d T=0 lattice)

-all data points from one single 3d MC simulation!



Including heavy, dynamical Wilson fermions

Expand in the hopping parameter v = 1/(2aM + 8):

/

—Seit = »_ Ai(U. 5, N7 )SP—2N; ) [hi(U, K, ity NP ) SP+hi(u, &, NT)S;'A]
i

Now, keep only \1S; and hy S§* + hy SIA NLO: ~ K’
Ny=2 Purtzi
” P — \- ” eff. theory 4d MC,WHOT 4d MC,de Forcrand et al
y oa? nd order
@S «— [N, | MoT | ko(N, =4) || #o(4), Ref. [23] | #.(4), Ref. [22]
o N=3 1 | 7.22(5) | 0.0822(11) 0.0783(4) ~ 0.08
Ny=T 2 | 7.91(5) | 0.0691( 9) 0.0658(3) -
" o onder 3 | 8.32(5) | 0.0625( 9) 0.0595(3) —

Accuracy ~5%, predictions for Nt=6,8,... available!
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The fully calculated deconfinement transition

deconfinement critical surface
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phase diagram for Nf=2, Nt
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The equation of state for nuclear matter
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Effect of binding between baryons:
Binding energy per nucleon:

Transition is smooth crossover:

Sefr ~K'u", n+m=4

m, = 20 GeV,T = 10 MeV

— ~ 4000

14



e/mB

0 -

-0.001
-0.002
-0.003
-0.004
-0.005
-0.006
-0.007

0.996 0.9

Binding energy per nucleon

| |
97 0.998 0.999 1
MB/mB

L
1.001

15



e/mB
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... to be continued...

Minimum: access to nucl. binding energy, nucl. saturation density!

e~ 1077

consistent with the location of the onset transition



abundance
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Lighter quarks: first order +
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e O(k%*):Stretching the hopping series, k = 0.12, 3 = 5.6

e Coexistence of vacuum and finite density phase: 1st order

1

e If the temperature T =

changes to a crossover

or the quark mass is raised this

nuclear liquid gas transition!!!

endpoint!
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attn: no convergence yet!
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Finite isospin vs baryon chemical potential
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The problem with complex Langevin

No non-analytic phase transition seen yet Aarts, Seiler, Sexty, Stamatescu

Does not work in all parameter regions!

In effective theory:

6 | | |
Metropolis with reweighting +——
Complex Langevin +———
5.5 - analytic
E3
5 - N, =50 -
B=0 E3
4.5 + Ny =2 —

np
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The effective lattice theory approach |l

Two-step treatment: de Forcrand, Langelage, O.P, Unger
Phys.Rev.Lett. | 13 (2014) 152002

|. Calculate effective theory analytically

ll. Simulate effective theory

Step |.: integrate over gauge links in strong coupling expansion, leave fermions

Zacn = /dz;‘rd'z;'—ldeeS"'*S"" — /dz‘g’xdz‘;Z}: <eSC>ZF

- ,‘3 r 'r' . T >
(€%9) 4, = 1+(Sc) 4, = Man 2 <tr[UP + D}»]>z,. Zr (¥, ¥) = [ dUe"
cp ‘

Result: 4d “polymer” model of QCD (hadronic degrees of freedom!)
Valid for all quark masses (also m=0!), at strong coupling (very coarse lattices)

Step Il: sign problem milder: Monte Carlo with worm algorithm

Numerical simulations without fermion matrix inversion, very cheap!
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The QCD Phase diagram at strong coupling
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@ LO gauge correction included, simulation by worm algorithm
@ Chiral phase transition with 2nd order and |st order line meeting in tricritical point

@ Nuclear liquid gas transition on top of first order chiral one at strong coupling



Conclusions

@ Two-step treatment of QCD phase transitions:

l. Derivation of effective action by strong coupling expansion
Il. Simulation of effective theory

@ Finite T transition + nuclear liquid gas transition for:

Heavy QCD on not so coarse or chiral QCD on very coarse lattices
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How is this possible?

=0 B =00
>

strong coupling limit continuum limit
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How is this possible?

radius of convergence

B=0

B =00
>

strong coupling limit

continuum limit
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How is this possible?

radius of convergence

B=0

scaling region

B =00
>

strong coupling limit

continuum limit
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How is this possible?

radius of convergence

=0 continu

scaling region

B =00
>

\\strongcoupng limit

Contnuumm/

22



AS

F(R,T)/T

10

0.1 |

What does and does not work!?

eff. theory
YM theory +=
.'::' 1 1 1 1 1
0 0.5 ] 1.5 2 2.5
RT

g 1
e-3p ‘ Lrp‘
I

YM theory —— ]
eff. theory —»— ]
A1 expansion ------ |
strong coulpling expansion -

4.4

4.6 48

-

J

R

[ S]

Correlation functions and spectrum:
NO

couplings over large distances needed

Thermodynamics and critical coupling:
YES

partition function needed, ultra-local!
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Subleading couplings

Subleading contributions for next-to-nearest neighbours:

/
AoSp o UPNTT2N " 2Re(L4Lf) distance = V2
k1]

/!
AaSs o< UPNTE N " DRe(Lmly) distance =2
{mn}
as well as terms from loops in the adjoint representation:
AaSaoc P N TEAWTHAW, ; TrlW = |L|> — 1

<[>
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Links along imaginary time gain exp(£u.a)
.

Yy A reabsorbed in gauge part: {
L

B — B+ O(k%)
u(B) — u(B, )

(2reta)Nr |
hy

(2Ke—aM)N'r [ *

\qf_/

hy

> LO Polyakov “magnetic” term ~

— [~ higher corrections to the above:

hy = (2ke¥)N- [1 + O(K3)f(u) + .. ]

g : x : other (suppressed) terms, such as ha(LxL, ,»),

-

hy ~ (2ke3)2Nr 2
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Quark mass dependence of the binding energy:

Expect short range nucl. potential for heavy pions, V ~

Analytic solution, finite lattice spacing:
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Two transitions seen:
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